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Anti-Stokes Generation in Trapped Filaments of Light
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The angles of emission and frequency shifts of anti-Stokes radiation from small-scale trapped filaments

of intense laser light in a number of liquids are examined and interpreted theoretically. For a given order
of vibrational anti-Stokes radiation, a plot of angle of emission versus frequency resembles sections of nested
parabolas which open towards higher frequencies, with apices a few tens of wave numbers below the un-

shifted anti-Stokes frequency, and very little intensity extending above this unshifted frequency. Various
modulation mechanisms which smear out the Stokes and anti-Stokes frequencies are discussed, as well as
the wave-vector matching conditions which appear to produce the angular distribution of radiation. Rela-
tively simple approximations predict that the maximum extent towards lower frequencies of parabolas
associated with the 6rst anti-Stokes is one-half the vibrational frequency. The second and third anti-
Stokes can extend twice and three times as far, respectively. In addition, a single set of parabolas is predicted
for the erst anti-Stokes radiation, but two sets for the second and third anti-Stokes. Theoretical expecta-
tions seem to agree reasonably well with observations.

I. INTRODUCTION II. EXPERIMENTAL RESULTS

While the Stokes component of the Raman radiation
generated in filaments of laser light is almost all
trapped, ' most of the AS component is not trapped,
but emerges from the filaments with an angular distri-
bution with respect to the axis of the filaments. We
have reexamined the angular and spectral properties of
this emitted AS radiation, studying the spectrum of
the far field pattern. Since previous experiments''
indicated a dependence of the frequency broadening of
the Raman spectra on the multimode laser operation,
an effort was made to carry out experiments with a
single-mode ruby laser, in order to simplify the theo-
retical interpretation.

A ruby laser Q-switched with phthalocyanine and
with a power of 50 MW/cms was employed in the
arrangement shown by Fig. 1. Fabry-Perot interfero-
grams with a resolution of 10 ' cm ' indicated that the
laser was operating primarily in a single longitudinal
mode. However, one cannot rule out the possibility that
a small fraction of the laser energy was produced in
very short pulses, which would give a continuous or
broad spectrum rather than a series of simple modes
of detectable intensity. Such pulses, furthermore, could
have been of importance in producing nonlinear effects
because of their possible high-peak intensity. Except
for this type of possibility, the laser was clearly operat-
ing in a single mode.

The prisms A, 8, C of Fig. 1 provide a long (~8 m)
path for the beam before entering the cell containing
the liquid, allowing sufficient time delay to prevent
reampli6cation of the back-scattered Brillouin radiation
which would produce a multiple frequency beam. ' The
lens Ir (f=i.5 m) collimates the beam and lens Is

r 1HE stimulated Raman radiation produced by..high-power laser light in liquids reveals interesting
spectral and directional properties. Unusual frequency
broadening of the spectra was first reported by
Stoicheff. ' Garmire' introduced the distinction between
two classes of radiation and showed that class I is
generated by volume phase matching of the interacting
waves, while class II, the type usually observed, is
generated in filaments of laser light less than 0.2 mm
in diameter and couples with Stokes radiation near the
forward direction. Subsequently, Chiao et ul. ' found
that the most intense Stokes light is produced in
filaments of self-trapped laser light with a very small
diameter (typically a few microns) and pointed out
the importance of the change of index of refraction of
the filaments on the directional and spectral properties
of the anti-Stokes (AS) radiation. Shimoda' has also
considered the effects of small filaments on the stim-
ulated AS radiation. Here we suggest a model for the
generation of the AS radiation of class II which leads
to a prediction of the spectral and angular properties
of this radiation consistent with the experimental
results.
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images the cones of emission of the AS radiation on the
slit of a spectrograph to record the angular-versus-
frequency distribution of this radiation. The cell was
12 cm long and the liquids employed were carbon
disulfide, benzene, toluene, and nitrobenzene. Figure 2
gives a few examples of the observed spectra; more
examples can be found in Ref. 2.

While power levels for the two cases could not be
directly compared, the angular and spectral properties
observed under the single-mode operation described
here were found to be essentially the same as obtained
by G-armire' under multimode operation. These prop-
erties can be briefly summarized as follows:

1. Under normally strong excitation, the first three
orders of the AS radiation are frequency broadened
respectively by about 12, 25, and 50% of the molecular
vibra, tional frequency in all liquids examined except
nitrobenzene, The latter shows a frequency broadening
which is considerably smaller.

2. The spectra are predominantly shifted to the low-

frequency side.
3. The second and third AS radiations exhibit, in

general, two distinct cones of emission.
4. A display of radiation angle versus frequency for

these spectra often presents well-defined curves,
approximately parabolic in shape, and can be described
as a superposition of parabolas of the form

&OiM ~1i™A'i~12=

Here ao, and a1, are variable parameters of a family of
curves, p is the half-angle of the AS emission cone of
order i, and ~~„;is the shift from the normal AS fre-
quency given by the sum of laser plus molecular
vibration frequencies.

