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In this work we analyze the following three groups of reactions involving heavy iona: (a) Cn(Crs, o)NeM;
(b) C"(0"o)Mg"; and (c) C"(Li' p)O". These reactions have been carefully studied: Their excitation
functions show strong fluctuations which can be interpreted as due to purely statistical processes. The
energy interval over which the excitation functions extend are sufficiently large to include several Quctua-
tions and to permit a meaningful comparison between theory and experiment. We show that the theoretical
expression given by the statistical model for the average compound-nucleus (CN) integrated and differ-
ential cross sections in terms of the average resonance parameters reproduce the experimental data very
well if I'z/D' ))1, also when (I z,J )/D~~ and, correspondingly, the transmission coeKcients are not much
less than unity.

W'e have used two relations to connect the average resonance parameters to optical-model transmission
coefficients. The first is obtained by equalizing the absorption cross section to the CN formation cross
section, and leads to the widely used Hauser-Feshbach expression; the second is obtained by equalizing the
optical-model transition matrix to the energy average of the reaction-theory transition matrix.

Though it appears a little more appropriate to use the first relation, we cannot draw definite conclusions
on this point, because of the uncertainty affecting the experimental values of the cross sections and the
average optical-model and level-density parameters.

l. INTRODUCTION

HE Hauser-Feshbach (HF) expression for the
average cross section of a statistical reaction

proceeding through the formation of a compound
nucleus (CN) excited into the region of strongly over-

lapping levels (I'z/D~ ))1) is widely used. '—4 However,
some derivations of this formula are based on the
assumption that the ratio between the average partial
width for the decay of a CX state X into a given channel

c, (I'x,~ ), and the average spacing D~ of the CN states
of spin J and parity vr, should be much less than unity. ' '

Since in deriving the HF expression one uses the
following relation, obtained by equalizing the absorp-
tion cross section to the CN-formation cross section,
between the average resonance parameters and the
optical-model transmission coeKcients T, :

2' z 2 (P z~)/DJ'~

the above restriction implies that HF calculations
should be valid only if

(2)

CN cross-section values and the ones theoretically
predicted by HF theory may also be obtained when the
condition (2) is not fulfilled. In fact, they have shown
that, the C"(C",ns)Ne" reaction, at a mean incident

energy of 22.95 Mev in the laboratory system, can be
nicely interpreted with HF theory; in this case, the
transmission coefFicients T,~ for heavy ions and n

channels do not satisfy the condition (2), being almost

unity. This result seems to us of such great signihcance

as to stimulate more HF calculations on heavy-ion
statistical reactions. This will be done in Sec. 2.

In Sec. 3 we use, for calculating integrated and
diQerential cross sections, expressions slightly di6erent
from the HF ones, following a suggestion by Feshbach'
that connects the average resonance parameters to
optical-model transmission coeKcients with an ex-

pression different from (1).
Section 4 is devoted to a brief discussion of related

arguments. In Sec. 5, we summarize the results

obtained.

2. HF CALCULATIONS

If the inequality (2) holds, the field of validity of HF
calculations is strongly limited: For instance, HF calcu-
lations should not work for reactions involving heavy
ions and n particles except at very low energy.

Notwithstanding this, Vogt and co-workers' have
pointed out that good agreement between experimental

In order to test the capability of HF calculations to
fit experimental results when I'~/D~~))1 but condition

(2) is not satisfied, we used the following procedure:

(i) Analyze reactions that, with a great probability, are
almost completely of CN type; (ii) use optical-model

and level-density parameters not expressly chosen to fit
the experimental cross sections but deduced by an inde-

pendent analysis of experimental data.
The HF expressions for the differential and integrated

' W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952).
2 H. Feshbach, in 1VNclear Spectroscopy, edited by F. Ajzenberg-

Selove (Academic Press Inc. , New York, 1960), Part B, p. 625.
3 E. W. Vogt, D. McPherson, J. A. Kuehner, and E. Almqvist,

Phys. Rev. 186, 899 (1964).
4 P. A. Moldauer, Phys. Rev. 135, B642 (1964).' R. G. Thomas, Phys. Rev. 97, 224 (1955).

H. Feshbach, in Nuclear Spectroscopy, edited by F. Ajzenberg-
Selove (Academic Press Inc. , New York, 1960), Part 3, p. 1033.
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0'aa' = 2 (2~+1)
(2I+1)(2i+1) "~

&& ZT-i"', (4)
T J' l's'

where P, T,~ takes into account all the possible decay
nmdes of CN and has the expression

@vm8,K

ET.'=Z 2
C V lV&8V&IV

0

T,,(E.)V(E.*,I,)ZE„, (S)

and v refers to the various possible decays of CN.
The transmission coefFicients T ~,J, T ~, J, and T,J

that we used have been calculated with optical-model
parameters, obtained by fitting elastic-scattering or
total reaction cross sections.

