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Modern cosmological theories imply the existence of a universal degenerate Fermi sea of neutrinos. The
fact that the Fermi energy Kr varies from theory to theory could, in principle, be used to help decide which
universe we live in. We show that a parity-violating term is introduced into Maxwell’s equations as a result
of the neutrino sea. In particular, we study whether a new, meaningful limit on the Fermi energy can be es-
tablished by studying the propagation of light and the character of magnetic fields in such a neutrino sea.
Unfortunately, the solutions to these equations show that the effect of the neutrino sea on electromagnetism

is too small to be observed.

INTRODUCTION

T has been pointed out by Weinberg! that modern
cosmological theories imply the existence of a
universal degenerate Fermi sea of neutrinos. The fact
that the magnitude of the Fermi energy K varies from
theory to theory could, in principle, be used to help
decide which cosmology best describes our universe.
Weinberg’s order-of-magnitude estimates for various
cosmologies are Kp<10—3° MeV for the evolutionary
cosmology, Kp<e1* MeV for the steady-state
cosmology, and Kp<10—8 MeV for the oscillating
cosmology. Clearly, there is hope of detecting only the
Ky value for the oscillating cosmology. Analysis of
B-decay experiments?3* indicate that if neutrinos are
degenerate Kr<1000 eV, and if antineutrinos are
degenerate K»<200 eV.

In this paper, we investigate the propagation of light
in a degenerate Fermi sea of neutrinos with the purpose
of determining whether or not the anomalies caused by
the sea can be used to establish meaningful limits on
Kp. Section I contains two different derivations of a
modification in Maxwell equations. The first is a
phenomenological derivation and the second is a more
detailed microscopic derivation. The two methods of
derivation are shown to be mutually consistent. Section
IT contains a discussion of the solutions of the modified
Maxwell equations. The possibility of observing the
neutrino-sea-dependent terms is discussed. In order to
ensure clarity, detailed calculations have been relegated
to an Appendix.

The results point out what might have been sus-
pected in the first place. In the cases examined, the
extra term depends directly on the Fermi constant G.
Because of its small size, the extra term is masked by the
familiar electromagnetic effects. The experiment cannot
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be done because of the small size of the relevant
parameters.

I. MODIFIED MAXWELL EQUATIONS

As stated in the Introduction, the first derivation of
the neutrino-sea-dependent term in Maxwell’s equations
is rather heuristic. This derivation is motivated by the
desire to add a parity-violating term to Maxwell’s
equations consistent with the usual requirements of
Lorentz covariance and differential current conservation.

We assume that the neutrino sea is completely filled
at an absolute temperature of 7’=0° and thus char-
acterized only by the Fermi energy Kp. We define a
4-vector K* so that it has components K= Ky, K=01in
the rest frame of the neutrino sea; i.e., the frame in
which % space is filled symmetrically about the origin.
K* then characterizes the neutrino sea in an arbitrary
frame.* We assume for simplicity that the extra term
depends linearly on K* and the electromagnetic field
tensor. We also exclude the possibility of derivative
terms. The motivation to search for an extra term with
parity opposite from the rest of the equation is based
on the hope that the parity-violating effects can be
more easily observed than those which do not violate

parity.
For reference, we write Maxwell’s equations:
8, Fre=dn]", 0y
eaﬂsyaﬂFM: 0. (2)

With the preceding remarks in mind, we see that the
two possible candidates for extra terms are the 4-vectors

KoF,q, K Feqs,.

Thus the modified Maxwell equations which include
parity-violating terms are®

6FFV“=47FJ”+C1€’J“67K(:F677 (3)
eag.;yaﬂF"7= CzK‘sFms . (4)

4 Although we have specified a particular frame in which the
neutrino sea is at rest, the dynamical equations are still Lorentz-
covariant.

5 The modified equations with terms of the same parity included
would be

d OuFre=4nJr4C1e*K (Fs+ D K3 F¥?
an

Eapaya’gF'”: CzK‘sFa,s‘f—DzEapayKﬁF’s?'.
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The coefficients Cy and C, are assumed to be constant,
which corresponds to assuming a constant spatial den-
sity of neutrinos in the universe.® We can prove that
Cs=0 as follows. Contract Eq. (4) with 9= The left-
hand side of the equation vanishes identically, and we
have CyK%3F,5=0. Substitution of §%F4; from Eq. (1)
into this expression yields

4wCy K% 5=0.

