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Positronium (Ps) can be formed whenever positrons, on slowing down in a substance, pass through an
Ore gap, i.e., a range of energies, just below the ionization threshold of the substance, of width comparable
to the Ps binding energy. We have studied the time evolution of the energy distribution of the positrons
below the ionization threshold in an external electrostatic field, and find: (1) The 6eld induces diffusion
out of the Ore gap, which decreases Ps formation. {2) The over-all heating eGect of the field on the positrons
increases Ps formation. Depending on the magnitude of the relevant cross sections, (1) can outweigh (2), at
small fields, and cause a significant decrease in the Ps formation. At field strengths larger than a characteristic
value, (2) becomes the dominant eQ'ect. In this way measurements of the field dependence of Ps formation
can give access to the cross sections for Ps formation and for positron-energy loss and scattering in matter.

1. INTRODUCTION

HEN Deutsch and Brown' studied the Zeeman
effect and the hyperGne splitting of positronium

(Ps) in gaseous argon, they noted an r'ncreuse of the Ps
yield in the presence of an electric field. They con-
jectured that thermalized positrons in a, su%ciently
strong field can gain enough energy during their lifetime
that they pass the threshold for Ps formation in the
gas, and thus increase the Ps yield. Detailed experiments
by Marder et al.' on a number of gases and their analysis
bv Teutsch and Hughes' confirmed the eGect and this
interpretation.

In one heavy gas, sulfur hexafluoride (SF,), the Ps
yield showed a signiGcant decrease with increasing field,
which has remained unexplained. At higher GeMs,
Obenshain and Page' found a minimum in the Ps yieM
followed by a rise to values higher than the field-free
value. The Geld-induced decrease in SF6 was a,n isolated
anomaly until Bisi et al.' observed a, large drop of the Ps
yield in some molecular solids (polyethylene, Teflon)
at fields up to 100 kV/cm.

lt is the purpose of this paper to explain the initial
decrease of the Ps yield in an electric field, and to
investigate what new information can be extracted
from the quantitative a,spects of this phenomenon.
We Gnd that a decrease always occurs in principle, but
it is large enough to be observed only in systems where
scattering processes are not totally overshadowed by
the Ps formation in the relevant range of positron
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energies. Conversely, measurements of the decrease and
subsequent increase of the Ps yield in an electric Geld

give access to the cross sections for Ps formation and
for positron scatter and energy loss in the target
substance.

The physical processes that cause the field dependence
of the Ps yield are examined in Sec. 2. A comprehensive
Ps yield function is derived from simple arguments
which show why and when an initial decrease occurs.
The formal solution a,s presented in the Appendix
confirms and justifies the results of Sec. 2. The yield
function and its application are discussed in Sec. 3.

g(Ep) dEp ——1.

Starting from Eo, the positrons lose energy at some
mean rate

dE~'(t)/dt=7„E(t) =tt—y,„.L(t), .(2)

where p„ is the rate of energy loss chara, cteristic of the

For recent reviews and references, see Positron Annihitatiofl,
edited by A. T. Stewart and L. O. Roellig (Academic Press Inc. ,
New York, 1967).

2. Ps YIELD FUNCTION

Positrons can form Ps in a substance if their kinetic
energy E falls into an energy range (1), the so called
Ore gap (cf. Fig. 1). It is bounded by an upper E„
nearly equal to the internal ionization threshold of the
substance, and a lower E~ such that the gap Eo„——
Jf„—E& is equal to the Ps ionization energy in the
substance. Positrons that fall below the ore gap into
the energy range (2) between zero and Ei annihilate as
free particles. '

After their last ionizing collision at energies above
E&"„, the positrons are injected with a probability

g (Ep) dEs

somewhere into the energy range between zero and E
with an initia, l energy E0, such that
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energies of the Ore gap, A. is the mean fractional energy
lost per scattering collision, and y„ is the number of
scattering collisions per unit time. The positrons with
an initial energy Eo&Et can form Ps only as long as
E(t, Eo) &E&. At later times they become part of the
population in range (2). Therefore the actual Ps yield,

q „, is less than the fraction

processes that occur at the rate y,„.The last term re-
moves particles at rates y and yf from the distribution
through free-particle annihilation and Ps formation,
respectively. The 6eld makes the distribution aniso-
tropic in k space. We expand f in Legendre polynomials
in the usual way and, on retaining the first two terms,
cull from Eq. (4) the equation

g (Eo)dEO

deposited initially in the Ore gap. Clearly, the larger
the ratio

~&='Yf/'Yr =&f/&r (3)

ENERGY RANGE

(2)

of Ps formation to positron energy loss, the closer

ip„(Xi) will be to yi. Here and in the following, we denote
rates by p and cross sections by 0.. They are interrelated
as p =evtT, where m is the density of scatterers and e the
positron velocity; in the present context it suKces to
set v v&, the positron velocity corresponding to E&.

