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Magnetoresistance of Dilute Alloys
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Measurements of the negative magnetoresistance in high fields of dilute Au-Mn and Au —Fe alloys reveal
a qualitative difference between the anomalous scattering of the conduction electrons by manganese im-
purities and by iron impurities. The measurements were carried out on a series of alloys with impurity
concentrations from 0.11 to 1.01 at. 'Po Fe and 0.22 to 1.20 at.% Mn in pulsed magnetic fields up to 200 kOe
and in the temperature range from 2.19 to 50'K. Whereas the effective exchange model of the s-d scattering
is adequate in the case of Au-Mn, it fails to account for the anomalous features of the temperature and
field dependence of the magnetoresistance in Au-Fe. Furthermore, the magnetoresistance of Au —Fe exhibits
an unexpectedly strong concentration dependence which was not observed in Au-Mn and which could not be
explained by any magnetic ordering of the Fe impurities. Moreover, the decrease of the zero-field resistivity
due to short-range order has been calculated from the magnetoresistance and is found to be consistent with
the location of the maximum of the zero-field resistivity.

I. INTRODUCTION

EXTENSIVE theoretical and experimental studies
& on the problem of localized moments of para-

magnetic impurities in dilute alloys have been con-
cerned with the resistivity anomalies' 3 and the re-
sponse of the impurity magnetic moment to an
external Geld. ' ' ' The experimental results agree
qualitatively with the predictions of the effective
exchange model of the anomalous electron scattering.
The application of the various theories based on the
effective exchange model to the Kondo efI'ect~ of
Au-, Ag-, Cu-, Mg-, and Zn-based alloys containing
transition metal impurities yields rl ~

J
~

&&I, where st

is the density of states per atom of the host metal
and J the effective exchange constant. Under this
condition the Schrieffer-Wolff' transformation is valid
and the application of the effective exchange model
is consistent. However, the value of pJ varies only
little (less than a factor 2) for the different alloys
in questions —0.06 using Abrikosov's' approxi-
mation and about —0.09 using the theories of Ha-
mann' and of Suhl and Wong" —so that J is roughly
proportional to g '. Such a result is not consistent
with the form of J given by Schrieffer and Wolff'

' For a review of theoretical papers see D. R. Hamann, Phys.
Rev. 158, A570 (1967).The early experimental work is reviewed,
in G. J. van den Berg, in Progress ers love Temperature Physscs,
edited by C. J. Gorter (North-Holland Publishing Co., Am-
sterdam1964), , Vol. IV, p. 194.

'T. Sugawara and H. Egouchi, J. Phys. Soc. Japan 21, 725
(1966).

3M. D. Daybell and W. A. Steyert, Phys. Rev. Letters 18,
398 (1967)

4T. A. Kitchens, W'. A. Steyert, and R. D. Taylor, Phys. Rev.
138, A467 (1965).' L. B. Welsh, A. J. Heeger, M. A. Jensen, and G. Gladstone,
Phys. Rev. Letters 18, 997 (1967).' R. B. Frankel, N. A. Blum, B. B. Schwartz, and Duk Joo
Kim, Phys. Rev. Letters 18, 1051 (1967).' J. Kondo, Progr. Theoret. Phys. (Kyoto) 32, 37 (1964).

s J.R. SchrietIer and P. A. Wolff, Phys. Rev. 149, A491 (1966) .' H. Rohrer (unpublished).
"A. A. Abrikosov, Physics 2, 5 (1965).
"H. Suhl and D. Wong, Physics 3, 1 (1967).

and Kondo, " where J is a sensitive function of the
relative position of the Fermi energy of the host
metal and the unperturbed d levels of thegimpurity.

Results of the high-field magnetoresistance of'dilute
Au —Mn and Au —Fe are)presented here, which/show
a qualitative di6'erence in the anomalous scattering
of the conduction electrons by Mn and Fe impurities.
Whereas the magnetoresistance of Au-Mn is well
described by the s-d exchange model and is consistent
with the temperature dependence of the zero-field
resistivity, this model is not adequate in the case of
Au —Fe. This is unexpected since the Kondo eGect of
these two materials is very similar" and leads to the
same results within the effective exchange model, In
addition, the concentration dependence of the mag-
netoresistance is much more pronounced in Au —Fe
than in Au —Mn, although the location of the re-
sistivity maximum, " the excess specific heat, ""and
the anomalies of the low-temperature susceptibility"
indicate impurity interactions of comparable strength
in both alloys.

For the anomalous s-d scattering study, magneto-
resistance measurements are useful in three respects.
First, the magnetoresistance is characteristic of the
bulk of the s-d resistivity and not only to some se-
lected higher-order scattering processes as in the case
of the temperature dependence of the zero-field re-
sistivity. The saturation value of the magnetoresis-
ta.nce is closely related to the s-d resistivity p and
thus provides a direct and independent determination
of the effective exchange constant J which can then
be compared to the results obtained from the Kondo
e6ect. Second, the temperature and field dependence
of the magnetoresistance Ap /p is essentially deter-
mined by the response of the impurity moments to

"J.Kondo, Progr. Theoret. Phys. (Kyoto} 28, 846 (1962)."D. K. C. MacDonald, W. B. Pearson, and l. M. Templeton,
Proc. Roy. Soc. (London} A266, 161 (1961}.

"M. W. Klein, Phys. Rev. 136, A1156 (1964) .' G. V. van den Berg, Ref. 1.
"O. S. Lutes and J. L. Schmit, Phys. Rev. 134, A676 (1964).
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Tmzz I. Properties of the Au-Mn and Au-Fe alloys.