The spectral properties of the Stokes radiation
involved in the AS generation, ' first examined by
Stoicheff, ' have recently been studied in some detail. ' '
The Stokes light is predominantly generated and
trapped in filaments of small diameter (a few microns),
and this component of the Stokes radiation exhibits a
very broad spectrum generally more intense on the low
frequency side. A pattern of discrete frequencies has
been detected in the broadening of both the Stokes and
the laser light in filaments. ~"

There is a significant correlation between the spectral
properties of Stokes and AS radiation. Near-field
observations at the AS frequency reveal the presence
of trapped radiation with essentially the same spectral

& F. Garmire, F, Pandarese, and C. H. Townes, Phys. Rev.
Letters 11, 160 (1963); R. Y. Chiao, E. Garmire, and C. H.
Townes, in Quantttnt Etectront'cs and Coherent Light, edited by
{ . H. Townes and P. A. Miles (Academic Press Inc. , New York,
1964), p. 326.

'N. Bloembergen and P. Lallemend, Phys. Rev. Letters 10,
81 (1966}.' R. G. Brewer, Phys. Rev. Letters ],9, 8 (1967).

'H P H Grienetsen, J. R. Lifsitz, and C. A. Saccbi, iin]i.
Am. Phys. Soc. 12, 686 (1967);and (to be published)"F. Shimizu, Phys. Rev. Letters 19) 1097 {1967).

properties as the Stokes radiation. The broadening of
the AS radiation which is not trapped is also found to
be closely connected with occurrence of Stokes broaden-
ing. The magnitude of broadening of Stokes and AS
radiation is correlated from shot to shot of the ruby
laser, and is comparable in size. Furthermore, observa-
tions of the spectra of sirigle filaments reveal that while
pure nitrobenzene does not produce significant fre-
quency broadening, in a solution of nitrobenzene and
carbon disulfide the Stokes lines of nitrobenzene exhibit
a broadening which depends on the relative concentra-
tion of the two liquids. Corresponding spectral char-
acteristics, although with the broadening reduced in
extent, is found in the far field pattern of the AS lines
shown in Fig. 3. This observation also demonstrates
the importance of the molecular rotational time in the
processes which produce frequency broadening. '

It is also important to consider the spectral properties
of the laser light within the filaments. This is frequently
broadened, but never as strongly as the Raman com-
ponents, and there is characteristically considerable
intensity at the frequency of the original laser beam.
This is presumably because light from the main laser
beam is continuously entering the filament along its
length, hence a considerable amount of light at the
"pure" laser frequency is always present in the filaments
together with light trapped before and a1ready converted
to other frequencies by the processes mentioned below.
This trapped laser light may exhibit frequency broaden-
ing somewhat similar to that of the Stokes light but,
considerably reduced in strength rela, tive to the un-
modified laser light.

CAMERA

LASER
LIQUID

I
L 2

~l

FILTER

SPECTROMETER

FIG. 1. Arrangement for observing frequency and angular
distribution of stimulated Raman radiation.

III. MECHANISMS WHICH BROADEN
THE RAMAN SPECTRA

The following processes, of importance inside the
filaments because of the intense electric field ( 10'
V/cm) can affect the Raman scattering, and hence the
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FIG. 2. Typical patterns of AS-radiation, with frequency in-
creasing from left to right, and angle of the radiation measured
up or down from the symmetry axis, which corresponds to the
direction of the laser light. Frequency separation between AS
orders (AS&, AS~, AS&) corresponds to the molecular vibrational
frequency of a few hundred wave numbers. Maximum angle
deviations in these figures are about ~5 . Spectra shown are for
(a) carbon disulfide, (b) benzene, and (c) toluene. Because of
varying spectral sensitivity of the film (Polaroid 57) and the
filters used (Corning glass 4-97), the pictures do not accurately
represent the relative intensities of the laser frequency and differ-
ent AS orders.

"R. J.Joenck and R. Landauer, Phys. Letters 24A, 228 (1967)."F.DeMartini, C. H. Townes, T. K. Gustafson, and P. L.
Kelley, Phys. Rev. 164, 313 (1967).

's A. Cheung, R. V. Chiao, D. L. Rank, and C. H. Townes,
Phys. Rev. Letters 20, 786 (1968).

properties of AS radiation:

1. Stimulated Rayleigh scattering due to molecular
rotational motion.

2. Induced interaction between molecules.
3. Pulse distortion (self-steepening and phase modu-

lation or pseudo-Doppler-shifts. '~"
The first and second processes may be directly

involved in AS generation. Their inQuence is analytically
expressed in the treatment done below. Included in
mechanism 1 is the usual Rayleigh scattering associated
with orientation of molecules against viscous forces, and
also their pendular vibration in an intense optical field.
The third process is perhaps the most important in
producing the extreme frequency broadening of the
trapped light and therefore of the Stokes or laser
radiation, but it should have only an indirect inhuence
on the properties of the AS radiation which is generated
in filaments but is not trapped. The analytical treatment
done below, which takes account of the third process
in an indirect way, is adequate to derive the wave-
vector relations that we use to explain the properties
of the untrapped AS radiation.