The positrons initially in range (2) reach thermal
equilibrium at a mean temperature T+ before anni-
hilating. If k~T+ is suKciently large compared to E&~,

the tail of their distribution exp( E/ksT+) —can
reach into the Ore gap and contribute to the Ps yield
with a probability W(T+). We determine the con-
tributions of g„and W to the total Ps yield as follows.
Consider a positron with an initial wave vector ko.
Under the inhuence of an electric field 8, the probability
of ending the positron at k is given by the solution of
the Boltzmann equation:

(~jl~~) +~ eg~&f+ (df/«) l.. (v.+ rg—)f=o (4)

The third term accounts for the inQuence of scattering

for the isotropic part fo. Since y, is large only in the Ore

gap, two Sturm-I. iouvile equations of this kind must be
solved, one for each of the distinct energy domains (1)
and (2), subject to the condition that the eigensolutions
match at the boundary E&. Insistence on the exact
boundary conditions precludes solutions other than by
computational means. Therefore, we in eGect decouple
the two equations by appropriate boundary conditions
in each domain. The final result turns out to be in-
sensitive to the detailed choice. It is made such as to
render the problem soluble while approximating the
physical situation as closely as possible. The functions

p, and 8' then are independent of one another, and
the total Ps yield becomes

(6)

Teutsch and Hughes' took y„ to be field-independent
and derived the function W(T+) in various approxima-
tions. The effective positron temperature T+ depends
on the strength of the applied field 8. The temperature
of the substance, T, and E& are normally such that
kiiT/Ei(10 '. The contribution of W(T+) to C,
therefore, becomes significant only when T+(G)»T,
and the dependence of C on T can be neglected. In
terms of the effective positron mass m+*, the
positron temperature in a field is given by T+(F) =
2e'8'/Bkiim+*y„y„. Since we are interested in comparing
k~T+(8) with Ei, it is convenient to use the reduced
6eld variable

EORE
= (2e'/3m+*ad, y.&i)"'e

which is linear in G. We have rederived W from Eq. (5)
for a slightly different set of assumptions than those
considered by Teutsch and Hughes, as shown in the
Appendix. We 6nd

~(P) =P(p)/[P(P)+1] (8a)
E ~ gEu Eu

FIG. 1. Positrons that fall into Ore gap (1) between E.„and
Ef can form positronium. Positrons in range (2) annihilate as
free particles. In many Ps-forming substances E V;, the in-
ternal ionization energy, and E~ V;, —Vp„where Vp, -', Ry
is the ionization energy of Ps in the substance. Typically, the
value of the parameter q—=E~/E„ranges from 0.4 to 0.7 and, in
the absence of an electric field, the Ps yield is 1.—y.

where

P(p) =piz[1+(2/ail p) exp( —p 2) —erf(p i)]. (Sb)

.I.'he appearance of the parameter.

).g —=yy/y. =aI/~. ,

indicates tha, t if Ps formation is much more likely than
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positrons such that the tail of their distribution reaches
into the Ore gap; this Ireases the yield at high fields.
Given o~ and 0„our analysis points to the cross sections
for energy loss, a„, and for scattering, 0„,as the impor-
tant parameters that determine the rate and the mag-
nitude of the decrease of the Ps yield in an electric field.
The initial slope s of the yield function is given by

s=(de/dg) ~
(18)

0.0

IO

4(g)
4(o)

0.5

(kVXC e —ATM)

—CALCULATED

REF. 2
& 2 ATIH

Since F.„can be equated to ionization potential of the
substance, and C (0) determines g 1—C (0), the
initial slope is a direct measure of the product (pfy„) "'. 0.9

0.00
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FIG. 4. Field dependence of the Ps yield in SF& at 2 atm as
observed by Marder ef af. (Ref 2). Th.e solid line shows the
decrease of the Ps yield with a slope given by Kq. (18) as deter-
mined by the constants listed in Table I.