Au-Fe

c (at. o/o Fe) (chemical analysis) 0.11 0.14 0.19& 0.24s 0.2'I 51 66 72 1.01

p(4. 2'K) (pQ cm/at. %) 7.46 7.30 7.34 7.72 7.66 7.80 7.78 7.45 7.38

Au —Mn

c (at.% Mn) (nominal)

p(4. 2'K) (pQ cm/at %).
0.15 0.22 0.33

3.18 2.84 2.82

0.40

2.72

0.57

2.56

0.83 1.20

2.52 2.48

an external field. In particular hp /p is proportional
to the magnetization squared if the moment is not
field-dependent. Third, the magnetoresistance gives
an experimental check of the theories proposed by
Silverstein" and Harrison and Klein" to explain the
appearance of a resistivity maximum on the basis of
statistical internal fields.

Magnetoresistance measurements have been previ-
ously used to study the anomalous s-d scattering.
In the experimental studies of Gerritsen" and Los
and Gerritsen, -' the experimental data were not suf-
ficiently complete to be able to draw definite con-
clusions. In other cases insuQicient attention has been
given to the interference of the potential and the
spin scattering of the paramagnetic impurity" or to
the viol. ation of Mathiessen's rule in the presence of
a magnetic field" (see Appendix). Therefore, the con-
clusions drawn from these experiments have to be
accepted with reservation.

II. EXPERIMENT

A. Samples

The Au —Fe alloys have been prepared from 99.9999%
pure Au and 99.9% pure Fe, starting with a master
alloy of 1 at.% Fe and diluting it to the desired Fe
concentration. After being kept for 30 min first above
and then 20'C below the melting point, the alloy
was quenched to room temperature by cold helium
gas and then cold-worked. The concentrations were
determined by chemical analysis, and agreed with
the nominal concentrations within the experimental
errors. Some properties of the alloys are given in
Table I. The error in p/c due to chemical analysis
and geometry is estimated at 5%, so p/c can be con-
sidered constant for the whole concentration range
studied. The mean value of p/c is 7.54 ptQ cm/(at. %%uoFe).
This is slightly higher than in Gerritsen's work, "where

'7 D. Silverstein, Phys. Rev. Letters 16, 466 (1966)."R.J. Harrison and M. W. Klein, Phys. Rev. 154, 570 (1967).
"A. N. Gerritsen, Physica 19, 61 (1953).
ss G. J. Los and A. N. Gerritsen, Physica 23, 633 (1957).'I P. Monod, Phys. Rev. Letters 19, 1113 (1967).~ Y. Muto, K. Noto, and F. T. Hedgcock, Can. J. Phys. 42,

15 (1964); R. W. Collins, F. T. Hedgcock, %. B. Muir, and Y.
Muto, Phil. Mag. 10, 59 (1964).

~ A. N. Gerritsen, Physica 23, 1087 (1957).

for the same concentration range 7.24 pQ cm/(at. % Fe)
was found. This discrepancy may be due to the cold-
working of our samples. The location and depth of
the minimum and the maximum of the zero-Geld
resistivity agree well with other experimental data.""
The fact that p/c is constant indicates that the iron
is in solution.

The Au —Mn alloys were prepared by. Meteau Pre-
cieux, Neuchatel, Switzerland. Since Mn is easily
soluble in Au, no further metallurgical analysis was
carried out. The value of p/c increases slightly with
decreasing impurity concentration as also observed
by MacDonald et al." This is believed to be partly
due to the presence of other impurities, and partly
to the concentration dependence of the s-d scattering.

3. Apparatus

The magnetoresistance was measured in pulsed
magnetic fields obtained by discharging a battery of
capacitors through the Geld coil. The pulse duration
was about 4 msec, so that skin effects were negligible.
Longitudinal Gelds were used to keep the normal
magnetoresistance low. The Geld inhomogeneity never
exceeded 7%. In order to obtain accurate results
over the whole field range, five different measure-
ments were made for each temperature with peak
field values of 20, 50, 100, 150, and 200 kOe. The
different magnetic-field sweep rates (about a factor
10 in low fields) are useful beca, use in this way the
relaxation time efkcts can be shown to be unimpor-
tant. The resistivity was measured by the four-probe
method. The temperature of the sample was varied
by a heater wound around the sample which was
then embedded in a Plexiglass tube. Liquid helium
was allowed to Qow between the held coil and the
sample holder so that the heat was dissipated radially,
and axial heat dissipation was small. The inhomo-
geneity of the sample temperature, indicated by the
appearance of thermal voltages at the voltage leads
(the sample copper-wire connections act as thermo-
couples) when heating the sample, amounted to about
10% or 7'K at 77'K. The temperatures were meas-
ured by Au+2. 1 at. % Co thermocouples, which were
calibrated by measuring the electrical resistivities hrst
with the sample in liquid nitrogen and then again
after heating it up from 4.2'K to a temperature of



MAGNETORESIS TAN CK OF DILUTE ALLOYS

77'K as measured by the thermocouple placed in the
midd1e of the sample. A comparison of these resistiv-
ities gave a systematic discrepancy of about 1.5'K.
The measurement of the average temperature of the
sample was therefore accurate to 2%%uo. Below 4.2'K
the temperatures were reached by pumping on the
hquid helium.

C. Measurements

Figures i and 2 show the negative magnetoresist-
ance (8p~/pt, s)~sq of Au —Mn and Au-Fe, respectively,
as a function of magnetic field and temperature for
different impurity concentrations. In the high-concen-
tration limit, hp„ is equal to the measured magneto-
resistance 3p, whereas for low concentrations the
normal, positive magnetoresistance is no longer negli-
gible. hp„was eliminated as follows. It is shown in
the Appendix that hp„and hp are, in general, not
additive but that hp ~(hp —hp ) (1+0.8hp„/p). The
correction factor 0.8 hp„/p appears because in a mag-
netic Geld the relaxation times are different for spin-up
and spin-down conduction electrons. This correction
factor was neglected by Muto et ul. ,~ who assumed
that hp and Dp„are additive. However, for the very
dilute alloys considered by these authors, the cor-
rection factor is essential. hp„ is obtained from the
Kohler diagram 4 given by Luther" and Los and Ger-
ritsen. ~ Kohler's rule'4 states that hp„/ps is a func-
tion of H/ps where ps is the zero-Geld resistivity.
However, Kohler's rule in its usual form is only ap-
plicable if the relaxation time is field-independent,
which is not the case for scattering by paramagnetic
impurities. To account for the Geld dependence of
the relaxation time, ps has to be replaced by ps+Ap .
The negative magnetoresistance Ap may then be
determined by an iteration procedure. As a Grst
step ps is replaced by pp+Ap which, when put into
a Kohler plot, yields a Grst approximation b,p„' for
the normal magnetoresistance and hp„' for the ex-
change part of the magnetoresistance. Next pp+Dp

'
is used for the Kohler plot and so on.~This iteration
converges rapidly and only for low concentrations
and high temperatures was a second step necessary.