The level densities p(E„~,I„) of the various nuclei to
which the CN can decay have been calculated by using
the Lang and Le Couteur expression'

h' — I(I+1)-
p(E*,I)= (2I+1) exp — — — u'~'

24+8 20

exp/2(g U) 'I'j
X&—3

, (6)
(U+/)'

with an empirical set of parameters giving good fits of
the following quantities: (a) the slow-neutron-resonance
spacings; (b) the shape of the energy spectra of particles
emitted in statistical reactions; (c) the level widths of
nuclei at high excitation energy; and (d) the low
energy-level distributions.

The level-density parameters are 80~1.5F,
8=0.78aro, and a= (0.127 A) MeV ', the effective
excitation energy U=(E*—5+70/A) MeV, where E~*

is the usual excitation energy and 6 the pairing energy;
jn eXpreSSiOn (3) E max E. +Qivl g E 4 E max

ln the calculation of P.T,~, only neutron-, proton-,
and n-decay channels have been taken into account.

The reactions we have studied are (a) C"(C",rrs i)
Ne' ' (b) C's(0" a)Mg', leading to the ground state
and the first six excited levels of Mg", ' " and (c)

7 J.M. S.Lang and K. J.Le Couteur, Proc. Phys. Soc. (London)
A67, 585 (1965).'E. Gadioli and I. Iori, Nuovo Cimento 518, 100 (1967); E.
Gadioli and L. Zetta, Phys. Rev. 167, 1016 (1968).

9 N. Drysdale, W. R. Phillips, and A. J. P. I.. Policarpo, Nucl,
Phys. A102, 337 (1967).' M. L. Halbert, F. E. Durham, C. D. Moak, and A. Zucker,
Phys. Rev. 162, 919 (1967).

&' D. F. Groce and G, P. Lawrence, Nucl. Phys. 67, 277 (1963).

cross sections are'

(—1)" '
o. „.(//) = is)( ' Q Z(/I/I; sI.)~ (2I+1)(2i+1)

~ale ~a'l'e'J J
&&Z(/'I/'J; s'I.) Pr, (cos0), (3)

P, T,~

C"(Lis p)0" lea, ding to the ground state and the 6rst
three excited levels of 0"."

These reactions have been carefully studied: Their
excitation functions show strong fluctuations which can
be interpreted as due to purely statistical processes.
The energy intervals over which the excitation functions
extend are sufFiciently large to include several Quctua-
tions and to permit a meaningful comparison between
theory and experiment.

Cis(cis ns, i)Ne" The experimental results are taken
from Ref. 3. The optical-model parameters used to
calculate the transmission coefFicients have been taken
from Ref. 13 for protons (the derivative imaginary
Saxon-Wood form factor has been replaced with an
equivalent Gaussian) and from Ref. 14 for n particles.
The neutron and C"+C" transmission coefFicients are
those reported, respectively, in Refs. 15 and 3.

All odd / values in expressions (3) a,nd (4) are for-
bidden because of the identity of the C" nuclei. The
total parity m is positive and both the expressions given
for o (/l) and &r must be multiplied by a factor of 2.

The experimental integrated cross sections at the
mean energy E&,b= 22.95 MeV are

o.s,, ——(19.2a4) mb

for the transition to the ground state and

o.i, , ——(63+14) mb

for the transition to the first excited level. The calcu-
lated values are, respectively,

o,."i'= 18.8 mb and ay, , "i'=52 mb.

In I'ig. 1, the experimental and calculated differential
cross sections (full lines) are reported.

C"(OM n)Mg'4. The optical-model parameters used
to calculate the transmission coeKcients of protons
and o. particles have been taken again from Refs. 13
and 14. The neutron-decay channel transmission
coefficients are those of Ref. 15. The transmission
coefFicients for 0's+C" have been calculated with the
following optical-model potential:

U(r) = V(expL(r —R)/a]+1} '

+i/V {exp[(r —R)//)+1) —'+ V,(r),
where V= —50 MeV, 8'= —2 MeV, R=6.174 F, and
a=5=0.5 F.

The Coulomb potential V, (r) is that due to a uni-
formly charged sphere of radius E,=6.174 F. The
above 0"+C" optical-model parameters have been
obtained from an analysis of the experimental reaction
cross-section data taken in the range 7—16-MeV c.m.

12 T. G. Dzubay, Phys. Rev. 158, 977 (1967)."F.G. Percy, Phys. Rev. 131, 745 (1963).' J. R. Huizenga and G. Igo, Nucl. Phys. 29, 462 (1962);
Argonne National Laboratory Report No. ANI. -6373, 1961
(unpublished).

is A. Lindner, Report No. EANDC 73 "U" IKF-17 (un-
published).
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replaced with an equivalent Gaussian). The optical-
model potential for the calculation of transmission
coefficients of proton channels is the following:

U(r) = (V+cE)(expL(r —R)(a]+1) '

+sW exp t —L(r—R)/b]')

I
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FIG. 1. Comparison between experimental and calculated (full
lines) differential cross sections for the reactions C"(C"no, ~)Ne"
at 22.95-MeV lab-system incident energy. The theoretical calcu-
lations have been performed by using the expression (3) (see text).

