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The transport coefficients of a high temperature, weakly coupled plasma of nondegenerate
ions and partially degenerate electrons (i.e. , stellar matter) are calculated by means of a
Chapman-Enskog solution of the quantum Lenard-Balescu kinetic equation. Both electron-
electron and electron-ion collisions are included. The leading term of the transport coeffi-
cients, the Coulomb logarithm, is evaluated exactly and relatively simply for all degrees of
electron degeneracy. Dynamic shielding, and other corrections to the term of order unity
which follows the larger logarithm, have been neglected. The method is applicable to any
partially degenerate system with weak, long-range particle interactions.

The transport coefficients of weakly coupled plas-
mas (i. e. , average interaction energy per particle
much less than average electron or ion kinetic en-
ergy) have been calculated in the following limits:
(1) classical electrons, ' i. e. , x, ))Ath, where
r, =e'kT is the classical distance of cfosest ap-
proach, &th=5/(2mkT)"' is the thermal DeBroglie
wavelength, e is the electron charge, m is the
electron mass, 0 is Boltzmann's constant, and T
is the temperature; (2) nondegenerate quantum-
mechanical electrons, ' i. e, , A.th))r„n =p/kT-
((0, where p, is the chemical potential; (2) highly
degenerate electrons, ' i. e. , n && 1. In stellar
interiors, electrons are always weakly coupled
and quantum mechanical because of the high tem-
perature, but all degrees of electron degeneracy
occur. Heavy ions are always nondegenerate, and
wilt be assumed weakly coupled in this paper. We
shall obtain expressions for the transport coeffi-
cients valid for any degree of electron degeneracy.

This problem has already been considered by
Mestel and Lee. 4 However, their approach is
drastically simplified by the neglect of electron-
electron (ee) collisions, i. e. , by the adoption of
the Lorentz model. It is well known' that the ne-
glect of ee collisions is entirely unjustified in the
nondegenerate regime (unless ions are heavily
charged), and results in the overestimation of
thermal conductivity by a factor of 4. 5 and of elec-
trical conductivity by 1.7, in the case of singly
charged ions. Recently, Lampe' has shown that
ee collisions are surprisingly important in ther-
mal conductivity even when electrons are highly
degenerate (if the ions are not too highly charged).
The inclusion of ee collisions greatly increases the
difficulty of the calculation.

It should also be noted that at the time of
Mestel's and Lee's work, the shielding of Coulomb
collisions was not entirely understood, and it was
customary to cut off the interaction at a distance
n-'~', which is of the order of the mean interpar-
ticle separation, rather than at the Debye shield-
ing length D. Use of the correct shielded Coulomb
interaction, which automatically cuts off the inter-
action essentially at B, also somewhat reduces
the conductivities.

The method used here is applicable to the trans-
port theory of any system with weak, long-range
particle interactions. The results, expressed in
terms of standard Fermi integrals and some
closely related quadratures, are analytic and

relatively simple in form.
The correct kinetic equation for weakly coupled

quantum-mechanical plasma with any degree of
degeneracy is the quantum Lenard- Balescu equa-
tion: '
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where the shielding lengths' (taking into account
electron degeneracy) are given by

D 2=D 2+4ntle2Z/kT
e

D '= (kT/4mne')[4m'Ms/(2mkT)"'E ]

(sa)
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where e is the electron number density, Z is the
174

where fe and ff are the electron and ion phase-
space density distributions. In this paper we shall
be interested only ii. the first term in the expansion
of the transport coefficients' in Xth/D —the so-
called Coulomb logarithm, which is given exactly
although we assume the interactions to be statical-
ly shielded. ' (Corrections due to dynamic shield-
ing contribute only to the smaller term, of order
unity, that follows the logarithm. ) The collision
cross sections for ee and electron-ion (ei) colli-
sions, which then depend only on the momentum
transfer q =—Ip, '- p, I, are, respectively,



174 TRANSPORT THEORY OF A PLASMA 277

ionic charge, and I'j is the Fermi integral,
~ 0

F.(o.')= g dxx (1+e ) (4)

»'
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S„'"'= C(a„a„-a„a„)/A'»,

(10a)

(10b)

The Lenard-Balescu equation has the form of a
Boltzmann equation for electrons whose scatter-
ing is given by the Born approximation for the
shielded interaction. We solve for the transport
coefficients by the Chapman-Enskog method. '

We now quote from Ref. 3 the formal Chapman-
Enskog results, using the first three polynomials,

C = (128'/'/3)(2i/fi) 'm (k T)&

X (21F,/, F,/, —25Fo/2 )&

~OO ~).0 ~co

(10c)

(lod)

Po(x) = 1,

P, (x) =x+h„

(5a)

(5b) where
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where h, = —', F„,/Fi—/2
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U i ee j ei j

and
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These polynomials, which reduce to the Sonine
polynomials in the nondegenerate case, have been
chosen to preserve the orthogonality relations of
the Sonine polynomials:

x5(E +E E ' E&)f f f g f+s +

(P. i+P.%-P, 'Ui'- p, 'U, '), (12)
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where f and f are the Fermi functions,

f —
( o) ( g /2mkT —a) —1

f '(P') =1-f (P').