For Au+033 at.% Mn and Au+1.01 at.% Fe, we
plotted the measured values of magnetoresistance in
order to indicate the experimental accuracy.

III. RESULTS AND DISCUSSION

A. Negative Magnetoresistance

The magnetic-6eld —dependent part of the anoma-
lous s-d scattering gives a negative contribution to
the magnetoresistance. Whether the total magneto-
resistance is negative or positive depends on the
impurity concentration. The negative exchange con-

~ M. Koh1er, Natures. S5, 1M (1949}.
rs B.Lathi, Helv. Phys. Acta33, 161.(1060).

tribution hp decreases linearly with decreasing im-

purity concentration, whereas hp„, the ordinary,
positive part, increases with decreasing impurity con-
centration. Since it is the exchange scattering that
is of interest here, hp should be the dominant part
of the magnetoresistance. Unfortunately, this limits
the impurity concentration of the alloys to values
that are too high for impurity correlations to be
completely excluded. In the Au —Mn system, the mini-
mum useable concentration is of the order of 0.2 at.%,
and for Au-Fe of the order of 0.1 at.%. In both
cases, impurity correlation effects already show up
in the Kondo effect. However, the concentration ef-
fects in the magnetoresistance can be eliminated if
necessary.

Before writing down explicit expressions for the
magnetoresistance based on recently derived theoret-
ical expressions for the Geld-dependent reIaxation
times, the main features of the magnetoresistance
wil1 be described using a simple exchange scattering
model, considering only the Grst Born approximation.
Such a short discussion of the essential features of
the negative magnetoresistance seems appropriate in
view of the inadequate analysis of previous magneto-
resistance work. ~~ The scattering processes involving
a spin fhp of the conduction electron contribute ~~ to
the zero-Geld resistivity and are frozen out in suf-
ficiently high magnetic fields (IjnH)3kT, where iin
is the Bohr magneton and H the applied Geld). The
zero-Geld resistivity due to exchange scattering not
involving a spin Qip of the conduction electron is
sip„=~sAJ'S(S+1), where A is a constant of the
host metal, and increases in an applied Geld to AJ'5 .
The saturation value of the magnetoresistance due
to these processes is therefore bp, =—p /(S+1). In
addition to these two terms, there appears a third
negative contribution to the magnetoresistance be-
cause of the interference of potential and exchange
scattering not involving a conduction electron spin-
Qip. Although this term does not contribute to the
zero-Geld resistivity (in this simple model) a sub-
stantia1 part of the negative magnetoresistance is
generally due to this term. The size of the interference
term depends on the ratio of the potential and the
exchange scattering strengths,

~
V/J ~. This term can-

not only compensate the positive magnetoresistance
due to the non-spin-Rip exchange scattering processes,
but for conduction electrons with spins antiparallel
to the applied Geld, it also compensates the potential
scattering. It is evident from the relaxation times
given by van Peski —Tfnbergen and Dekker' that in
the high-field limit (p~H)3hZ), this compensation
is complete if ~=J'S', thus leading to a saturation
value of the magnetoresistance of Ap, /p= —1, where
p= p~+p»t. The negative magnetoresistance is there-
fore in general a function of both V and J, and to

T. vsn Peski-Tinhersen snd A. J. Dekker, Physics 29, 91'I
(1963).
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determine J from the magnetoresistance measure-
ments it is necessary to know V. For the analysis
of the magnetoresistance it is then useful'IIto introduce
a parameter P for the ratio of the potential to ex-
change scattering, p~, t/p„, and to consider only the
ratio Ap /p= (1+/) '(Ap /p ). This has the advan-
tage that the calculations are independent of the
host-metal parameters contained in 3 and that un-
certainties in the sample dimensions and sample con-
centration are eliminated.

For a detailed calculation of the magnetoresistance
we have used the relaxation times given by Abri-
kosov, ~ whose model of the s-d exchange scattering
should apply at temperatures well above the Kondo
condensation temperature T„ i.e., as long as the
moment compensation is negligible. The Kondo effect
of Au —Mn and Au-Fe indicates' that T, lies far be-
low 1'K in both cases such that this condition is
satisfied. Abrikosov's relaxation times can be written
in the following form, when one assumes that the

magnetization M of the impurities is described by
a Brillouin function Bs(x):

ry ' V'~2VJSBB(x)

+LJsS(5+1)—J'SBs(x) tanh (x/25) $

)& L1+iiJ ln (Ep/Q) j—', (1)

where 7+ and 7- are the relaxation times for the con-
duction electrons with spins parallel and antiparallel
to the applied field, respectively; x=SgpzH/kT, g is
the Lande splitting factor, and Q=p~H or kT, which-
ever is larger. Following van Peski —Tinbergen and
Dekker, '6 the magnetoresistance can be written in
terms of the conduction electron relaxation times

~p /p= Lp(H) —p(o) j/p(o) =2rs/(r++r ) —1, -(2)

where ro is the zero-6eM relaxation time for the con-
duction electron of each spin direction. Substituting
Eq. (1) into Eq. (2) gives

BB(x) tanh(x/2S) (1+iiJ ln(Ep/kT) '
—1

5+1 ( 1+iiJ ln(Ep/Q)