Since J; is arbitrary, this implies Co=0.
The modified equations now assume the form

0. F r=4n "+ C1e7K Fsy , 5)

€apsy0PF7=0, ©6)

These equations are consistent with current conserva-

tion, which can be seen by contracting Eq. (5) with &”.

The constant C; will be determined in the microscopic
derivation.

By writing this out in the more familiar vector
notation,

V-E=4r,
vXE=—0B/dt,

v-B=0,
VX B=4xJ+2C:B+0E/ot,

we see that the neutrino sea introduces a parity-
violating term in the induction law.

The microscopic derivation is based on elementary-
particle formalism. The object of the calculation is to
determine the first-order weak correction to the photon
propagator produced by the neutrino sea. Feynman
graphs for this process are shown in Fig. 1. The photon
propagator is altered because of the interaction of the
virtual et—e~ pair with the neutrino sea. The formalism
is developed and the detailed calculation carried out in
the Appendix. The method of calculation is first to
determine the modification of the electron propagator,
and then to use the modified electron propagator in the
usual calculation of the photon polarization tensor.
The result of the calculation is that the polarization
tensor is modified by the finite term

() 2(GKF3) 1 +o( ¢ )
' (q)=e —e"
1 V2 /9rt A M 2 ’

where we have evaluated K*#in the rest frame of the sea.
In order to compare this with the first derivation and

v
e
+
Y
4 P Y Y

F16. 1. Feynman diagrams for the first-order neutrino-sea
contribution to the photon propagator.

¢ If Cy or K@ is a function of x, then we no longer have differential
current conservation.
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to determine the constant Ci, we use the fact that the
exact photon propagator satisfies

D,(q) = Dw(q)+ Dyua®(q)m**D(q)

or
(D_I)uv= ((DO)_I)W_ Ty

The determinant of (D~1),,=((D%~1),,— . then gives
the dispersion relations for the electromagnetic field.

If wenow find the dispersion relations for the modified
Maxwell equations, they must be the same as the dis-
persion relations derived from the microscopic picture.
This is carried out in the Appendix, and we see that the
dispersion relations are identical if we set C1=(G/V2)
X (K p??/187%). This determines the constant C; and
shows that the two derivations lead to consistent results.

II. DISCUSSION
The modified Maxwell equations are

V-E=47rp, VB:O,
vXE=—9B/dt, VXB=4xJ—KB+0E/ot,
where we have set
KM:(KF’O)
and
e’G Ky?
K——m--—lO‘”KF (Krin eV).
V2 9rt

Now we proceed as in any elementary text and solve
these equations in every possible way. Looking at the
static equations first, we see that it is only the magneto-
static equations that are affected by the anomolous
term. These equations are

VXB+KB=4r], V-B=0.

The solution is readily found by making the substitution
B=VXA—KA. The equation for A is —V2A—K?A
=4x]J, with the condition V-A=0. The solution is

AX)= / @ ——————

The solution for B, to first order in G, is then
B=vXA—KA,,

cosK|x'—x

4| x’'—x|

where

&3 J(x)
Ao(x’
()= /47r[x—x{

This solution presents the interesting result that the
magnetic field from a localized static current should
have a term which drops off as 1/7 instead of the usual
1/72. To estimate the distance from the source where
such a term would be observable we simply assume that
the first term in B goes like 1/72 and the second like
K/r. When the terms are equal #=1/K. To discuss the
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feasibility of doing this experiment, we take a conserva-
tive value (compared to Weinberg’s estimates) of
Kp=1¢€V. This gives a result of =10 light years. An
experiment based on this would be out of the question,
since the age of the universe is believed to be only
about 10Y years.

Another possibility which suggests itself is that of
setting up an experiment in which the two parts of B,
namely, VXA, and KA, are perpendicular to each
other. For example, one might set up a current in a
wire along the z axis, as in Fig. 2. Then A, will be in the
2 direction and VXA, in the (x,y) plane. The fact that
VXA, and KA, are perpendicular might allow one to
measure KA,. Unfortunately, this is again impossible,
as is seen by comparing the two terms

K|Ag|>10722 cm™1| 4|,
[ VXAo|~~[44|/L,
where L is some laboratory-sized dimension, say, L=1

cm. Thus
K| Ao|/(| 40| /L)y~=10"22,

Thus we would be required to measure fields which are
1022 times smaller than laboratory fields.

F1c. 2. Situation in which the
feasibility of measuring Kr in the
laboratory is discussed.