Nitrobenzene
r
aS, AS,

Fic. 3. Examples of AS-
spectra in a mixture of nitro-
benzene and carbon disulfide.
The frequency broadening of
the AS lines depends on the
relative concentration of the
two liquids, (a) Pure nitro-
benzene, (b) mixture with 40%
(volume) CSr, (c) mixture
with 45'%%uo (volume) CS~, (d)
mixture with 66'P0 (volume)
CSg.

C.

L AS, AS~AS~
J

cs~

IV. MODULATION DUE TO
RAYLEIGH SCATTERING

Since the molecular orientational Kerr effect is con-
sidered to be the principal trapping mechanism, " it is
natural to investigate the inRuence of the Kerr effect
on the Raman effect. Consider a symmetric top
molecule for simplicity, with principal polarizabilities
o.e and a&, where n3 is the polarizability along the
molecular axis. Assume the axis makes an angle O~ with
the electric 6eld E, and aa& n~. The potential energy of
a molecule, without interaction with other molecules,
ls

W = —
z (ns —ut) E (cos 0') e —surd', (1)

where the averaging is over the distribution of angles
O~. As a consequence, the force driving the vibration of
the molecule is

P= itW/r)x= —', (i)a/itx) (-1+bs)E' (2)

where x is a vibrational coordinate of the molecule, and

r)u/itx= (Bur/Bx)+ ', [8(ns nt)/ax))-—
tl (ns —at) /Bxb=

;[ct (as n—r)/Bxj+—(tlat/r)x)

s=(cos'0& —xs) o is a function describing the degree of
orientation of the molecules of the liquid in the electric
field and satisfying the following equation":

s+(s/r) =RE', (3)
where v is the relaxation time for the amount of orienta-
tion to decay to 1/e of its original value after 8 is
suddenly made zero. The value of A when

(us —nt) E'/ET«1
'4R. G. Brewer, J. R. Lifsitz, E. Garmire, R. Y. Chiao, and

C. H. Townes, Phys. Rev. 166, 326 (1968)."J.Frenkel, Kertetee TIteory of I,r'quits (Dover Publications,
Inc. , New j('ork, 1955).
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rapid intensity modulation initiated, for example, by
either the presence of multiple modes in the laser or by
the onset of Rayleigh scattering. " Pulse steepening
contributes further to this process and to increase
intensity towards lower frequencies. The various fre-
quencies involved are indicated in I'ig. 4, and hereafter
a field strength E will be given the same subscripts and
superscripts as its frequency. We assume that the 6elds
are linearly polarized and parallel and are expressed
in complex notation as

STOKES

v-
ANTI —STOK ES

1s ;,(no n—g)/KT—v. .

The equation for the vibration of the molecule of
average orientation becomes

FIG. 4. Diagram of frequencies and symbols used for them.
coo is the original laser frequency, ~ & the Stokes frequency shifted
from co& by exactly the molecular vibrational frequency co~. The
quantities ~&, co2, and co3 are the corresponding AS frequencies
shifted by multiples of co~.

E;=-,'I 8; expLi(K,'r —op,t) ]+c.c.j;
F,=

I
E;

I exp(+, ).
The molecular rotational motion is driven at a frequency
co& by forces proportional to Ep Ep' and E & E &', with
cop —Gop =Go y

—co p =Kg. With the phase-matching as-
sumption

(Ko—Ko') r+ (yo —yo')

=(K g
—K g') .r+(y g

—y g'), (7)

.,+~+h, (& /& ) (1+b )&, (4)
we obtain for s the solution

and differs from the equation used in Ref. 6 by the term
(bs), which describes the influence of the Kerr effect.
Equation (3) is solved using two fields with a frequency
difference ops in the range opg~ &1(v~10 ' —10 "sec.).
Then the generation of AS radiation is obtained' by
solving Eq. (4) and calculating the rate of exchange of
energy Pz between the resulting induced dipole
moment p and an AS field E', with

p = (Bn/otx) x(1+bs) E (3)

= —((d /«) E).
To solve Eq. (3) for the molecular rotation and Eq. (4)
for the molecular vibration, consider now the following
two extreme cases for the spectral composition of the
laser light in a filament:

(a) The laser light has a broad spectrum, similar in
shape to that of the first Stokes spectrum, being
broadened by the same processes.