4pSBB'(x)
3a

P(5+1)L1+iiJ ln(Ep/kT) j '+LS+1 Bs(x) tanh(x—/2S))t1+iiJ ln(Ep/Q)] '

where

V2

J'5(5+1)t1+HJ ln(EpjkT)] '

J=J(P)

(1+0) (Tjp) (dpjdT)

2iiL1 —0.5(1+P) (Tjp) (dp/dT) ln(EpjkT)]

In deriving Eq. (3) it is assumed that no scattering
centers other than the paramagnetic impurities are
present. It should be mentioned that (M') of Eq. (13)
in Abrikosov's paper has been correctly replaced by
(3P) (M)'." The 6r—st two terms in Eq. (3) rep-
resent the magnetoresistance due to exchange scatter-
ing alone, the third is due to the interference of
potential and exchange scattering. This third term is,
in first Born approximation, proportional to the mag-

netization squared as previously shown by Yosida."
The expression for hp„/p given by Eq. (3a) is pro-
portional to Hs in low fields (pH«kT) and is nearly
field-independent in fields sufhcient to align the im-

purity moments (p&H & 3k T) . The weak field depend-
ence in high fields is due to the higher-order spin-Qip
scattering processes involving no net spin Qip of the
impurity. These processes persist beyond fields suf-
ficient to align the impurity moments and give rise
to the terms depending logarithmically on H. Since
these terms vary very slowly with H, dp /p can be
considered saturated in fields for which III&3kT.
This quasisaturation value is denoted in the following

by ~p-/p.
To determine P and thus p and J from the meas-

ured magnetoresistance, we consider merely the quasi-
saturation value hp, '/p, such that Bs(x) 1 and
tanh(x/25) 1, thus eliminating the spin, field, and
temperature dependence of hp /p due to these func-
tions. In the high-field limit, Eq. (3a) reduces to

S L1+gJ ln(EpjkT) )'
(5+1) t 1+iiJ ln(EpjpaH) J'

4PS

(5+1)E1+iiJ ln(Ep/kT) j '+551+rlJ ln(EpjiiaH) ~
' (3b)

"A. A. Abrikosov, Physics 2, 61 |,'1965}.
'8 R. Brout (private communication},"K.Yosids, Phys. Rev. 107, 396 (1957).
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0
0
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Fro. 3. Quasisaturation value hp, /p of the magnetoresist-
ance of Au-Mn as a function of P for H =200 kOe, T=2.19'I,
and (7/p) (dp/dT) = —0.085. For P)1, the curves for diiferent
spins converge to a single curve.

The temperature and 6eld dependence of hp, ./p is
negligible for p~H&3kT. The spin dependence of
d,p„,./p in the case of Au-Mn alloys is shown in
Fig. 3, where hp„, ./p is plotted as a function of p
with S as variable parameter. A maximum is shown

by hp, ./p in the region where V =JsS (as for 6rst-
order processes alone). The maximum value is lower
than in the case where only 6rst-order scattering
processes are considered when (hp„,/p) =—1, be-
cause the scattering processes leading to the loga-
rithrruc terms in Eqs. (3a) and (3b) persist beyond
experimentally accessible Gelds. It is interesting to
note that for P) 1, hp„, ./p no longer depends on the
value of S. This allows P to be determined without
knowing the actual value of S. This is quite useful
since in many cases S is not very well known. Once
P has then been determined from graphs like those
shown in Fig. 3, hp„/p can be calculated as a func-
tion of H and T.

This way of determining p involves some ambiguity
as soon as

( Ap„,./p ),&)
~
hp„,./p ) p p. In this case,

there exist two values of P for each value of Ap, ./p
and sorn. e additional information is needed to decide
which of the two values, pr or ps (p&&ps), is the
appropriate one. In many cases (like Au —Mn, Au —Fe,
Cu—Mn, and others) the lower value Pr can be ex-
cluded, because it would lead to values of p„~ that
are much smaller than those due to nonmagnetic
impurities with corresponding ionicity and ionic radii.

3. Analysis of the Exyerimental Resaits

We now analyze the experimental results in terms
of the equations derived in the previous section.
A direct comparison of the measured magnetoresist-
ance with the expressions given by Eqs. (3a) and (3b)
is not feasible, because the contribution due to scat-
tering centers other than the paramagnetic impurities
and impurity correlation have not been taken into

x .22 at% Mn
bk .H
o .40
e .57

.83
l,20—calc

Au- Mn

2. 19 0K

4. 16
8

14

40
50

20 40 60 80 100 120 140 160 180 200 H (k Oe)

Fn. 4. Comparison of the experimentally determined mag-
netoresistance (Ap /pt &), ~~ of Au-Mn with the magnetore-
sistance calculated by Eq. (3a).

account in the expressions given in the previous
section.

It is shown in the Appendix that the effect of
the nonmagnetic scattering centers is to multiply
(Ap /~„) pp by a correction factor (1+6), where
6 is given by

6= 1.8'/r, .
In this expression, ro is the relaxation time of the
conduction electrons due to scattering by the para-
magnetic impurities in zero Geld, and g, is that due
to the other scattering centers. The phonon contri-
bution to v is obtained from the resistivity of pure
gold, the contribution due to other impurities and
crystal defects is not well known. However, this latter
contribution was estimated from the residual resis-
tivity of a pure Au sample prepared in the same way
as the alloys.

The impurity correlation eBeets are not to be
treated theoretically. In the case of Au —Mn, they
are not important, and as will be shown below, in
the case of Au-I'e, they will be taken into account
empirically.

