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Elastic Moduli and Ultrasonic Attenuation of Gad.olinium, Terbitmm,
Dysyrosimm, Holmium, and Erbium from 4.2 to 300'K
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(Received 24 May 1968)

The longitudinal and transverse acoustic velocities and the ultrasonic attenuations in high-purity poly-
crystalline gadolinium, terbium, dysprosium, holmium, and erbium metals have been measured by a pulse
technique at a frequency of 10 MHz between 4.2 and 300'K. The variations with temperature of the Young
moduli 8, shear moduli G, adiabatic compressibilities E„and Debye temperatures OD have been determined.
The anomalies observed in the elastic and anelastic behavior were correlated with the magnetic transitions
known to occur in these metals. The behavior of the elastic properties and ultrasonic attenuations in the
vicinity of the majority of the magnetic transition points was in accord with the criteria of Landau et al. 's

theories of second-order phase changes. Exceptions are the ferromagnetic transitions in terbium and dys-
prosium, and the change in the antiferromagnetic structure of erbium at 56 K. The character of the
elasticity anomalies in these three cases tends to indicate that they are of first order. The abrupt change
in the easy direction of magnetization in gadolinium at 224'K is sharply manifested in the elastic and
anelastic properties. Determination of these properties in holmium revealed an anomalous behavior at 70 K.
The temperature variation of the Debye temperatures in gadolinium, terbium, dysprosium, holmium, and
erbium depicts the elasticity behavior. The limiting Debye temperatures at O'K are, in general, higher than
those obtained from specific-heat measurements.

INTRODUCTION

t 1HZ metals of the heavy rare-earth series, from..gadolinium to thulium, provide a system which

exhibits a complex magnetic spin structure with strong
dependence on temperature. ' They crystallize in a single
hexagonal close-packed structure with a c/a ratio
relatively constant (1.59—1.57) .' However, the so-called
"lanthanide contraction" may affect the Brillouin zone
boundaries and thus inhuence various physical prop-
erties.

The electronic configurations of the heavy rare-earth
elements differ from each other only in the number of
the electrons in the 4f shell. As distinct from the elements
of the iron group, the uncompensated electron spins in
the 4f shell of the rare-earth metals, are screened by the
higher-lying Ss and 5P electron shells. Therefore, the
direct exchange interaction between 4f electrons of
neighboring atoms is greatly impeded or even totally
prevented. It is assumed that indirect exchange, via
the conduction electrons, occurs in the rare-earth
metals. '4 Their magnetic behavior results from these
localized 4f electrons. As the temperature is reduced
below certain critical points, there appear magnetic
order-disorder transitions, as well as transitions between
different types of ordering. They arise from the energy
balance among long-range exchange interaction anisot-

ropy resulting from crystal-field —spin-orbit effects and
direct exchange. Kittel5 has formulated the theory of
exchange magnetostriction which shows the interaction
between the magnetic and elastic forces. In some eases

' M. K. Wilkinson, H. R. Child, W. C. Koehler, J. W. Cable,
and E. O. Wollan, J. Phys. Soc. Japan 17, 27 (1962).' F. H. Spedding and A. H. Daane, Met. Rev. 5, 297
(1960).' C. Zener, Phys. Rev 81, 440 (1951)' G. Anderson and S.Legvold, Phys. Rev. Letters 1, 322 (1958).

' C. Kittel, Phys. Rev. 120, 335 (1960).
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this mechanism can lead to first-order magnetic
transitions.

By cooling through the magnetic ordering points, the
rearrangement of the spins will give rise to a change in
those contributions to the total energy that are due to
the interatomic magnetic interaction. Since the elastic
constants are second derivatives of the thermodynamic
potential with respect to strain, a magnetic contribution
should be expected in the vicinity of any magnetic
ordering transition. The magnitude of the elastic
modulus anomaly will depend on the magnetostriction
deformations created during the magnetic transforma-
tion.

The behavior of the elastic moduli in the vicinity of a
second-order phase transition was described by the
phenomenological theory of Landau and Lifshitz. " The
critical Quctuations of the spins in the neighborhood of
a phase transition will interact with the acoustical
phonons of the sound wave giving rise to anomalies in
the ultrasonic attenuation. Landau and Khalatnikov7
showed that the attenuation should display a maximum
on the low-temperature side of the transition point.
Since a relaxation mechanism was postulated, the posi-
tion of this attenuation peak with respect to the critical
temperature should depend on the frequency of the
ultrasonic waves.