(b) The laser light is essentially monochromatic.
Although the actual spectrum may be more complicated
than the simple superposition of these cases, neverthe-
less either one represents a reasonable approximation
to certain observed cases, and each allows a fairly
satisfactory description of observed AS radiation.

Case (a), which we consider first, corresponds to
stimulated AS scattering due to the interaction between
Stokes radiation and laser light which has been trapped
in a filament for some distance and hence modulated
in frequency. The modulation process may be mech-
anisms 1 or 2 listed above. However, it seems likely that
the third mechanism, pulse distortion, will produce a
much larger frequency broadening than successive
stimulated Rayleigh scatterings. Pulse distortion is
very cGective in frequency broadening if there is some

Here
s =sp+-.', Ls~' exp(m~t) +c.c.j=s,+s~.

I
&p' I/I &p

I

=
I
&-~' I/I &-~

I
~

Because of the relation (12) the force

BGEF'= ; —(1+bso)L'-
8$

(12)

with the terms (Ep E ~), (Ep' E q') and the force
F"=-,'(pin/oIx) bs~E' with the terms (Ep E r') and
(Ep' E q), drive the molecular vibration with the same
phase and the solution of (4) is

x= —,(X expIit'cooit —(Kp —K q) rj}+c.c.). (13)

Here
X=Xo expI i (y, yg—+,'s.)j-, -

Xo= ~p(Bn/Bx) (ormE) 'I (1+bsp)

X (I & I I
&-~ I + I

j-"o'
I I

&-~' I)

+b
I
»'

I I &p
I I

&-~'
I L1+ (~~r) '3 "'I.

The second case, (b), which is to be considered now,
corresponds to stimulated AS scattering due to Stokes
light already produced and broadened in frequency

so=—'.L(no —n~) /&2'j(I &p I'+
I

~p' I'-+
I
&-~ I'

+ I
&-~' I'), (9)

2 no —nz
I

&o
I I

&o'
I + I

&—x
I I

+—x'
I

4S ZT L-1+(.„))
4 =(K z

—K r'). r+(4 x
—4 z')+tan '~gr

= (Ko—Ko') r+ (yp —yo')+tan 'oper. (11)

Since the spectra of the laser and Stokes light have
been assumed similar, we have also
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inside a filament and "fresh" laser light Bowing into
the filament from the main beam. The experimental
evidence for a maximum intensity of the Stokes light
on the low-frequency side at a shift &u, from ado (Fig. 4)
suggests that the fields E &" and E j"' may be the
most important in driving the molecular rotations. In
this case F' gives for x a solution similar to (13) but
with

We consider now the relations (5) and (6). The first
term of the varying dipole moment expression (5),

p'= (Bn/») XE, (16)

may produce frequency broadening in the AS radiation
only if the frequency of the vibrational coordinate x
varies. This possibility could result from intermolecular
interactions and will be discussed later. %e examine
first AS radiation produced by the second term in the
dipole moment (5),

ti" = (Ba/»)»X E.
The frequency broadening of the AS radiation from this
term is due to the molecular rotation and the time
variation of s. It is thus associated with Rayleigh
scattering by the orientational Kerr eGect. Using E=ED
in (17) and for s and x the relations (8) and (13)
derived for case (a) above, the average power trans-
ferred to the first AS field E~' is

PE;= —k(&n/&&) &&o
I

si'
I I

&0
I I

&i'
I

(~o+idM —~ii)

X cos[(2KO —2K i+K i' —Ki') r+fj, (18)

with /=2&0 2g i+& i' pi' —tan '&viii. —for t—he case
~i =~o+~x —~z and

PE '= s(~~/~&)&XO
I

»'
I I

&0
I I &i l(~o+~iLr+~ii)

and Ii" gives

x=-', {X'exp(i[coprt —(Ko—K i' —K i"+K i"') rj)
+c.c.}, (15)

with

X'=Xo' exp[ —i(Qp —P i' —P i"+P i'"
—tan —'(viir+-,'m) ),

Kp+Ki' ——K i'+K, '

for the case cvg2=cog2'=age —cog, and

K0+Ki'+K i' ——2K i+K2'

(23)

(24)

for coii2 ——coii2" =cviii+~ii. Equations (23) and (24) have
been derived using the results of case (a) for s and x.
In case (b) the appropriate equation is

Ko+Ki'=K i'+2(K-i" —K-i'")+%') (25)

which reduces to (24) when co;+co~.
Similarly, for the third AS radiation, with a frequency

co3' =cuo+3a&iil —
a&ii3 one obtains the following wave-

vector equations:

radiation may be derived. If the results from case (b)
are used for s and x, the new wave-vector equations
are

2KO=K i'+2(K i"—K i"')+Ki' (22)

for a&i'=coo+a&ir —co~, and again Eq. (21) for coi' ——

~o+~iii+~z.
The difference between Eqs. (22) and (20) is clearer

if we rewrite Eq. (20) in the form

2KO ——K i'+2(K i—K i')+Ki',

which shows that (22) approaches (20) when id,~~ir.
The difference between (20) [or (22)j and (21) is

simply due to the fact that the phase of s& containing
(K i—K i') [or (K i"—K i'")j enters twice in P~ ..
with the same sign to generate cvi' ——coo+coir —caii and
with the opposite sign to generate ~i Mo+MM++ii.