1. Gold-Manganese A/loys

The results for the gold-manganese alloys are shown
in Fig. 1. The magnetoresistance of the samples con-
taining 0.22, 0.33, and 0.40 at.% Mn does not exhibit
any noticeable concentration eGect down to 2.19'K,
which is the lowest temperature considered. Only
those samples for which the impurity correlations are
not important will be considered in the discussion
below. The quasisaturat~on of the magnetoresistance,
Ap, ./p, yields for S=ss, Ps(2. 19'K) =0.64, Ps,'4.16'K)=
0.69, Ps(6'K) =0.74, and Ps(8'K) =0.76. If the value
of ps for the three higher temperatures is normalized
to 2.19'K, 0.63, 0.65, and 0.64, are found, respectively,
giving an average value of 0.64. The corresponding
values of Pr can be ruled out because they imply
a value for p~,~ that is too small. Using the value
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obtained for Pr gives a value for the potential scat-
tering for Mn++ impurities in Au p„t,(Mn++) =
0.45 pQ cm/at. %%uo, whic h isslightl y less tha n th epo-
tential scattering of Cu+ in Au, p,.t, (Cu+) =0.46 pQ cm.
However, one expects the potential scattering due to
Mn++ impurities to be considerably larger than that
due to Cu+.

For the value of Ps deduced above, one obtains for
the exchange resistivity p„=1.7 pQ cm/at. %, for the
effective exchange constant J=—0.18 eV and for the
Kondo condensation temperature T,~10 'K. Ap-
plying Abrikosov's approximation" to the temperature
dependence of the zero-Geld resistivity" one finds

-.6 - ~Pm' $.194K
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1.3'K
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Fro. 6. Magnetoresistance of Au-Fe after elimination of con-
centration eGects. The dotted lines have been determined from
low-Geld magnetoresistance measurements of Gerritsen (see Ref.
23) .
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p ~=1.1pQ cm/at. %, J~= —0.16 eV, and T,~ SX
10 ''K„' where the index A refers to Abrikosov's
approximation. As far as the effective exchange con-
stant and the Kondo condensation temperature is
concerned, the agreement is quite good. The difFerence
between p and p„~ is, on the other hand, larger
than can be explained by any uncertainties of the
host-metal parameters. Better agreement is obtained
by using Hamann's expression for the zero-field re-
sistivity. The temperature dependence of the zero-
Geld resistivity yields then p„&= 1.6 pQ cm/at. %, which
is very close to the value obtained from the magneto-
resistance. Although the s-d resistivity p = 1.7 yQ
cm/at. %%uoha sbee nderive d fro m th emagnetoresistance
using Abrikosov's model, it is not inconsistent to
compare p with p ~. Abrikosov's expression for the
zero-Geld resistivity p„~ can be considered as an
expansion of p ~ to Grst order in

y/x'= rr'S(S+ 1)/ln(T/T ) '.
v~

-20 — v
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Fxe. S. Concentration dependence of the magnetoresistance of
Au-Fe for the temperatures 4.16, 14, and 22'K.

Neglecting the higher-order terms in y/x' is expected
to have only a slight inGuence on hp„/p as long as

p is the dominant part of p, although p ~ and p„~
may differ considerably even above T,.

With Ps=0.64, the Geld and temperature depend-
ence of the magnetoresistance was computed using
Eq. (Ba). A comparison with the experimental results
is shown in Fig. 4. At low temperatures, only the
three purest samples were used, since for higher im-

purity concentrations, the inQuence of impurity cor-
relation is already noticeable although it is small.
At the highest temperatures considered, the normal,
positive magnetoresistance and the correction due to
the phonon resistance are comparable with the meas-
ured magnetoresistance in the case of the low-con-
centration samples. A reliable determination of hp
is then no longer possible. Therefore only the results
for the impure samples are shown which, at these
temperatures, no longer exhibit any concentration
efFects. The agreement between theory and experi-
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Fro. 7. Comparison of (hp /p);s
with Eq. (3a). The calculations have
been 6tted to the experiment at 190
kOe and 14'I, which corresponds to
ijsP/kT =0.91, denoted on the graphs
by O. The detailed behavior of the
experimental and theoretical mag-
netoresistance for iisP/k T(1.2 is
shown in the insertion.

-2-

experiment

0
5 pBH/kT

0.5 p,aH/kT I.O

ment is quite satisfactory. Some deviation from the
theory is found for intermediate values of the fields
at 4 16'K and more pronounced at 2 17'K. The
reason for this discrepancy is not known.

Z. Gold-Iron

In the case of Au —Fe alloys, an analysis of the
experimental results is not so straightforward as for
Au —Mn. When Figs. 1 and 2 are compared, two
striking differences between the magnetoresistance of
Au —Fe and Au —Mn are noticed.

(a) In high magnetic fields and. at low ternpera-
tures, Ap /p for Au —Fe does not saturate. In the
case of the purer samples, there is a knee in the
&p /p versus H curve but Ap /p keeps increasing for
fields up to 200 kOe,

(b) hp /p exhibits a pronounced concentration ef-
fect both in the magnitude and in its magnetic field
and temperature dependence.

This strong concentration dependence makes a com-
parison between the experimental results and the
theory more difhcult. The expression for Ap /p given
by Eq. (3a) does not contain any concentration de-
pendence, while the concentration dependence intro-
duced by the correction factor (1+6) (see the pre-
vious subsection) is an order of magnitude smaller
than those observed in AuFe and also of opposite sign.

However, phenomenologically it has been found
that the concentration dependence of the magneto-
resistance for the entire concentration, temperature,
and magnetic 6eld range used in the present experi-
ment can be described by

where 8 and D are functions of the magnetic field
and temperature. This concentration dependence of

Ap /p is shown in Fig. 5 for T=4.16, 14 and 22'K.
The concentration-independent part of hp /p, given
by 1/8, is obtained by extrapolation (8+Dc) to
zero concentration as shown in Fig. 5. This value
of 1/8 should not be considered as the magneto-
resistance of an alloy with very low impurity con-
centration but should be considered rather as the
magnetoresistance of an idealized material in which
the impurities are not correlated, but with an im-
purity concentration high enough to keep Ap„and
the corrections involving ps/p, negligible.