The measurements reported in the present paper are
concerned with the behavior of the elastic moduli and
ultrasonic attenuation of the heavy rare-earth metals:
Gd, Tb, Dy, Ho, and Er. The data provide an additional
insight, and a conhrmation of the anomalous behavior
noted in various other physical properties, e.g., heat
capacity, electrical and thermal resistivities, neutron-

L. D. Landau and E. M. Lifshitz, Statistica/ Physics (Perga-
mon Press, Inc. , New York, 1958), Chap. 14, p. 430.

7 L. D. Landau and S. M. Khalatnikov, Doklady Akad. Nauk
SSSR 96, 469 (1954).
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diEraction, thermal expansion, and magnetic moment
measurements in the temperature range between 4.2
and 300'K.' Furthermore, the elastic properties are of
fundamental importance in the interpretation of high-
pressure measurements, magnetostriction, etc. The
limiting value of the Debye temperature at O'K, as
obtained from elastic measurements is useful in the
analysis of specific-heat data since it provides an
independent estimate of the lattice contribution of the
calorimetrically measured total heat capacity. This
evaluation is particularly important in metals that
have a high electronic component or a magnetic
component in the total specific heat.

EXPERIMENTAL DETAILS

The high-purity (99.9%) polycrystalline specimens,
supplied by Johnson-Matthey Co., England, were in the
form of Bat disks, 12 mm in diameter and about 5 mm
thick. The samples were hand-lapped to a parallelism
of faces of better than 2 parts in 104. The thickness of the
disk was measured on a calibrated indicator stand to
within &5)&10 ' mm.

Elastic moduli and attenuation measurements were
made at a frequency of 10 MHz by an ultrasonic pulse
technique. Pulses of 0.5 +sec duration were generated
by an Arenberg model PG-650C pulse generator. The
reQected, unrectified rf signals were ampli6ed and
displayed on the screen of a Tektronix 545A oscilloscope,
the timing circuit of which was checked by means of a
Hewlett-Packard 524 counter and a Tektronix 180A
quartz signal generator. The echo pattern, including the
calibrated oscilloscope grid, was automatically recorded
at a speed of 4 frames per min by means of a Robot
camera system (Robot Foto and Elektronik, Duessel-
dorf, West Germany). The film was subsequently read
on a film analyzer (Vanguard Instrument Corp. ,
Roosevelt, N.Y.) .

Acoustical transit times were determined from the
distances between corresponding cycles of several
successive echoes. Knowledge of the instantaneous
thickness of the specimen (by the aid of the coefficient
of thermal expansion), enables the calculation of the
longitudinal (Ct) and transverse (Ct) sound velocities.
The adiabatic elastic moduli (E=Young modulus,
G=Shear modulus, K, =compressibility) were found
through the following relationships:

G=pC
'

where p is the density of the specimen. Poisson's ratio 0.

is given by
2 (Ctl«)'—

2L1—(Ct/Ct) '3

K. Yosida, in I'rogress ie Low Temperatlre Physics, edited
by C. J. Gorter (North-Holland Publishing Co., Amsterdam,
1964), Vol. 4, p. 265.

The Debye temperature was derived from the
acoustic velocities using the well-known relations' '

eg& =h/K(3'/4trM) "'C,
where h is Planck's constant, E is Boltzmann's constant,
iV is Avogadro's number, and M is the atomic weight.
The value C is an average sound velocity, according to
the basic assumptions of the Debye theory of specihc
heat. In the case of a polycrystalline specimen that can
be assumed elastically isotropic (small grain size
relative to acoustic wavelength), where the transverse
and longitudinal sound velocities are invariant with
respect to the direction of propagation of the elastic
wave, C will be

C = ILL(2/Ct')+(1/Ct') jI '".
The relative ultrasonic attenuation was calculated

from the exponential decay of the echoes, and expressed
in dB psec '.

20 logrp(Ar/2 )
(~-1)t

where A», A„are the amplitudes of the 1st and the nth
pulse, respectively, and t is the measured transit time
between two successive puls|:s.

The transit time-measurement procedure was checked
by means of velocity determination on three aluminum
specimens of various thicknesses. The estimated experi-
mental errors in the sound velocity is less than 0.2%,
i.e., 0.4% in the elastic moduli. The relative, point-to-
point precision was better by a factor of 4. The ultra-
sonic attenuation was determined to within 1%.