The transport coefficients may be defined by'

are collision integrals for ee and ei collisions, re-
spectively. M is the ion mass, f,'=-exp(-p, '/2mkT)
is the Boltzmann function, f, + is shorthand for
f+ Q,'), and U, —= Upi') is any function of P,'.

We note (see Ref. 3) that ai" is a bilinear and
symmetric functional of the Two functions P& and
P&, and that fee (p const) = 0 because of momentum
conservation. It is convenient to write the a~j

—
ajar

explicitly as a sum over the different terms in I'z
and P&, Eqs. (5), (6), and also to separate the con-
tributions from ee and ei collisions:

Q= —S (eE+ VP/n) —S 'VT/T —$ (2/e) 8, (Ib)

where J is the electric current, Q is the heat flux,
E is the electric field, 8 is the mean kinetic energy
per electron, P=fnS +kTn/Z is the pressure.

= Spy will be called the thermoelectric coeff i-
cient. The electrical conductivity is 0 = e S»', while
the thermal conductivity (with the conventional con-
straint X=O) is

y = (S„'Soo'- S,o'~)/TS„'

The first two Chapman-Enskog polynomial ap-
proximations to ~, 0, and S»' are, respectively,
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where

b . . . =2m-'(2mfi) 'Jd'P pW I . (pW ), (15)ijei(ee) ei(ee)

and W' —=p, '/2mkT. We must now calculate the co-efficientss

bzj ee and bi 'ei
By far the more dif/icult part of the calculation

is the evaluation of the ee collision integrals beep.
We note as limiting cases the known results in the
nondegenerate and highly degenerate limits. In the
nondegenerate regime, the one-polynomial thermal
conductivity neglecting ei collisions [i.e. , Eq.
(8a) with a„=bl lee] is '

'~'k(kT)"'/m'~'e'ln(D /X v"2). (16)32 e th

Equation (16) is also correct in the classical
limit, except that Xth/2 is replaced by x, in the
argument of the logarithm. The transition between
the classical and nondegenerate quantum regimes
has been studied by Williams and DeWitt. 2

In the highly degenerate limit, "wee"' depends
sensitively on the parameter De/X, where

sary: The coefficient of the leading term in the
bi&, i. e. , the coefficient of In(De/X), is deter-
mined exactly by those collisions with small mo-
mentum transfer, q(((3mkT)'i'. Thus we ex-
pand the integrand of Eq. (12) in q(3mkT) '~',
keeping orders through q', which gives the loga-
rithmic term. This procedure gives the coeffi-
cient exactly, but involves the following slight
complication. The integrand of Eq. (12) dies off
exponentially for q )Fi/X. This "automatic upper
cutoff" at q =Pi/X, in an integral which is essen-
tially of the form fdq q'o'(q), gives De/li as the
argument of the logarithm. In making the small
q approximation, this upper cutoff is lost. There-
fore we must restrict the integration over q to
q « Ii/& in order to prevent a divergence and get
the correct argument De/1i for the logarithm. "

If we neglect higher orders in q, and make use
of energy and momentum conservation during col-
lision, Eq. (12) for I ee(pW') and Iee(pW') can be
put (after some algebra) in the forms

I (pW ) =16(27'%)-'m '(2mkT)'(p /P ')f

Fi/X: 27' '~ (2m—kT)' 'F /F
is the momentum such that collisional momentum
transfers q)h/1i. are essentially prevented by the
conservation laws and the Pauli exclusion princi-
ple. In the nondegenerate regime, X=Xth; in the
highly degenerate limit, Ti/X=16m-'~'mkT/3PF is
essentially the thermal width of the Fermi surface,
where P~ is the Fermi momentum. The two lim-
its D /X)) 1 and De/li((1 (in both cases requiring
that n ))1 and the electrons be weakly coupled)
are entirely distinct. " We consider here. only the
limit De/X ))1, n ))1, in which case

"' = (57''/72)[k'T'p /me'ln(D /X)] . (17)ee e

The problem to be discussed is the transition be-
tween the limiting forms (16) for n ((—1 and (17)
for n))1, where De/1i))1 throughout. The argu-
ment of the logarithm depends on the degree of de-
generacy in a well-defined way through De and X.
The two limits (16) and (17) differ otherwise only
in that a factor P~ in the latter is replaced by
(135/4n'~')(mkT)'~' =0. 63(mk T)'~' in the former
Dimensionally, this is easy to understand, but the
numerical coefficient 0. 63 is smaller by a factor
of 3 or 4 than one might expect on the basis of the
simplest heuristic arguments (e. g, ,PF' -mean
squared electron momentum (p2)av for intermedi-
ate degeneracy 3mA'T for nondegenerate elec-
trons). Thus it is not obvious how to interpolate
between the two limits.

The two-polynomial corrections to all the-trans-
port coefficients vanish in the highly degenerate
limit' as n-', but they are important in nondegen-
erate plasmas2 for any value of Z (e. g. , ii'2' is
larger than z"& by a factor of 2. 4 for singly
charged ions). Thus we must evaluate all of the
bz&, i, j - 2, to correctly interpolate in the partial-
ly degenerate regime.