Figures similar to Fig. 5 were drawn for each tem-
perature, and 8 was obtained by a least-mean-square
fit, assuming the concentrations to be correct and
weighing the results of the different samples equally.
The results are shown in Fig. 6; 1/8, the magneto-
resistance of an idealized alloy, being denoted by
(hp„/p);s. Also plotted in Fig. 6 are the results ob-
tained from the static low-6eld measurements of
Ger ritsen. "

The temperature and field dependence of (4p /p);q
deviates in two respects from the predictions of
Eq. (3a). First, according to Eq. (3a), the magneto-
resistance should be a function of H/T only, except
for the slowly varying logarithmic terms containing
H and T separately. In a plot of (d,p /p);& versus H/T,
the experimental points should therefore lie on a single
curve. As shown in Fig. 7 this is only the case at
4.16'K and higher temperatures. Second, the expected
saturation of Ap /p in high fields (pIiH/kT) 2) is
not found.

Outside the region of these two anomalies, i.e., for
T&4.16'K and @AH/kT(1. 8, the experimental data
are best fitted by Eq. (3a) if 5= ss and P(4.16'K) = 1.8
(see Fig. 7). Such a value of 5 is consistent with
a magnetic moment p, gg

——3.6@~ found by Lutes and
Schmit" from magnetization measurements. However,
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the value of p derived this way is not consistent with
the temperature dependence of the zero-6eld resis-
tivity. The value of P yields p = 2.8 tiQ cm/(at. % Fe),
whereas the temperature dependence of the zero-field
resistivity yields p z ——1.25 pQ cm/(at. %%uoFe)at
4.16'K. Therefore, the model of Abrikosov of the
anomalous s-d scattering is not adequate to describe
the magnetoresistance of Au —Fe.

As mentioned above, there exists a temperature To,
below which (Ap„/p);s is no longer a function of H/T
only. This temperature To has also been determined
for the actual Au —Fe samples and is found to increase
rapidly with the Fe concentration.

In Fig. 8, To is plotted versus the sample concen-
tration. Empirically, To can be described by

TO rr+vc

in the concentration range 0.1 to 1 at.% Fe, where
a=3.7'K and y=52'K/at. % Fe. It is interesting to
note that n coincides with Ts obtained from (Ap /p);q,
thus supporting the extrapolation procedure used to
obtain (Ap„/p);g.

3. Loto Temperatur-e Resistivity Maximum arid Irctermal

Fields

To

50—

Au —Fe

20-

10—

%ith the magnetoresistance measured up to very
high 6elds we are in a position to check experimen-
tally the theories of Silverstein'~ and Harrison and
Klein' concerning the local maximum of the zero-6eld
resistivities at low temperatures. According to their

theories, the decrease of the resistivity, h~, due to
impurity correlation is given by

App= H Ap H dH,

where p(H) is the probability that an impurity ex-
periences a 6eld H due to other impurities. The inter-
action of the impurity is assumed to be of the Mar-
shall-Klein-Brout (MKB)"' type. With a P (H)
derived from specific-heat anomalies and Ap (H) cal-
culated from the experimentally determined tempera-
ture dependence of the zero-field resistivity, Harrison
and Klein obtained the location of the resistivity
maximum and the subsequent linear decrease of p(T)
of Au —Fe in very good agreement with experiment.
If, however, the experimentally determined Ap (H)
is inserted in Eq. (5), the reduction of the resistivity,

~
&pr ~, is about nine times larger. If the influence

of the MKB fields on the magnetoresistance itself is
also considered,

~ hpr
~

is increased even further.
Therefore Eq. (5) does not give results consistent
with the experiments, contrary to the conclusion
reached by Harrison and Klein. This discrepancy is
due to the fact that the effect of short-range internal
fields is qualitatively different froni that of a uni-
form external 6eld. It is evident from the form of
the field-dependent relaxation times LEq. (1)j that
the interference term, which is the dominant term
in the magnetoresistance of Au —Fe and Au —Mn, dis-
appears for statistical short-range fields of the Mar-
shall-IGein-Brout type. The efficiency of the spin-Aop
term to freeze out the s-d scattering depends on the
amount the bands of spin-up and spin-down conduc-
tion electrons is split locally by the internal 6elds.
Therefore the infiuence of statistical internal fields
on the resistivity is substantially smaller than that
of a uniform external field, and is similar to the case
of long-range antiferromagnetism treated by Yosida."
Therefore it is incorrect to use the uniform field value
Ap„(H) in Eq. (5).

For a rough estimate of the inhuence of MKB
fields on the zero-field resistivity we make the fol-
lowing assumptions: (1) (Me) =0 and (MB') =
—,'S($+1), where Ms is the magnetic spin quantum
number of the impurity. (2) The conduction electron
bands are fully split by the internal fields. (3) Col-
lective excitations of the impurity clusters can be
neglected. Then the relaxation times for spin-up and
spin-down conduction electrons are in the 6rst Born
approximation given by

1/r V'+J'S($+1) a'sJ'S($+1) tanh(x/2$). (6)

1.0 C (ot.'loFe)

FIG. 8. The characteristic temperature To as a function of the
Fe concentration. The point at c=0 represents To for (hp /p) is.

Setting V'/J'$($+1) =p, the effective magnetoresis-
tanc- the magnetoresistance to be inserted in Kq.

~ W, Marshall, Phys. Rev. 118, 1520 (1960).
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(5)—can then be written

(~p ).«Ip=—(4/9) tanh'(x/25)

(1+0)'
Using the value of P derived earlier, in the case of
Au —Fe, (Ap ).rr/p —0.06 is found for the high-held
limit of the eGective magnetoresistance. This is about
a factor 9 smaller than the measured high-Geld mag-
netoresistance. Therefore if Dp (H) in Eq. (5) is
replaced by (hp ),«, good agreement is again ob-
tained with the experimentally determined tempera-
ture dependence of the zero-Geld resistivity.