X

Another interesting case is provided by the propaga-
tion of light in a source-free region. The appropriate
equations are

v-E=0,
VXE=—0B/dt,

A solution is easily obtained by assuming a wave to be
propagating in the s direction with frequency w and
wave number p. The divergence equations ensure that
E and B are in the x-y plane. The curl equations yield
the following results: There are two nondegenerate
eigensolutions, namely, the left- and right-handed
polarization modes. The usual degeneracy is destroyed
by the parity-violating term in the modified Maxwell
equations, so that each mode has its own dispersion
relation:

Eg=A[6,4i8,]eitpeor0) |
wrt=p+Kp,
Ep=A[¢,—i2,Jeiwort)

wL2=P2—Kp .

v-B=0,
VXB=090E/9:—KB.

Br=—(ip/w)Er,

B.=(ip/w)EL,
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o wi=pf-k
Fic. 3. Dispersion relations TP TP
for the right- and left-handed
polarization modes of free
electromagnetic propagation.
~— 1 kK p
FIG. 3

Illustrated in Fig. 3 are the dispersion relations for the
two propagation modes. We see that wy, is imaginary
for p<K and so the left-handed polarization mode
cannot propagate for p< K. This cutoff wavelength with
Kr=1 €V is A~1/p~1/K~102 light years. Any
attempt to put meaningful limits on K by observing
the above dispersion relations would require measure-
ments of wavelengths the same order of magnitude as
Ac and thus seems to be out of the question.

The fact that the two rotational modes have different
dispersion relations leads to the suggestion that one
may be able to observe the rotation of linear polariza-
tion. For example, if we polarize a beam along the x
direction at ¢=0, its subsequent behavior will be

E=A[¢, cost(wr—wr)t+ &, sink(wr—wr)t]
Xcos[3(wr+wr)i—pz].

After a time T'=w/(wr—wy), the polarization vector
will be in the y direction. For measureable wavelengths
we have K<<p, so that

wr= P+ Kp) impt 3K,
wr=(p—Kp)iosp—3K.
Therefore,

wp—wr=K and 7T~~x/K~102 years.

Again, this is far beyond experimental feasibility.

The solution for the time-dependent Green’s func-
tion is presented in the Appendix. The extra term in
Maxwell’s equations affects the low frequencies in the
propagator through the same dispersion relation found
in source-free propagation. Thus, radiation from the low
frequencies in the source might exhibit properties
differing from the propagation with the usual dispersion
relation w?=p% However, the problem is, as before,
that of detecting such low-frequency radiation.

Up to this point we have been concerned with the
photon or electron propagating through a stable Fermi
gas of neutrinos: i.e., |F>in=|F> ou. We would now
like to consider the scattering of the photon off of the
sea. We will have an initial “in” state

YA |[F>

consisting of a photon and the “vacuum” and a final
“out” state

outap131T uutcpzsg'r out’YK’)\’f,F> b)
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Fic. 4. Feynman diagrams for knocking a neutrino out of
the neutrino sea by a photon.

which consists of a photon, a neutrino, a hole, and the
vacuum. This is just the physical process of a photon
knocking a neutrino out of the Fermi sea. We can cal-
culate a lifetime for the photon this way by calculating
the total cross section to see how long it takes the photon
to scatter completely out of the initial beam. The
relevant Feynman diagram is presented in Fig. 4.

Using the formalism developed in the Appendix, the
calculation is straightforward, but tedious. The ex-
pression for the total transition rate out of the initial
state for low frequencies w<<. is

w KF4G2€4

Tt 324

For visible light with Kz=1 eV, the lifetime is 7’=1/A
~10%7 years.

If we assume the lifetime to be 10% years, which cor-
responds to the most distant light sources observed, we
get an upper limit on Kp:

Kp<107 V.

Unfortunately, this limit does not tell us anything
since much better limits have been established.

III. SUMMARY

We started with the assumption that the universe is
filled with a degenerate Fermi gas of neutrinos at zero
temperature. We have derived in two different ways a
neutrino-sea-dependent term which modifies Maxwell’s
equations. The solutions which we studied lead to the
conclusion that the neutrino-sea-dependent terms are
too small to be observed. Any limit on K which follows
from these solutions is much higher than limits already
established.
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APPENDIX A

In this Appendix, we explain the formalism and use it
to derive contributions to the electron self-energy and
to the photon polarization tensor.

1. Formalism

The only difference in the following formalism and the
usual formalism is that we assume that all neutrino

ROYER

174

states with energy less than K are filled. These filled
states are just the neutrinos which comprise the neutrino
sea. We then define a new vacuum

|[F>= 11

all K <Kr
all s

brst|0>, |Fin>=|Fot>= |F>,

where bg,! is the creation operator for a neutrino of mo-
mentum K and spin s.