Up to now, we have considered E ~' on the low-
frequency side of the Stokes spectrum, i.e., with
co ~' ——coo—co~—o;g. If we consider 8 ~' on the high-
frequency side, i.e. , co i' ——~0—~~+co+, it can be shown
that (21) is obtained for a&i' ——~0+cgir —~z and (20)
[or (22) $ for &Oi' =coo+co~+&dii. Since experiment shows
clearly that the Stokes spectrum is much more intense
on the low-frequency side, as expected from the pulse-
steepening process, we limit our considerations to

I
M y =No —O)~ —GOg.

Using in (17) a field I;i' with &ui' ——&oo+~yl —a&iii, and
proceeding in the same way, the field for the second
AS radiation at a frequency &vu' ——~o+2~ir —

&uz2 is
generated. [See Fig. 4 for definitions of frequencies. $
For it, the following wave-vector equations are obtained. :

X cos[(2KO —K i' —Ki') r+f], (19)

with /=2&0 —P i' —gi'+ tan '~F7 for the case ~i' ——

~0+~M+ ~B.

Ko+K2' ——K i'+K3'

for the case coga=cog3' ——~g2 —cog, and

Ko+Km'+K i' ——2K i+K8'

(26)

(27a)

2KO ——K i'+Ki'. (21)

Irom these the angles of emission of the first AS

V. WAVE-VECTOR RELATIONS

The relations (18) and (19) give the wave-vector
equations

2K(&+K i' ——2K .i+K, ', (20)

Ko+Kg =K i+2(K i"—K i"')+Kg' (27b)

for ami ——coiia" =~ii2+a&ii. Corresponding to the two
di6'erent definitions of ~g2, there are for m~3 the defini-
tions

I
4)g3 =6)~y —24)g and co~3 =G)gy,

Miis =Ngi and (dye =CVin+ 2(dii.
1I
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cjW uE' u )Bnp=-
8g d d jBS

(2g)

If x represents the amount of stretching of the molecule
from the equilibrium value xp, then n (x,+x)' d',
and we obtain an elastic force F (10'E'x,)x which

opposes hpx in Eq. (4) . H E=-E, cosoiot+Ep' c soootowith
A& =o'o coo'(«—oo and Eo~~Ep', we have P =hi(1+
cosh, pit) x with hi 10'Eozxo. This force Produces a
decrease in molecular frequency and a modulation of
the frequency which is hence

oizrL1 —-,'(hi/ho) jL1——', (hi/ho) coshpit j. (29)

With the field obtainable inside the filaments, hi/ho

may be as large as a few percent.
As in the case of broadening by molecular orienta-

tional effects, the induced dipole moment may be taken
for this second mechanism from (16) as

tz'= (Bn/Bx) XE.

This gives for the 6rst AS the wave-vector equation

VI. MODULATION DUE TO
MOLECULAR INTERACTIONS

In addition to molecular orientation, there is a second
mechanism, mentioned briefly above, which can be
responsible for frequency broadening in the Raman
lines. It is the interaction between adjacent molecules
in the liquid, which varies the molecular vibrational
frequencies. A simple model of this process is described
here. If the external field E induces dipole moments

p&=@2——O,E on two more or less collinear adjacent
molecules with a polarizability o., their mutual inter-
action energy is approximately

Wi ———2 (n'E'/d'),

where d is the intermolecular distance. Since the field
created by p& also induces a dipole moment

pz' ———(2uzi/d') u,

there is the additional coupling energy

Wz ———4 (n'E'/d') .

This assumes that 8'~&&8 ~, which is a gross approxi-
mation, but we are concerned here with obtaining only
a rough magnitude for these effects. The total inter-
action energy from these terms gives a force

ever, Eq. (23') corresponds to the case o&nz' when
co ~' ——coo—co~—~g and to the case ~g2" when ~ ~'=
Mp —oozz+oon. Because of the asymmetry in the intensity
of the Stokes spectrum, the generation of cog~' is
preferred to ~~2". For the third AS radiation the
corresponding phase-matching equation is

Ko+Kz' ——K i'+K, ', (26')

which is formally identical with (26) . The four possible
values of oozzo given by Eqs. (26) and (27) correspond
in (26') to various positions of oi i' in the Stokes
spectrum. Again because of the asymmetry of the
Stokes spectrum, the strongest process corresponds to
(vizz pipit —2oin and the weakest to piizz" oiiii+——2ipzi.