Thin layers of Dow Corning Compound 7, Dow
Corning 200 (viscosities of 6000 and 10 cp) were found
to give satisfactory acoustic couplings between the
quartz transducers and the surfaces of the metallic
specimens for both longitudinal and transverse modes of
vibration over the whole temperature range.

Conventional cryogenic techniques were employed.
The measurements were mostly carried out during the
warmup from liquid-helium to room temperature at a
rate of about 0.5'K min '. The temperature was
measured with a helium gas thermometer in the region
of 4.2 to 35'K. From 35 to 310'K a Au —Co versus Cu
thermocouple was used. Both were checked against a
calibrated germanium resistance thermometer and
melting points of CSs (164.5'K), CC14 (250.6'K), and
ice (273.15'K). The estimated error in temperature is
&0.5'K.

The variation of the acoustical path length of the
specimens was calculated using the average coefBcients

' J. de Launay, in Soled State Phyeees, edited by p. Seitz and
D. Turnbull (Academic Press Inc. , New York, $965), Vol. 2,
p. 219.

+ H. 3. Huntington, in SolQ Stak Physics, edited by F. Seitz
and D. Turnbull (Academic Press Inc., New York, 1958),Vol, 7,
p. 213.
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TABLE I. Average coeKcients of thermal expansion and
the room-temperature densities of the samples.

Element
Density
g cn1

Average hnear
coeKcient of

thermal expansion
K-&

Gd
Tb
Dy
Ho
Er

7.890
8.271
8.530
8.802
9.061

8.28X 10-~
10.3X10~
10 0X10—6

10.7X10 '
12.3X10 '

of thermal expansion as given by Gschneidner. "The
room-temperature densities of the samples were deter-
mined by means of a Quid-displacement technique,
using monobromobenzene. The average coefficients of
thermal expansion and the room-temperature densities
are given in Table I.

"K. Gschneidner, in Solid State I'hysics, edited by F. Seitz
and D. Turnbull (Academic Press Inc. , New York, 1964), Vol.
16, p. 275.

"K.P. Belov, R. Z. Levitin, S. A. Nikitin, and A. V. Pedko,
Zh. Eksperim. i Teor. Fiz. 40, 1562 (1961) LEnglish transL:
Soviet Phys. —JETP 13, 1096 (1961)g."C. D. Graham, J. Phys. Soc. Japan 17, 1310 (1962).

"W. D. Corner, W. C. Roe, and K. N. R. Taylor, Proc. Phys.
Soc. (London) 80, 927 (1962).

"H. K. Nigh, S. Legvold, and F. H. Spedding, Phys. Rev.
132, 1092 {1963)."R.V. Colvin and S. Arajs, Phys. Status Solidi 4, 37 (1964)."S.Arajs and R. V. Colvin, J. Appl. Phys. 35, 1043 (1964).

RESULTS AND DISCUSSION

1. Gadolinium

Gadolinium metal is generally considered a "normal"
ferromagnet' at temperatures below its Curie point of
292'K. However, Belov et al." observed an anomalous
behavior in the temperature variation of the magnetiza-
tion in weak fields (10—15 Oe) exhibiting a maximum at
about 210'K. In this temperature region, anomalies
were also found in the coercive force and in the rem-
anent magnetization. " Belov concluded that anti-
ferromagnetism exists in gadolinium below 210'K, and
that it can be destroyed by a weak. field.

The suggested existence of antiferromagnetism in
gadolinium triggered a variety of experiments. Graham"
has found no evidence of bumps in the low-field magnet-
ization curves of single-crystal specimens. He, and other
workers, '4 "observed that the easy direction of magneti-
zation varies with temperature, forming a cone of easy
magnetization with a maximum angle of about 70' with
respect to the hexagonal axis. The electrical resistivity"
does not exhibit any anomalies in its behavior below the
Curie point, although the slope of the resistivity versus
temperature changes slightly below 210'K. But thermal
conductivity, '7 on the other hand, does show a pro-
nounced minimum at 230'K, which was attributed to the