We use the usual minimal electromagnetic interaction
and the current-current form of the weak interaction.
Although the weak interaction is CP-, 7-, and CPT-in-
variant, our vacuum is not, because the neutrinos turn
into antineutrinos. This asymmetry allows effects such
as an e -¢* mass difference.

The neutrino field operator is

dS? m 1/2
J = J— —1ip T ipex i
269 z; (2WV(E> (U pa % b stV psi?%d i)

For convenience in calculation, we make a canonical
transformation to neutrinos and holes, as follows.” We
define two new operators:

(p<Kp).

Aps=bps

Cps=bpst

These new operators obey the usual fermion com-
mutation rules and have the virtue of destroying the
vacuum.

Aps | F>=cps| F>=0;

a,s' creates neutrinos and c,," creates holes. d,, as
usual creates antineutrinos. In terms of these new
operators, the neutrino field operator becomes

ap [m\?
<_E_> LU pee™ " a,s0(p— Kr)

PO |

U o270 5 0(Kp— )+ V pullpsle?°].

Using the above formalism, we calculate the neutrino
propagator

iSp(e—a)=(F| T (x)d(a) | F)
[ dép et d4p e=iv' =)
:”f(hyp-m+u /(%y 2p0
X (p+m)0(Kr— p)2md(po—Ey).
2. Electron Self-Energy

The weak interaction current-current Hamiltonian
is

Ho(x)= (G/V2)po(x)y*(1—vys ) () (x)y*(1—7s)
Xy (x)+H.c.

7T. Kinoshito and Y. Nambu, Phys. Rev. 94, 598 (1954).
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The first-order weak correction to the electron propaga-
tor is

S (/=) = —i [ (| T () Hoy) | .

Using Wick’s theorem, we find that to first order in the

weak interaction, the self-energy is
3
_’Yo(l Vs).

G
X @)=

The Feynman diagram for this process is shown in
Fig. 5. This self-energy produces an electron-positron
mass difference which is seen as follows: We take the
expectation value of the modified electron Hamiltonian
between electron states and between positron states
at rest.
H'=a-p+pm+BZ(p),

(e |H'|ey=m+AE,

(et|H'|et)= —m~+AE.
Therefore,

dm=(m+AE)4(—m-+AE)=2AE,

where
G Ky® 1072
AE=— —1r~ KF3 (KF in CV).
V2 372 3n?

This result is not surprising in view of the asymmetry
in our boundary conditions, which means that CPT
is not a good symmetry.

3. Photon Polarization Tensor

To calculate the photon polarization tensor we will
use the modified electron propagator in place of the
usual electron propagator. This procedure can be
justified by using Wick’s theorem and perturbation
theory. We will keep terms which are of first order in
the weak interaction. The diagrams which contribute
to the first-order weak correction are shown in Fig. 1.

| [
17|'MV((I)=_€/(27T)4

where

i
S ) :
re) p—m p—m\ V23r?

tl’[‘)’,,‘SF‘(P)'Y.,SF'-’(Q“ P)] 3

i [(—iKpG 1
/ ‘)’0(1"")’5))

—m

If we insert iSp°(p) and keep only first-order weak
terms, then

. d*p 1
17"’»(42) =-C / trl:’Yn —Yy
(2m)* b—m p—q—m

Yo(1—7s)

1 1
X +y——vo(l—vs)— ——"‘“}
p—q—m  p—m p—m p—q—m
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Fic. 5. Feynman diagrams for
the first-order neutrino-sea contri- O
bution to the electron propagator.

where

=e2(G/V2)Ky®/3n2.

We can use the charge-conjugation operator to simplify
this to

i’ 1(q?) ZC/ s t l: !
i w(g?) = r
g @)t L p—mtic

YoYs

1 1
X Vs ] .
b—m-tie p—q—m-tie
Using the identity

1

e —1(P+M)/ dz etz (pP—m2-ie)
p—m-i-ze 0

to elevate the denominators and making the substitu-

tion /=p—(23/2)q, which completes the square in the
exponent, we have

0 0 00 4e val®
i’ w(q)=2iC / f / dzldzgdz3( o q)
o Jo Jo 16722

y [—i[ZZs" (z1t22)] . m*(2z5+ 21+ 22)

72 2

q*25%(21+22) , .
+T:| exp{il¢*(z1+22)23/5—2(m2—i€) ]},

where 2= 21+ 2.+ 2;.
We can subtract 0 from this expression in the form

€0upal
0=2iC / f / dzld22dza( s q)
167232

o ( —i[2z3— (Z1+Z2)]>e_ig(mz_,-,) .