Fig. 5, together with the last point of Fig. 4 for reference.
The constants chosen to fit the calculated curves to
these data are listed in Table I. The difference in
accuracy between the two sets of experimental data
leaves the absolute magnitude of the individual cross
sections uncertain by a factor of 2, or so. However, the
trends in their relative magnitudes are clear. Starting
with the last column, the fractional energy loss per
scattering collision, A, is just equal to 2m+/3f (SFs) =
6&10 ', as it should be for classical momentum transfer

0.0
I

O. I
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0.2
p( f)
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0.3 0.4 0.5

&&p ( kV/Ce-AT M)

Frc. 3. Reduced Ps yield function C (p}/C(0} shows the de-
cline of w„, Eq. (13), until p(s) is so large that the rise in W(p)
becomes dominant, Kq. (8) and Fig. 2. The variable p(s) is pro-
portional to 8, Kq. (7). The parameter 4=~r/o;, Eq. (3), de-
termines the magnitude of the Geld-induced minimum. The
parameter X&=or/0;, Eq. (9), determines the sharpness of the
rise at high fields.
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The magnitude of C; and any of the values of 8 at
which 4 reaches 4; or attains some other specified
characteristics on the rising part of the curve, determine
A.& and X2 separately. One need only use the fact that
p is related to the applied 8 through the measured
slope s as p=(Q-,')

~
s

~
P,t"'8. Thus, from an experi-

mental Ps yield function, one can extract information
about the cross sections for Ps formation Of, for energy
loss 0.„, and for scattering O.„of positrons with energies
comparable to E~.

We have analyzed the available measurements on
SFS in this way. Figure 4 shows the 6t we obtain with
the accurate data by Marder eI, al.' on the initial decline
at 2 atm. The experimental method used by Obenshain
and Page' gave less accurate information on the change
of the Ps yieM at higher 6elds. Their data are shown in
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I
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I
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FiG. 5. Electric Geld dependence of Ps yield in SF6. The ex-
perimental points are those of Obenshain and Page (Ref. 4) and
one point from the series of measurements by Marder et al. (Ref.
2) shown in Fig. 4. The curves have been calculated with the
constants listed in Table I,
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2, ~ ~ ~ . Since p,&(p~, only the lowest perturbed eigen-
value F contributes, for which we obtain directly Eq.
(Sb). The integration according to Eq. (A2) yields
Eq. (Sa).

Ke determine p„when 8/0 by making the trans-
formation lit +k+—(e81/fi) in Eq. (A1) or, equivalently,

»'+» i
&(»' —»)~(&v../2«) &i

I

—a«/ Sy„] «/Sy„j

(AS)

in Eq. (A3), where

Li(x) = 3 '«P( —3)dy

Following the work of Stewart and Gerjuoy' on loss-
free media (A =0), one proves explicitly that Eq (AS)
is the correct transformation in lossy media whert,
a=1—(rzA) &1. We solve Eq. (A3) with Eq. (AS) by
iteration and retain only terms of order A.. With
x—= (My„/«), the result is

e»p( —
I
» —» I) ~(x—xs) " „", «p( —

I xi —x+i I) ~(x-+i—~"»)
H(*...)= dx, +gp.:g

4ir
I
»—», I' 4s.x& „, ";, '

4ir I,—x,+, Is 4ir „+is
(A9)

One can simplify Eq. (A9) by considering its Fourier normalized in the sense that
transform

(1—p„) d'x H(x, xp) =1, (A12)

g cPgxp

because in the range of relevant values of n and p„
close to unity the inverse of Eq. (A10) can be written
concisely in terms of the principal solution qp of the
characteristic equation

1—P q
' tan 'q=0

in the form

H(*, xs) =QH„(x, xo)

=Qp.," Lexp( —
gp I

x n"xs I—)
gp

8mo."xxp

—e&p( —
go I

x+~"xo I) j, (A11)

i.e., the two channels of disappearance account for
exactly one particle.

We impose the conditions of absorbing boundaries by
noting that each term H„ in Eq. (A11) represents the
outcome of a random walk in energy space of positrons
surviving just n steps before disappearing. The effect of
energy losses on this particle is equivalent to translating
its initial position from xp to 0."xp. A particle that
crosses x~ or x reaches thermal equilibrium and dis-
appears from the positron ensemble at the rate y, and
the approximation incorporated in Eq. (5) applies.
In e8ect, then, the boundaries eliminate all sequences of
steps that permit a particle to cross a boundary more
than once. We expand

H„(x, xs, xi, x„}=H„(x, xs}

—H„(2x—xi, xp) —H„(2x„—x, x ) . (A13)
where qs ——

I (1—P.,)]'i'." This function H(x, xs) is On inserting into Eq. (A2) one obtains

Eq. (A14) confirms the essential field dependence of p„as given in Eq. (15) .
' G. W. Stewart and K. Gerjuoy, Phys. Rev. 119, 892 {1960)."K. M. Case, F. de Ho&'man, and G. Placzek, Los Alamos Scientific Laboratory Report, 1953 (unpublishedl.