rapidly varying angle of the easy cone of magnetization.
Difficulties are encountered in obtaining reliable neutron
diGraction data because of the very high neutron
absorption of gadolinium. Nevertheless, neutron dif-
fraction studies" "indicated that gadolinium behaves as
a normal ferromagnet. Above 284'K the magnetic
moment is directed along the c axis, while below this
temperature, the direction varies continuously, with
the cone angle reaching a maximum at 195'K. Recent
initial-susceptibility measurements" show a minimum
at 170'K, where according to Graham" the easy
direction of magnetization is very nearly in the basal
plane. With increasing temperature the initial sus-
ceptibility reaches a maximum at about 220'K before
forming a knee at the Curie point. CoeKcients of thermal
expansion show a complex temperature dependence
along both axes."Along the t," axis, the coe%cient was
found to be negative from 150 up to 292'K, with a
maximum at 220'K. Finally, the saturation magneto-
striction constants ' 3 behave anomalously in this
temperature region. A change in sign is observed" at
230'K with a minimum at 260'K, before vanishing at
the Curie temperature, in agreement with the results of
Belov et al."

The objective of the simultaneous measurement of the
elastic moduli and ultrasonic attenuation, reported
here, was to gain additional insight into the anomalies
found by Belov" and Graham. "

The temperature dependence of the elastic moduli of
polycrystalline gadolinium is shown in Fig. 1. G and E
represent the shear and Young moduli, respectively. A
steady increase in both E and G with decreasing tern-
perature, from 310 to 295'K, can be observed. Both
moduli diminish drastically at the Curie point of
292.5'K. The behavior of the elastic moduli in the
vicinity of the Curie point in gadolinium is represented
by a A, -type anomaly in the adiabatic compressibility
E, (Fig. 2). A similar peak was also observed in the
heat capacity. "This is in qualitative agreement with
the phenomenological theory of second-order phase
transitions of Landau and Lifshitz. In accord with the
theory of Landau and Khalatnikov, ~ both attenuations
(longitudinal u& and transverse n, ) behave anomalously
and exhibit a peak on the low-temperature side of the
Curie point. Unfortunately, a single ultrasonic fre-
quency has been employed in the present study and
therefore the relaxation times and the activation energies

' G. Will, R. Nathans, and N. A. Halperin, J.Appl. Phys. 35,
1045 (1964)."J.W. Cable and E. O. Wollan, Phys. Rev. 165, 733 (1968).

'0 F. J. Jelinek, E. D. Hill, and S. C. Gerstein, J. Phys. Chem.
Solids 26, 1475 (1965).

~' Yu. V. Ergin, Zh. Eksperim. i Teor. Fiz. 48, 1062 (1965)
LEnglish transl. :Soviet Phys. —JETP 21, 709 (1965)j."J.Alstad and S. Legvold, J. Appl. Phys. 35, 1752 (1964)."W. E. Coleman and A. S. Pavlovic, Phys. Rev. 135, A426
(1964).

'4M. Griffel, R. E. Skochdopole, and F. H. Spedding, Phys.
Rev. 93, 657 (1954).
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FIG. 1. Temperature variation of
the Young (E) and shear (G) moduli
of polycrystalline gadolinium.
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involved in the paramagnetic-ferromagnetic transition
could not be established.

A second anomaly, in the elastic moduli, compressibil-
ity, and ultrasonic attenuations (Figs. 1—3), was
observed at 224'K. The minimum in the compressibility
curve is at 235'K, increasing rather slowly (compared
with the drastic rise at the Curie point) to its peak at
224'K. The transition at 224'K corresponds to the
anomalous behavior of gadolinium in this temperature
range. It is probably associated with the abrupt change
in the easy direction of magnetization as found by
Graham. " The attenuation behavior (Fig. 3) lends

support to such a mechanism rather than to the helical

reordering, as was assumed by Belov."The attenuation
of the transverse waves, o.&, indicates the presence of a
magnetic transition. However, the attenuation of the
longitudinal waves, besides the expected peak, keeps
growing with decreasing temperature to about 170'K,
then levels off. This gradual increase may be associated
with additional alignment of interacting spins into a
direction at right angles to the prior ferromagnetic
alignment. The spins in this prevailing direction interact
anelastically with the propagating acoustic phonons.
The longitudinal attenuation will be preferentially in-
creased while the attenuation of the transverse waves
should diminish with temperature, thus compensating

FIG. 2. Temperature variation of
the adiabatic compressibility (E ) and
the Debye temperature (en) of poly-
crystalline gadolinium.
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FIG, 3. Temperature variation of
the longitudinal (a~) and transverse
(a&) attenuation of polycrystalline
gadolinium.
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to some extent the increase in the longitudinal attenua-
tion. Such a behavior is manifested in Fig. 3. In this
temperature region the thermal conductivity'" shows a
pronounced minimum, whereas no such effect was
observed in the electrical resistivity. "This illustrates
the similarity in behavior between acoustical and
thermal phonons and is in agreement with the observa-
tions of the present work. Fisher, "has detected a sharp
increase in the acoustic attenuation at temperatures
below 218'K, which prevented him from carrying out
any single-crystal elastic-moduli measurements in the
temperature range between 218 and 200'K.