VII. PHASE MATCHING AT A SURFACE)
AND WAVEGUIDE EFFECTS

In order to derive from the above wave-vector
equations the angular and spectral properties of the AS
radiation, we must consider two other important
consequences of the fact that the laser and Stokes light
is trapped in filaments.

The first consequence is connected with the diameter
d of the filaments. When d & X, the transverse component
of the wave vectors is undefined (or takes on a wide
range of values) and only the matching of the com-
ponents parallel to the axis of the filaments (s com-
ponents) is meaningful in the wave-vector equations.
The experimental value of d in the liquids examined is
a few X, and hence small enough to justify the approxi-
mation that only the z components need to be matched.
This is similar to the requirement that phase matching
need be done only at the surface parallel to the z axis."

The second consequence is that the light propagates
in a 6lament as in a dielectric waveguide. It may be
shown" that even when the diameter of the guide is
comparable to P, the cutoff condition for a propagating
mode is identical to the geometrical optics condition
that the wave travels at an angle with respect to the
axis which is the maximum allowed for total internal
reQection.

Consider the simple model indicated by Fig. 5, of a
cylindrical filament with refractive index zz+l1zz in a
medium of index N. The critical angle 0'„,corresponding
to the trapping threshold, is given by

cosO„=f1+ (Azz, h/zz) )-i 1—(hm, i,/zz), (30)

2Kp ——K i'+Ki', (21')

formally identical to (21). The broad spectrum of Ei'
is generated in this case by the different values of co &'

in the spectrum of E &'. Similarly, for the second AS
radiation one obtains

)K
h+ 5n

&cr

Z
(n+a, n") K rr

Kp+Ki' ——K i'+Kz', (23') Fxc. 5. Diagram for discussion of the waveguide
eGect in the Qaments.

formally identical with (23). Equation (23) gives the
case oozzo =oozzi oozz and (24) giv—es oooo" ——oozzi+oozo. How-

"A. Szoke, Bull. Am. Phys. Soc.9, 490 (j.964)."E. Snitzer, )J.Opt. Soc. Am. 51,491 (1961).
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Ae) (s.n Ansh-
n11+ - 1cosOIC n11.+ K

ni

(
=n1 1+ K. (31)

S

Thus for this z component there is an effective difference
in the index of refraction inside the filament, as com-
pared with that of a plane wave outside the filament,
of Ae* given by the difference between the actual value
of 5m and the threshold value for trapping hag, .

VIII. EMISSION ANGLES

The angle of emission Pi' of the first AS is now derived
from the s component of Eq. (20),

2ICs+IC i' ——2' i+Xi' cosgi'. (32)

Since the AS radiation emerges from the filaments,
according to the refraction law E~,' must have the same
value inside and outside the filaments. Hence if E~ is
calculated outside the filaments, ps' represents the value
of the emission angle in the liquid outside the filaments.
Using the expansion

n =no+ n (ss coo) +n (—a&
—coo)

for the dispersion, one obtains

(33)

4 (vsr, „(An*
qh" = — ((vsr —2(vis) (n'+n"~s) —2

l (34)
ni Gap+ G1sr & n

to a first approximation in cog. The first term on the
right-hand side is the square of the angle of emission
inside the filament and Eq. (34) expresses Snell's law
applied to obtain the angle of emission out of a filament
with an effective index n+hn* For the h. igh-frequency
side of the AS spectrum, Eq. (21) gives the continuation
of Eq. (34). Using the more general Eq. (22) the fol-
lowing relation is derived:

4 (usr (v, 'I, „(hn*2— 2 —a»
I

(n'+n"cvs) —2
I

ni ~o+~sr & iw ) & n

where d, gati, is the threshold value for the increase in
index within a filament which will trap light of angle
0"„.This is also just the angle for which the s component
of the wave vector inside the filament is equal to that
for a plane wave outside the filament traveling parallel
to the z axis, since

E,= t'22r(n+An)/X j cosO.

If the filament has an index of refraction greater than
that necessary to trap a wave of a particular angle O~

with respect to the z axis, then the z component of the
wave vector is

For the second AS radiation, Eq. (23) gives

P~iv(~sr &iss ) ~isi~iss $(n+n &o)ls 4
ns(iso+ 2ssiv)

and Eq. (24) gives

-21
) (3s)

P~~(~~ ~iss—")+~is~iss" ~is'j(n'+n"~o)
p ~2

ns (&Os+ 2Mss')

—2 . 36

IX. COMPARISON WITH EXPERIMENTAL
RESULTS

The experimental results shown in I'ig. 2 may now
be interpreted on the basis of Eqs. (34) to (37). The
surface-matching conditions for the wave vectors of the
interacting waves produce AS emission with angles,
inside the filaments, which are parabolic functions of
frequency &v&, )first term in the right-hand side of
Eqs. (34) to (37)j. Since the radiation is generated
inside a number of filaments with various values of
51*, a more-or-less continuous spectrum of values of
the emission angles out of the filaments is expected at
a fixed frequency. However, a single filament produces
a parabolic distribution, according to (34), and when
there are only a few strong filaments, then the main
intensity occurs along a few nested parabolas and the
distribution at a fixed frequency corresponds to a few
discrete angles. When, at a given frequency, the angle
of emission inside the filament is less than

(2''/n) 'I',

Equation (23') gives (35) for the case ~iss ——a&iss' and
(36) (without the term &siss) for &siss

——~ss". Both (35)
and (36) are derived with the approximation ~ss/o&o((1
in the coefhcient of n", and using for pi' the expression
derived from (20).