4. Disclssion

The magnetoresistance of Au —Mn is in good agree-
ment with the prediction of the s-d exchange model.
The magnetoresistance (hp~/p);s of Au-Fe, on the
other hand, deviates in two ways from the expected
behavior. First, below 4.16'K, Dp /p is not a func-
tion of H/'P alone. Second, the expected saturation
in high Gelds is not found. The 6eld and temperature
dependence of the magnetoresistance is closely con-
nected to the magnetization M, and the anomalies
of hp„/p may be related to anomalies of the mag-
netization. The dominant part of the magnetoresis-
tance of Au —Fe (and also of Au —Mn) is due to the
interference term, which amounts to about 75%. In
this case the temperature and Geld dependence of
the magnetoresistance given by Eq. (3a) reduces to
the simple expression given by Yosida~:

Dp /p=P(M/Mp)', (8)

where P is a constant containing the ratio of poten-
tial to spin scattering amplitude, and 3IIO is the satu-
ration magnetization. Equation (8) is expected to be
valid only for Geld-independent impurity moments.

In Hg. 9, the magnetoresistance (Dp„/p);d is com-
pared with the magnetization found by Kitchens
et cl.4 The magnetoresistance for 4 and 1.13'K has
been obtained from the magnetoresistance at 4.16

I-.I -.2 - 3 -.4 (QP /P)ld

Fro. 9. (Ap /p);s versus (3E/DER)', the relative magnetization
squared, for Au-Fe in the temperature range 1.13 to O'K and in
magnetic Gelds up to 65 kOe.

and 1.30'K assuming an H/T dependence. Although
(Ap /p);a does not depend only on H/7 in this tem-
perature region, the deviations are small for the
temperature diQerences in question. Below 65 kOe
(the Geld up to which the hyperGne Geld of the Fe
impurities has been measured), the magnetoresistance
is proportional to the square of the magnetization,
showing that the low-temperature anomaly of the
magnetoresistance is caused by the anomalous mag-
netization. In high Gelds, however, (Ap„/p);s increases
beyond the saturation value of —0.4 indicated by
Fig. 9.

A possible explanation for the increase of the mag-
netoresistance beyond the expected saturation is the
breaking up of a Nagaoka bound state, "which should
further reduce that part of the s-d scattering that
has not yet been frozen out by aligning the impurity
moments. However, the Mossbauer experiment by
Kitchens et cl.4 shows that above 30 kOe, the satura-
tion hyper6ne held is practically independent of the
applied 6eld. Therefore a possible bound state would
already be completely broken up by a field of 30 kOe.
This is consistent with the Kondo condensation tem-
perature T, of about 0.1'K derived above. The 6eld
necessary to break up a bound state completely is
about 5 kT„32 which corresponds to a magnetic field
of about 10kOe. It is then evident that the high-
Qeld anomaly of the magnetoresistance —the deviation
from the expected saturation behavior —is not related
to the Nagaoka condensation. The low-temperature
anomaly of the magnetoresistanc- the deviation from
the H/T dependenc- is, for low Gelds, compatible
with the breaking up of a bound state associated
with a condensation temperature of about 0.1'K.
However, since it persists up to very high Gelds, this
anomaly is probably not related to the Nagaoka con-
densation, either. The anomalies of the magnetoresis-
tance of Au —Fe must therefore be related to some
property of the Fe moment other than the compen-
sation of the moment by the conduction electrons.

Another unexpected feature of the magnetoresis-
tance of Au-Fe is the strong concentration dependence.
The location of the maximum of the zero-field resis-
tivity, " the excess low-temperature speci6c heat, ""
and the susceptibility anomalies' indicate impurity
interactions to be of similar strength in both Au —Mn
and Au —Fe. Yet the concentration dependence of the
magnetoresistance is very pronounced in Au —Fe but
is hardly noticeable in Au —Mn. This suggests that,
for the magnetoresistance, the impurity correlations
are of diferent origin than those responsible for the
concentration dependence of zero-Geld resistivity. The

"Y.Nagaoka, Phys. Rev. 138, A1112 (1965); Progr. Theoret.
Phys. (Kyoto} 37', 13 (1967).

3~ Sang Boo Nam~ and James Wing Fai Woo, Phys. Rev. Letters
19, 549 (196'7) .
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strong decrease of the low-Geld magnetoresistance
with increasing Fe concentration indicates that the
impurity interactions are predominantly antiferromag-
netic. Ferromagnetic interactions would make it easier
to align the impurity moments by the applied GeM
and thus increase the low-6eld magnetoresistance. In
order to account for a characteristic temperature
TO=50'K and a reduction of the high-Geld magneto-
resistance by a factor 2.5 in Au+1% Fe, the average
impurity interactions have to be of the order of 50'K.
These interactions are an order of magnitude stronger
than expected from the low-temperature speci6c heat'
and susceptibility anomalies. " Since it is especially
the anomalies of the magnetoresistance which exhibit
a strong concentration dependence„ the apparently
strong interaction of the Fe impurities may be related
to the problems of the magnetoresistance anomaly.

IV. CONCLUSIONS

1. The negative magnetoresistance of Au-Mn is
well described by Abrikosov's model of the exchange
resistivity, and is consistent with the observed Kondo
eGect. The Mn moment is well localized and not
compensated by the conduction electrons; its response
follows the Brillouin function for S= ~5 up to 200 kOe.

2. The magnetoresistance of Au —Fe exhibits some
anomalous features: (a) Below a certain tempera-
ture To, the magnetoresistance is not a function of
H/T only; (b) no saturation is found in fields for
which @AH»kT. These anomalies are not compatible
with the prediction of Abrikosov's s-d exchange model
and cannot be accounted for by a possible Nagaoka-
type compensation of the impurity moment. It ap-
pears therefore that the effective exchange model. is
not appropriate for Fe impurities in Au.

3. The very strong concentration dependence of
the magnetoresistance of Au-Fe indicates impurity
interactions which are an order of magnitude larger
than expected from speciGc heat or susceptibility
anomalies. It is suggested that these apparently strong
impurity interactions are related to the magneto-
resistance anomalies.