Figures 1 and 2 show that the temperature depend-
ence of the elastic moduli and the compressibility varies
rather smoothly down to about 115'K, where a change
in slope of the elastic moduli curves can be observed. At
this temperature the compressibility displays a broad
maximum and the transverse attenuation (Fig. 3)
drops to a lower value. It is possible that in this region
the easy cone of magnetization changes its angle with
respect to the hexagonal axis. Graham" and Will
et u/. ""reported such a shift at about 165'K.

At 15'K depressions in the elastic moduli are ob-
served. The ultrasonic attenuations (Fig. 3) also show
rather sharp and well-defined peaks. Arajs'7 and Aliev"
found a maximum in the thermal conductivity of
gadolinium at about 16'K. The anomalies in the elastic
and anelastic behavior observed at 15'K are probably
associated with this change in the transport properties.

~E. S. Fisher and D. Dever, in Proceedings of the Sixth
Rare-Earth Research Conference, Tennessee, 196/, p. 522 (un-
published) .

26N. G. Aliev and N. V. Volkenshtein, Zh Eksperim. i Teor.
Fiz. 49, 24 (1965) /English transl. : Soviet Phys. —JETP 22, 1/
(1966)g.

Figure 2 shows the temperature dependence of the
Debye temperature 9& as derived from the variation of
the elastic velocities with temperature. The Debye
temperature is essentially a representation of a certain
averaging procedure of the acoustic velocities, which is
the basis of the Debye theory of specific heat. Therefore,
it is not surprising that its temperature dependence is
very similar to that of the elastic moduli and includes all
the anomalies observed. From the third law of thermo-
dynamics, it is expected that the Debye temperature
should approach the absolute zero with zero slope. This
is the so-called limiting Debye temperature, which is of
importance in the calculations of many physical param-
eters of solids. The limiting Debye temperature of
gadolinium found in this investigation is OD ——184'K.
This value is significantly higher than 152'K obtained
from specific-heat measurements. " The calculation of
the Debye temperature from the measured specific heat
suffers from several uncertainties; e.g., difhculty in the
accurate determination of the electronic and magnetic
contributions to the heat capacity. The elastic-constants
method is free from these dif5culties. Recently,
I ounasmaa, 27 assuming a zero-magnetic contribution to
the specific heat, estimated the Debye temperature for
gadolinium as being 195'K.

2. Terbium

Neutron diffraction studies~ 29 showed that metallic
terbium experiences two magnetic transformations. The

"O. V. Lounasmaa and L. J. Sundstrom, Phys. Rev. 150, 399
(1966).

"W. C. Koehler, H. R. Child, E. O. Wollan, and J. W. Cable,
J. Appl. Phys. 34, 1335 (1963)."W. C. Koehler, J. Appl. Phys. 36, 10'/8~(1965).,
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30 V. A. Finkel, Yu. H. Smirnov, and V. V. Vorobev, Zh. Ek-
sperim. i Teor. Fiz. 51, 32 (1966) LEnglish transl. : Soviet Phys. —
JETP 24, 21 (1967)g.

paramagnetic helicoidal antiferromagnetic transition
occurs at 229'K. This antiferromagnetic structure exists
in the temperature interval between 229 and 221'K, and
can be destroyed in relatively weak magnetic fields
(II,=2000e). The transition into a ferromagnetic
structure, with collinear ordering, takes place at 221'K.
At this temperature a jump is observed in the atomic
volume, accompanied by a rhombic distortion of the
crystal lattice, "i.e., the erst derivative of the thermo-
dynamic potential, signifying that the antiferromagnetic
to ferromagnetic transition is of the first order. Magnetic
measurements on single-crystal and polycrystalline

terbium" " confirmed that the metal is ferromagnetic
below 221'K and paramagnetic above 230'K.

In contrast to the x-ray studies, "the transition to the
ferromagnetic state is only slightly observable in the
variation with temperature of the specific heat'4 and the
electricap' and thermap' " conductivities; the para-
magnetic to antiferromagnetic change is generally more
pronounced, yielding a) -type jump in the specific heat"
at 229'K.