Angles of emission for the third AS radiation may be
obtained from Eqs. (26), (27), and (26'), with approxi-
mation of the same order as

~~(3~~—2~as) (n'+ n"~s)
ys'2=8 —2 37

ns(~o+3~~) s

for each of the possible definitions of ~~3.
It should be emphasized that in the above, the fre-

quencies cog are assumed to be considerably larger than
what would be produced by a single stimulated kayleigh
process. Such might be the result, for example, of
multiple Rayleigh processes or of nonlinear propagation
of an intensity modulated wave or pulse

This reduces to (34) when ss,~&ssr.
(34) the radiation is trapped and may be converted to

another frequency by the many nonlinear processes
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TAslr. I. Values of d,n. /n for which Eqs. (34} to (37) describe the most intense part of the spectra. The values of

l (41 int ) aiid 2 (42 in&'),

which give another value of ha*/n froin Eqs. (39) and (40), are also listed.

10'X (no*/a)~; 10'X-', (pi; t')
internal external

10'X (&a'/Nls, . 104Xsi(@2; s')
internal external

Benzene

Carbon disul6de

Toluene

Nitrobenzene

1.30

1.38

3.25

2.35

11.50

5.20

10.45

20

3.70

3.45

11.90

3.60

6.90

11.75

6.80

11.90

15.90

10.2

occurring in the filaments. It may be seen from Eqs.
(34), (35), and (37) that the processes considered can
shift the frequency downward by a maximum of co~~&,

o&si, 3/2o&ia for the first, second, and third AS, respec-
tively. These results hold only in the absence of further
shifts due to pulse steepening or phase modulation of
the AS radiation, which will be shown below to be
unlikely.