4. The model of Silverstein and of Harrison and
Klein for the resistivity maximum and the subsequent
resistivity decrease is in good agreement with ex-
periment, if their magnetoresistance is replaced by
an effective magnetoresistance which is essentially
that derived by Vosida for long-range antiferro-
magnetism.
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If no additional scattering is present, then 1/T, =O
and Ap (H, 1/T, ) reduces to hp of Eq. (2).

According to Eq. (1), the field-dependent relaxa-
tion times 7+ and v are of the form

1/T~ = 1/To f&g, —

where g stands for the second and f for the fourth
term on the right-hand side of Eq. (1). Inserting
these relaxation times into Eq. (A1), one obtains
the following expression for the relative deviation
from Mathiessen's rule:

hp (H, 1/T,) Ap„(H, O)—
hp„, (H, 0)

gp/
(A2)

Pelf+ 1/To fr& (1/To f—)+1)—
We note that 8&0, since f, g)0 and 1/Tp)f+g.

The presence of 6eld-independent scattering gener-
ally decreases the negative magnetoresistance hp .
Mathiessen's rule is satisfied only in the absence of
interference terms, and the deviation is most pro-
nounced when the interference terms are dominant.

If the case of Au-Mn, one 6nds in the high-Geld
limit (p~H)3kT) at 2.19'K, g„»=4f.,» and 1/Tp=
6f„», where g„» and f„» denote the quasisatura. tion
values of g and f, respectively. Inserting these values
into Eq. (A2) one obtains for the high-field limit of
the correction 8

0 83Tp/T (h—igh . fields) (A3a)

provided To/T, (&1. For small fields
u«1/To a,nd

(p~II&(k T),

Bs(*)
g'/f=(g-»'/f"»)

h
=k(~+1) (g"»'/f-»)

2tanh x 2S

In this equation (1+gJ lnEp/Q)-P has been approxi-

Here we show that Mathiessen's rule is generally
not obeyed in the presence of a magnetic Geld. That
is, hp„(H) is changed by the additional field-inde-
pendent scattering centers such as phonons and non-
magnetic impurities. %e assume that the eEect of
the additional scattering centers is to add 1/T, to
the inverse of the relaxation times of the conduction
electrons for each spin direction. With the same
method" as that used to derive Eq. (2) one obtains
for the magnetoresistance

(2Tp T+ 7)Ta—+Tp(T++T ) 2T+T

2TpT. (T++T ) +4ToT+T

(A1)
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8= —0.76rp/r, (low fields) . (A3b)

8= 0.8r—p/r. (A3c)

This shows that the correction 8 depends only weakly
on field and temperature. We have therefore used

does not hold in this case either can immediately be
seen if Ap„ is described by an additional scattering
rate 1/r„, which is field-dependent but equal forI, the
conduction electrons of either spin direction. The de-
viation b„ from Mathiessen's rule is obtained by re-
placing r, by r„. With the same values for f, g, and rp

one then obtains

8„—0.7AP /p (A5)

(A4')

It is interesting to consider the case 1/r, ))1/r,p which
might occur in ternary alloys or in the case of very
large positive magnetoresistance. One Gnds from Eq.
(Al) that the interference terms no longer contrib-
ute to the negative magnetoresistance and one has
Ap„= f/2. —

(Ap-/p) E. (s.) = (.Ap-/ps. 4)-.s(1+1 8«/r. ) (A4)

as long as rp/r, &(1.
A second, similar correction factor is due to Ap„

and Ap not being additive. That Mathiessen's rule

for all values of Geld and temperature.
The magnetoresistance calculated by Eq. (3a), provided Ap„/p&(1. Ap„and Ap are then related by

(Ap /p) Eq. (3a), and the experimentally determined
magnetoresistance (Ap /pt, ~),„p,, of Figs. 1 and 2 are Ap (Ap —hp„) (1+0.7AP„/p).

then related by
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The electronic spin polarization p (r) arising from the s-d exchange interaction is computed using iterated
solutions of Nagaoka's truncated equations and direct perturbation theory. Most of our detailed calcula-
tions are only to order Js (where J is the exchange constant) . However, arguments are given to suggest
that certain qualitative features Lsuch as the oscillatory behavior of p(r) $ will remain even if we work to
aH orders in J.%e critically discuss the work of Falk and Fullenbaum as well as Suhl, whose results agree
with ours apart from the important difference that our Ruderman-Kittel-Kasuya-Yosida term is pro-
portional to the average of an effective spin rather than the bare impurity spin. This eGective spin also
enters the static susceptibility X. In one of the Appendices, we briefly consider the e6'ect of potential scattering
on the spin polarization.

I. INTRODUCTION

T seems natural to expect that one of the most impor-
.. tant manifestations of the Kondo eGect' will be in
the conduction-electron spin polarization p(r) around
a magnetic impurity. Historically, the first such study
was made by Nagaoka' using a self-consistent solution
of the decoupled equations of motion for retarded
double-time Green's functions. He found that in con-
trast to the Born approximation for the polarization
(associated with the names Ruderman-Kittel-Kasuya-
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Phys. (Kyoto) 36, 875 (1966).

Yosida' and thus referred to as RKKY) his result had
a much longer range and moreover the electron spins
were favored to align antiparallel to the impurity atom
spin. This result led Nagaoka to the conclusion that
below a critical temperature T~ there exists some sort
of quasibound state between the electron spins and the
impurity spin. The coherence length of this quasibound
state was estimated to be 10 4 cm. It has since been
realized that Nagaoka s original solution of his equa-
tions was incorrect and that his equations do not give
rise to any bound state. As a consequence the result for
the electron spin polarization given in Ref. 2 should be
disregarded. In contrast, Suh14 ' made use of his alterna-

' M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954);
K. Yosida, ibid. 106, 893 (2957) .

4 H. Suhl, in Proceedhngs of the International School of Physics,
"Enrsco Forms" 1966, edited by W. Marshall (Academic Press
Ltd. , London, 2967), pp. 226-205.
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