The Young modulus E, and to some extent the shear
modulus G (Fig. 4) show a dip in their variation with
temperature at 228'K, which is the Neel point of
terbium. A corresponding jump of about 7.3% (similar
to that in the specific heat)" is observed in the adiabatic
compressibility E, (Fig. 5). This is in agreement with
the Landau-Lifshitz theory of second-order transitions. '
Figure 6 shows that the ultrasonic attenuation of the
longitudinal waves, O.i, exhibits a peak on the low-
temperature (ordered) side of the Neel point, which is
in qualitative accord with the Landau-Khalatnikov
theory. 7 The attenuation of the shear waves, a&, begins
growing with decreasing temperature below the Neel
point, but for some reason does not show a pronounced

"W. C. Thoburn, S. Legvold, and F. H. Spedding, Phys. Rev.
112, 56 (1958}."D.E. Hegland, S. Legvold, and F. H. Spedding, Phys. Rev.
131, 158 (1963).

. K. P. Belov, R. Z. Levitin and S. A. Nikitin, Usp. Fiz.
Nauk 82, 449 (1964) LEnglish transl. : Soviet Phys. —Usp. '7,
179 (1964)g.

'4 L. D. Jennings, R. H. Stanton, and F. H. Spedding, J. Chem.
Phys. 2'7, 909 (1957}.a S. Arajs and R. V. Colvin, Phys. Rev. 136, A439 (1964).~ C. F. Gallo, J. Appl. Phys. 36, 3410 (1965).~ N. G. Aliev and N. V. Volkenshtein, Zh. Eksperim. i Teor.
Fiz. 49 24 (1965) I English transl. : Soviet Phys. —JETP 22, 17
(1966)
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peak. Possibly, both longitudinal and transverse
attenuations are affected by the subsequent trans-
formation to the ferromagnetic state with decreasing
temperature. One reason may be the narrowness of the
temperature interval of existence of the antiferro-
magnetic state in terbium.

The ultrasonic attenuations display subsidiary peaks
centered about 260'K. A similar behavior was observed
in O.-manganese38 and europium, "and was attributed to
the possible formation of short-range order in the
paramagnetic state, preceding the magnetic order-
disorder transition.

The elastic moduli (Fig. 4) do not display any
striking discontinuities at the Curie point proper
(221'K). However, with decreasing temperature below
the Curie point, the rnoduli decrease in magitude
attaining minima at about 130'K. It is interesting to
note that at this temperature the Hall coefFicient is at its
maximum. 4' The adiabatic compressibility (Fig. 5)
decreases smoothly with decreasing temperature.

The behavior of the elastic moduli and ultrasonic
attenuations below the Curie point of terbium, is
probably attributable to the first-order character of this
antiferromagnetic-ferromagnetic transition. One would
suspect that this phase change is temperature-depend-
ent, where the rate of temperature variation has some
effect on the transformation kinetics. Hystereses loops
and similar thermal effects are expected. These points
should be elucidated before an attempt can be made to
explain the elastic and anelastic behavior of terbium in
the vicinity, and below, its Curie point.

Figure 5 shows the variation of the Debye tempera-
ture 0~ from 300 to 4.2'K. As expected, its behavior is
similar to that of the elastic moduli. The limiting value
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of the Debye temperature (extrapolated to O'K) is
177'K, compared with a value of 150'K, estimated from
speci6c-heat measurements, "

3. Dysprosium

Specific-heat measurements" on dysprosium show the
existence of two maxima, at 174 and 84'K. The high-
temperature peak displays a definite A. character, and
was attributed to the paramagnetic-antiferromagnetic
transition. The peak at 84'K is smaller, and indicates
the Curie point of dysprosium. Corresponding anomalies
were also observed in the electrical4'4' and thermal4'
conductivities. Magnetization measurements44 show
that dysprosium single crystals are highly anisotropic
with spontaneous magnetic moments oriented parallel
to the planes of the hexagonal layers. At about 108'K,
dysprosium becomes isotropic in the basal plane. 44

Neutron diffraction29 4' shows that dysprosium is
similar to terbium in its magnetic behavior. The helical
magnetic structure in dysprosium exists in the tem-
perature interval between 179 and 85'K. The anti-
ferromagnetic ordering is parallel to basal planes of the
hexagonal lattice and the magnetic moment in successive
planes is turned through an initial turn angle of 43'.
This angle is temperature-dependent, becoming 26' at
the Curie point (85'K). Below 85'K the turn angle
drops to zero and the structure becomes normal ferro-
magnetic, with moments parallel to the hexagonal layers.