The fact that the first AS spectrum is predominantly
shifted to the low-frequency side may be explained by
a, shift of the central frequency cvs+oisr due to a decrease
either of cosr, according to Eq. (29), or of o~s due to
pulse steepening of the laser light. To compare Eq. (34)
with the experimental results we use a value of (Ae*/e) i
such that pi' agrees with the corresponding experimental
value at a given frequency. The profile of the spectrum
is then conipared with Eq. (34). Since the first AS
exhibits a broadening less than 0.10—0.12 co~ without
evidence of single well-defined parabolas, the compari-
son is restricted to a limited range of values of @~' and
~~~. The dispersion coefficients e' and e" are calculated
for carbon disulfide, benzene, and nitrobenzene from
Ref. 18 and those for toluene from Ref. 19.

The agreement between Eq. (34) and the experi-
mental results is satisfactory for carbon disulfide and
toluene, while Eq. (34') rather than (34) is needed to
fit the experimental results for benzene. Note that
according to Eq. (34) the emission angle at a given
frequency ~& depends only on he*, and filaments with
the same 5&z* produce AS emission described by the
same parabola. According to Eq. (34'), filaments with
the same dn* give the same emission angle at cog=0,
but different angles at any cog=~~, depending on the
value of

CO, Cups.

Because of the increasing frequency shift of the Stokes
spectrum due to the self-steepening process, '~ the
difference between the spectra described by Eqs. (34)
and (34') increases with the path length of the optical

'8V. G. Cooper and A. D. May, Appl. Phys. Letters '7, 74
(1965).

"International Critical Tables (McGraw-Hill Hook Co., New
York, 1930).

pulse. Since &u,/&oui increases with this path length, it is
expected that a filament with a fixed Ae* produces AS
emission described by parabolas with the apex approach-
ing or& as the filament proceeds in the liquid, generating
in this way a broad spectrum. The same process can
occur also in the higher-order AS emission, although
analytically described by equations more complicated
than (34') . Experimentally there is in fact evidence of
parabolas giving the same angle at "zero-frequency
broadening" but crossing the @=0 axis at diGerent
points, especially for CS2 in the third AS, as may be
seen in Fig. 2.

Two different families of cones are predicted for the
second anti-Stokes from Eqs. (35) and (36), which
assume a frequency o~i' ——~s+&u~ —oint for the first AS.
The existence of two distinct cones of emission is
experimentally found for toluene, benzene, and nitro-
benzene, but not for carbon disulfide. The "external"
cone, corresponding to the larger emission angle,
exhibits a frequency broadening both to the low- and
high-frequency side and is described by Eq. (35), in
which co&2' ——co» —~& may be either positive or negative.
The "internal" cone presents a broadening predomi-
nately to the low-frequency side and is described by Kq.
(36) with a&as" ——&oai+oiii, which may be only positive.
Equations (35) and (36) fit the experimental spectra
in a satisfactory way for all the liquids in the sense that
with the values of hn* which give the experimental
value of the inner and outer cone angles, gs and its, at
co~2 ——-0, the entire profiles of the spectra are reproduced
with deviations of only a few percent. Representative
values of Ae* are given in Table I. To describe angles
smaller in one cone than in the other, Eqs. (35) and
(36) require separate values of his* which may differ
by as much as a factor of 2. This di6erence may be
understood by considering the asymmetry of the
Stokes spectrum due to self-steepening. Equation (35),
being derived from Eq. (23') with K i' in the most
intense part of the Stokes spectrum, represents the most
intense emission cone. Its production requires a field
strength (and consequently a de*) smaller than that
required for the cone given by Eq. (36).

Similar considerations apply to the third AS radiation.



TR. APPED FILAMENTS OF LIGHT

Here also two different cones of emission are evident
for toluene, benzene, and carbon disulfide, while for
nitrobenzene there is no evidence of emission of the
third AS. Equation (37), with &oz&'=&vz& —2cvz, repre-
sents the "external" and most intense emission cone,
while with &oii8'=~gi or u&~3" ——&u»+2~~ it represents
the weaker internal cone. Assuming two values of AN*,

diferent for the same reason mentioned above, a
satisfactory fitting of the experimental profiles is found
also for Eq. (37).

While trapped radiation often exhibits discrete
spectra' " and, occasionally, a very well-defined semi-
periodic structure, untrapped AS radiation seems to
present a continuous frequency broadening. This may
be due to the fact that the AS radiation collected in the
far field is formed by the superposition of diferent
contributions. These contributions are generated along
the path length of the filaments by trapped radiation
with a discrete spectrum which continuously shifts in
frequency or intensity distribution as the filaments
proceed in the liquid. ""

AQ) St

One may wonder whether nonlinear pulse propaga-
tion affects directly the AS spectra. Generally the AS
radiation observed at an angle in the far field has been
inside a filament for too short a distance to be much
aGected by pulse steepening or phase modulation, since
the reQection coefficient at the boundary of a filament
decreases rapidly as p, ;„i.' increases above

(2hz*/n)"

The reflection coefFicient is less than 10% for

FIG. 6. Spectra of single filaments in carbon disulfide. The
picture is obtained by imaging the end of the cell on the open
slit of the spectrometer. The laser line is indicated by L, the
erst AS by AS& and the first Stokes by S&. The picture does not
accurately represent relative intensities of the lines.

X. ANTI-STOKES RADIATION ALONG THE
FILAMENT AXIS

The angles of AS emission, given by Eqs. (34) to
(37), may be written in the genera, l form

As Dii~ in (38) increases, the emission angle Pi' for a
given frequency co~, decreases until, for 2(hn*/e),
equal to gati, ;„i.' (0), all of the AS radiation generated
in the filament is trapped. Since the second AS is
generated by modulation of the first AS, we expect to
find the maximum of intensity of the second AS from
those filaments in which the first AS is completely
trapped, i.e, , with Ae* given by

it i;„i.'((sin =0) &2 (An*/n) 2, (39)

and similarly for the third AS

p2; i2((oii2=0) &2(he%~) 3. (40)

The values of (Ae*/e) for which Eqs. (34) to (37)
describe the most intense part of the spectra are
indicated in Table I. These values are consistent with
those given by (39) and (40), which are also listed in
Table I.

However, radiation traveling in a filament near the
limiting angle for trapping remains inside the filament
for a longer distance and is much more subject to
nonlinear pulse propagation effects. This radiation
emerges almost parallel to the filament itself and is
particularly intense because of the increased inter-
action distance in the filament. In the far field pattern
this should produce a bright spot or line corresponding
to angles p 0. This phenomenon. is in fact frequently
seen. It is illustrated in the first AS radiation of Figs.
2 (a) and 2 (b), and in the first and second AS spectra
of Fig. 2(c) . In the latter case, a line appears at p, ' 0,
corresponding to considerable frequency broadening.
This may be due to pulse steepening and phase modula-
tion.

The AS radiation which is completely trapped in
filaments may undergo considerable frequency broaden-
ing due to nonlinear pulse propagation, which should
give most pronounced broadening on the low-frequency
side of the unshifted AS frequency. Near-field observa-
tions of the AS frequency do in fact confirm the
existence of filaments with approximately the same
frequency broadening as the Stokes radiation. This is
illustrated in the carbon disulfide spectrum of Fig. 6.