22

* d\ Z
- / _5(1_-)
o A A
under the integrand and scale all the 5’s by the sub-
stitution z;— Az;. Then we do the \ integral:

17 0 0 00
—GOuvaqa/ / f lede)dZa&(l '—Z)
2 o Jo Jo

Xl7)’&2(2273"f“Z‘rf-zz)‘I‘qzzsz(z'l‘f‘zz)l 2z3—21—23
i[mi—ie—zs(arta)g?] ;

Now introduce

A
i =

Xln

m—1e }
mri—ie—z3(z+20)q2)
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To zeroth order in g?/m?, we have and i
i () = *—K 5 ! Gﬁ(x)=/ (2 )4e_ip"Gif(P) .
1 p(q) = e—Kp*—€oprag®. T
e ! L e Therefore
To first order, this result is independent of the electron , d*p d*x
mass and is the same as the result for the muon in a A(x)=4r (2m)!
p-neutrino sea. . — p23(2)—iKpXJ(x)
APPENDIX B Xe"p'(zl—x)[
. . : (*)*—K*|p|?
The solution for the time-dependent Green’s function
of the modified Maxwell’s equations is now explained. L K?pp-J(x)
We start with the equations T P — K2 p|"]
0uFre=4n]—3Ke”*fF o, (B1) and ds ip+ (z'—z)
P e—ip @'z
eaﬁ5765F57= 0. (BZ) A o(x/) =47 “‘———"]0(30) .
(2m)* (—p?)

Equation (B2) permits us to introduce a vector poten-
tial 4* where F»= 9”4 +#— d*4”. Equation (B1) becomes
0,044"— 6"(6,‘/1 B)= 47!']"—%](&0"‘”9(6514 a— 024 ,3) .
Now we choose to solve this in the Lorentz gauge

9,4#=0. The equations are then
V=0, 6,,,6“A0=47r]0; (B3)
v=1,2,3, 9,0A=4rJ—K(VXA). (B4)
These equations are solved by Fourier-transforming the

equations and inverting the operators. The solution of
Eq. (B3) is well known:

Ao(x)=4dr / d4%'Ga—a")T (&),

where
d4 P e—ik .z

Gla) =~f 2n) p?

The solution of Eq. (B4) is a little more laborious. If we
assume that the solution is of the form

Ax)=4r / d*4%'Gijf(x— ") T (%),

then G;;(x) satisfies

(8,0#8ii4 K €im; Vi) Gr (%) = 8:16%(x)
or
(— %8t iK eimipm)Gin(p) = €in.
Now we must invert — p28;;+7K eim;pm considered as a
matrix in ¢7.

—p? —iKps —+iKp,
mij= | +iKps —p* —iKp1| ,
—iKps +iKpr —p* Jy
—_ pza,-j— iKe.;ijm
Gi(p)=(m)jj=————
(P2)2__ K2 [ p I 2

K%p:p;
" pL(p?)—K2|p|?]’

We can make this a little simpler by making a gauge
transformation:

Alx")=+K?2V, - /

J(x)eiv =2
+p2[(p?*~K2|p|2]’
A’(x)=A@)+ VA®),

IA(x)
A () = Ag()
ot

Then dptdxt 2J () —iKpX I (x)
Al(xl)=47r/ ? xe—'ip-(x’—x)[ p*J(x)—1Kp x ] ’

()¢ =K |p?

d4 d4 _Kﬁ_ 2
A (&")=4r / 4 xe—ipo(x'—wl:______&_].

(271')4 (p2)2_K2lp|2

APPENDIX C

We now show the equivalence of the two derivations
of the modified Maxwell equations; we do this by
showing that they both have the same dispersion rela-
tion. From Appendix B, we have the dispersion relation
for the first derivation:

pL(p*)*—K2|p|*]=0.
To find the dispersion relation for the second deriva-

tion, we must find the poles of the modified photon
propagator. We use the fact that

(D_l);w= (DO_I)W*T’W.

The dispersion relation is given by the determinant of
the matrix (D¢™1),— 7',

# 0 0 0

0 —p* —iKps iKps| _
detlo  ikpy —p2  —iKpy| =0

0 —iKpy iKps —p?

= pL#*)*—K*[p[*]=0,

which is identical to the dispersion relation obtained
in the first derivation.