Although Banister et a/."have not noted any changes
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in the crystal symmetry at the Curie point, recent
lattice-parameter measurements4'4' indicate sharp dis-
continuities and distortions in the hexagonal lattice
symmetry that can be ascribed to a 6rst-order transition.
On the passage from the helical to the ferromagnetic
state, at 85'K, the large spontaneous magnetostriction
distorts the lattice from hexagonal to orthorhombic. 4'

The Young (E) and shear (G) moduli of dysprosium
(Fig. 7) exhibit a rather strong temperature depend-
ence in the paramagnetic region. It is noteworthy that
the adiabatic compressibility E, (Fig. 8) displays a
negative temperature coeKcient, i.e., compressibility
increases with decreasing temperature. The reason for
this behavior is not clear. With decreasing temperature,
at the Neel point (178'K), the elastic moduli show

prominent dips. Corresponding attenuation anomalies,
characteristic of second-order phase transitions, 7 are
observed in both longitudinal (n~) and transverse (n&)

wave attenuations (Fig. 9) .
The behavior of the adiabatic compressibility in the

antiferromagnetic region of dysprosium (Fig. 8) is
rather peculiar. With decreasing temperature the
compressibility increases up to a Qat maximum at
148'K, followed by a minimum at about 105'K. It is
possible that this behavior is associated with the re-

ported variations in the antiferromagnetic structure at
these temperatures. 44'" "

The transition to the ferromagnetic state is marked

by a drastic dip in the elastic moduli at 86'K (Fig. 7)
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4. Holmium

Similar to terbium and dysprosium, holmium was
also found to display two magnetic transitions at low
temperatures. Specific-heat measurements" revealed

~'B. C. Gerstein, M. Griffel, L. D. Jennings, and R. E. Miller,
J. Chem. Phys. 2'7, 384 (1957).

and by a corresponding peak in the adiabatic compres-
sibility (Fig. 8). In contrast to the behavior in the
vicinity of a second-order phase change, where the dis-
continuous jumps in the elastic properties can be
visualized as being superimposed on a continuous
curve, ""the elastic moduli in dysprosium below 86'K
recover to values which are significantly diferent from
those in the antiferromagnetic state. Such a behavior
indicates the possibility of occurrence of a crystallo-
graphic symmetry change that accompanies the mag-
netic reordering. The nature of the elasticity anomaly
at 86'K is consistent with a first-order phase transition,
and thus confirms the behavior of other physical prop-
erties. 4' "The anomalous magnitude of the attenuation
peaks in dysprosium, at temperatures below the ferro-
magnetic transition point, provides further support that
the phase change is of first-order. In addition to the
attenuation resulting from the rearrangement of the
spins, there is probably another contribution that is due
to the change in the crystal symmetry.

The temperature variation of the Debye temperature
0& in dysprosium is presented in Fig. 8. Its behavior is
similar to that of the elastic moduli. The limiting value
of 8~ extrapolated to O'K, is 179'K. The room-tempera-
ture value of 8& is 181'K. The Debye temperatures
obtained from elastic measurements are diGerent from
those calculated from specific-heat data, " 172~35'K
and 158'K, at O'K and room temperature, respectively.
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two peaks. A A, -type anomaly occurs at 131.6'K, and a
smaller, more symmetrical and thermal-history —de-
pendent peak at 19.4'K. Neutron diGraction conhrmed
this behavior. "'4 It showed that below its Neel point
(133'K) holmium has a helical structure in which the
c axis is the screw axis. The antiferromagnetic structure
of holmiumis intermediate between those of dysprosium
and erbium. Magnetic"" and electrical resistivity'~"
measurements have shown that the ferromagnetic
transition, with a Curie point at 20'K, is less drastic
than in dysprosium, and takes place via a ferromagnetic
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helix in which the magnetic moment has components
both along the hexagonal axis and the basal plane. It is
noteworthy that, whereas the antiferromagnetic transi-
tion is barely noticeable in the curve of the thermo-
electric power versus temperature, the ferromagnetic
phase change exhibits a sharp minimum at 19'K.""