We now proceed with the calculation of Iee(pW')
and I (pW'). Only one approximation is neces-
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x(p, /p, ')fW fW (-40W31nfW

+24TP (f + f )l„f +

—40W3 J dv V&f (f +

The integrations over X can be performed as a
series expansion in Q. If we retain order q in the
integrand over V, note that terms odd in V inte-
grate to zero, and perform some partial integra-
tions, Eqs. (18) can be put into the forms
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+ f dV fV [(-175V' —240V'W2+15W')

(fW fW— ) (- 238V~~ 150V W4)]$, (19b)

where fW =-[1+exp(W'- o'. )] ' and fW -=1 fW-.
The fV+ are defined similarly, and

((x) —= J dqq'o(q)=m'e41n(D /X).
h X

(20a)

Equations (19) can now be used in (15) to calcu-
late the bijee The condition b]2ee =b21ee p
vides a useful check on the algebra. After a con-
siderable amount of integration, partial integra-
tion, and other manipulations, but with no approx-
imations, we find

S/~' =-(~mar)i~2m, /Z„,

is of the order of the average electron momentum.
Thus to obtain the correct argument of the loga-
rithm, "we must restrict the integration over q
to q(h/X'. Equation (13) then reduces to

I (PW.j ) =4mzme'Zin(D/X. ')(p, /P, ')fW fW

(22)

so that Eq. (15) becomes

b . . . = 32m'(2') nkT-e4Z in(D/X')ijei

x o dxx e (e ~].)f 2+j x —Qr x —Q
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22
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where
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H. =J dV V (.e +1)

&J dWWj(e +1)
V
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It remains to calculate the electron-ion collision
integrals b~je, . Because of the large ion-to-elec-
tron mass ratio, the energy transfer in an ei col-
lision is negligible compared with k T. Thus we may
immensely simplify Eq. (13) by replacing p, '

by
p, (the accuracy of this elastic scattering approxi-
mation is discussed in Sec. 4 of Ref. 3). However,
as in the derivation of Eq. (18a), this approxima-
tion destroys the "automatic upper cutoff" in Eq,
(13) at q-li/X', where

and the 6; and Hz& are integrals similar to the
usual Fermi integrals I'&..

G. =--f, dVV (e +1)-'h(1+e ), (21a)

(1+e ), i +j =0,
X (i+j)E, i+j ~ 1.i+j —1'

Equations (8), (9), (10), (14), (20), (2],), (4),
and (23) constitute the solution for thermal conduc-
tivity, electrical conductivity, and thermoelectric
coefficient, valid for any degree of degeneracy (but,
in the highly degenerate regime, only if De/X))1,
and the ions are weakly coupled). The results
contain many terms, as does any Chapman-Enskog
calculation using several polynomials, but they
are rather simple in form; in particular, the tran-
sition from nondegenerate to highly degenerate
behavior is specified by Fermi integrals which do
not depend on the details of the interaction. When
the results of this paper are used in conjunction
with Ref. 3, where the transport coefficients are
evaluated when electrons are degenerate and De/X
is arbitrary, and with the work of Hubbard"~ "and
the author on transport when the ions form a
strongly coupled liquid or solid, transport coeffi-
cients of stellar matter are now known at all tem-
peratures and densities (with only the requirement,
always satisfied for stellar matter, that electrons
be weakly coupled). Complete numerical tables of
conductive opacities, as well as an extensive
graphical presentation of the results of this paper
and of Refs. 2, 3, and 12, and a new theory of the
ion solid phase, are now being prepared. "
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The asymptotic behavior of the pair distribution function of a classical electron gas is
determined. The result is in disagreement with the form conjectured by Lie and Ichikawa.

1. INTRODUCTION

During recent years the pair distribution function (PDF) of the classical electron gas has been extensive-
ly investigated by many authors using either the Mayer cluster-expansion method or the Bogoliubov-Born-
Green-Kirkwood-Yvon (BBGKY) hierarchy equations. The PDF has been evaluated by diagram techniques
by Bowers and Salyeter, ' De Witt, ' and others to order s', where s = (4vP'pe')'I' is the dimensionless plas-
ma parameter, while Lie and Ichikawa4 have reviewed the work of many authors who approached the prob-
lem via the kinetic equations. The result for the radial distribution function given by Bowers and Salpeter
(BS) is

g (r) =exy(- sx 'e x)+ lp', (x),BS

where W, (x) = —~8s'x '[~a(e —e 2 )+(3 —x)[ln3 —E,(x)je x+(3+x)E,(3x)ex],

with x=r/A&, A&=(4vPpe') '~', E,(x) = f (e y/y)dy.

In Eq. (1.1), g(r) is defined by the relation

p'g(r) =n, (r„r2) =n, (lr, —r, I ) =n, (r),

where n, (r) is the PDF. At large distances, Eq. (l. 1) has the asymptotic form

g(r)-1 —sx 'e +~as'In3e +O(e ).

(l. 3)

(l. 4)