The antiferromagnetic transition in holmium is
marked by a dip in the elastic moduli at 132'K (Fig. 10) .
A corresponding peak is formed in the adiabatic corn-
pressibility at this temperature (Fig. 11). The anomalies
in the ultrasonic attenuations (Fig. 12) are rather small
and shallow. The transition appears to be of the second
order.

The temperature dependence of the elastic moduli and
ultrasonic attenutations in holmium reveals pronounced
peaks at 72'K. The nature of these maxima is not clear.
They point towards the possibility of changes in the
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antiferromagnetic structure, similar to those in gado-
linium at 224'K or erbium at 56'K. The anomaly in
holmium at 72'K was not observed in the temperature
dependence of other physical properties, e.g., neutron
diGraction. "

The minima in the elastic moduli at 20'K (Fig. 10)
are connected with the ferromagnetic phase change in
holmium. The behavior of the elastic moduli and the
ultrasonic attenuations (Fig. 12) suggests that this
transition is of the second order.

S. Erbium

Erbium exhibits three distinct magnetic phases which
were observed by neutron diGraction. ' The metal is

'9H. J. Born, S. Legvold, and F. H. Spedding, J. Appl. Phys.
32, 2543 (1961).

60 L. R. Sill and S. Legvold, Phys. Rev. 137, A1139 (1965).
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son, J. Appl. Phys. 32, 49S (1961).
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FIG. 13. Temperature variation of
the Young (E) and shear (G) moduli
of polycrystalline erbium.
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paramagnetic above 85'K. In the temperature interval
between 85 and 53'K the c axis of the magnetization is
observed to be sinusoidally modulated. No ordering was
found in the basal plane. Below 53'K the sinusoidal
variation transforms into a square-wave modulation and
helical ordering is observed in the basal plane. At 20'K
the anisotropy energy spontaneously causes a transition
to conical ferromagnetism in which the easy magnetic
directions are the generators of the cones. Heat-capacity
measurements are consistent with the neutron diGrac-
tion observations. " At 84'K a Qat maximum was

observed which drops rapidly with increasing tempera-
ture. The peak at 53 K is rather rounded, whereas the
peak at 20 K was found to be symmetrical and showed
thermal hysteresis. Magnetic"'4 and electrical re-
sistivity'7~" measurements confirm, in essence, the
existence of the transitions at 84 and 20'K. The anti-
ferromagnetic phase change at 53'K is not noticeable in

polycrystalline specimens, but is clearly observable in
the electrical resistivity curve of single crystals along the
c axis.~

The elastic moduli, E and G, in polycrystalline erbium
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increase quite smoothly with decreasing temperature
(Fig. 13). The paramagnetic to antiferromagnetic
transition is marked by a small dip in the elastic moduli
at 86'K. A corresponding peak is formed in the adiabatic
compressibility curve (Fig. 14) . This transition is of the
second order, as evidenced by the characteristic rise of
the ultrasonic attenuations, (Fig. 15) at the transition
point. In addition, the attenuations exhibit Rat maxima
at about 220'K, which are probably related to formation
of short-range order preceding the para-antiferro-
rnagnetic phase change.

In the temperature interval between 67 and 44'K, the
elastic moduli decrease drastically by about 8%,
followed by an increase at lower temperatures. On the
adiabatic compressibility curve (Fig. 14) a small peak
is formed at 56'K. With decreasing temperature, the
compressibility decreases to a minimum at 44'K.
Figure 15 shows the temperature variation of the ultra-
sonic attenuations a~ and n&. The attenuations exhibit
prominent peaks at 44'K, i.e., at the temperature where
the elastic moduli (Fig. 13) and the adiabatic compres-
sibility (Fig. 14) are at their minima. The behavior of

the elastic rnoduli, adiabatic compressibility, and
ultrasonic attenuations in this temperature range
indicates the presence of a complex transition mech-
anism. The peak in the compressibility at 56'K is
apparently related to the change in the antiferromag-
netic structure of erbium, as manifested by various
physical properties quoted before. But in contrast to
other properties, the elastic and anelastic ones emphasize
the probable occurrence of a first-order transition which
is a consequence of the magnetic phase change at 56'K.
With decreasing temperature, the elastic rnoduli and
ultrasonic attenuations show an anomalous behavior at
about 20'K. It is apparently connected with the transi-
tion from the antiferromagnetic to the ferromagnetic
state. The limiting Debye temperature 8D in the ferro-
magnetic range (Fig. 14) is 192'I, as compared with
134'K deduced from specific-heat measurements. "
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