"J.A. Kuehner and E. Almqvist, in Proceedings of the Third
Conference on Reactions Between Corfjp/ex nuclei, Asjlomar, 1W3,
edited by A. Ghiorso, R. M. Diamond, and H. E. Conzett
(University of California Press, Berkeley, 1963), p. 11.

' G, Goldrig, H. M. Loebenstein, I. Plesser, and M. W. Sachs,
Phys. Letters 25B, 538 (1967).

incident energy" (see Fig. 2) and an analysis'r of the
elastic scattering cross-section data at 15-MeV c.m.
incident energy. In Fig. 3, the calculated integrated
cross sections (full lines) are compared wit. h the experi-
mental results of Drysdale et al. The calculated inte-
grated cross sections are also in satisfactory agreement
with the experimental results of Halbert et al. '" at about
19-MeV 0" lab-system incident energy and seem to
confirm that the results of Groce and Lawrence, " at
the same energy, are an order of magnitude too high.
However, we note that the calculated integrated cross
section is about 50% lower than the experimental value
obtained by Halbert et al." at 31.1-MeV 0" lab-
system incident energy (see Fig. 4).

C"(Li',P)O". The experimental results are taken
from Ref. 12. The optical-model parameters that we
used for neutrons, n's, and Li'+ C" are those reported
by Dzubay's (the derivative imaginary Saxon-Wood
form factors for neutrons, rr's, and Lis+C's have been

where V= —50 MeU, 8'= —4.6 MeV, V...,.= —10
MeV, R=3.22 F, a=0.52 F, b=1.00 F, and c=0.5.

The Coulomb potential is again that due to a uni-

formly charged sphere of radius R,=3.22 F.The param-
eters, different from the ones reported by Dzubay, have
been chosen in order to obtain a better fit to the elastic
scattering data for protons on 0".' These proton
optical-model parameters, that we used for p+0", give
a slightly better fit in the case of elastic scattering
P+0's than those recently suggested by Stevens et al.
for P+Qls 19

The comparison between calculated (full lines) and
experimental cross sections is given in Fig. 5.

The agreement between the experimental and the
above-calculated cross sections is very satisfactory,
both for the reaction C"(C",n)Ne" and the reaction
C"(0"n)Mg" (The best agreement for the latter
reaction is obtained with the experimental results of
Drysdale and co-workers. ')

In the case of the reaction C"(Li',p)0", the calcu-
lated HF cross sections fit with more accuracy the
transitions to the second and third level of the residual
nucleus 0" than those to the ground state and the erst
excited level. This rejects the great sensitivity of the
calculated cross-section values as to the optical-potential
parameters for the initial and 6nal channels. In fact,
the transmission coefficients both for Li'+C" and
p+0'" show a resonance structure for different l values
which strongly depends on the shape and depth of the
optical potential used.

The ground state and erst excited state of 0" have
even parity; the second and third levels have odd parity,
and therefore different combinations of ingoing and
outgoing angular momenta are present in the products
T i, T t; appearing in expressions (3) and (4);
even-even and odd-odd for ps and pi transitions, even-
odd and odd-even for ps and ps transitions. The reso-
nance structure of the tra, nsmission coefFicients strongly
sects the calculated cross sections; it increases the
calculated values for ps and pi transitions and lowers
the ones corresponding to ps and ps transitions.

Taking into account the preceding discussion, we
consider the agreement between theory and experiment
quite satisfactory also in the case of the reaction

"C. B. Duke, Phys. Rev. 129, 681 (1963)."J.Stevens, H. F. Lutz, and S. F. Eccles, Nucl. Phys. 76, 129
(1966).
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FIG. 2. Comparison between
experimental andgcalculated (full
line) total reaction cross section
for the reaction 0"+C".
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C's(Lis, P)O'r The good agreement between calculated
and experimental values of the cross sections in all the
cases considered seems to con6rm the validity of HF
calculations beyond the limit established by condition

(2).
In fact, it must be emphasized, such agreement is

not due to a choice cd hoc of the parameters used in the
calculations: All of them were a priori fixed in all the
cases considered, and therefore the agreement reflects a
quality of the theory and is not simply the result of the
choice of the parameters
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FIG. 3. Comparison between experimental (Ref. 9) and calcu-
lated (full lines) integrated excitation functions for the reactions
C"(0",n)Mg". The energy of 0" is given in lab system. The
theoretical calculations have been performed by using the ex-
pression (4} (see text). uo& ~

& ny& X& ( + !g),o20;oo.4, +; ns, +.

FIG. 4. Comparison between experimental and calculated (full
lines) integrated excitation functions for the reactions C"(0",n)
Mg" leading to the ground state and 6rst six excited states of
Mg'4. The energy of 0" is given in the lab system. The values at
19.2 and 31.1 MeV are taken from Ref. 10; the value at 26 MeV
is from Ref. 9. The theoretical calculations have been performed.
by using the expression (4) (see text}. no, ~; ni, 0; (as+as), 0;
o4, X; (o.n+os), ~
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3. -ALTERNATIVE TO HF EXPRESSIOÃ

The connection between the optical-model transition
matrix and the energy average of the reaction-theory
transition matrix suggests that, when one neglects
direct contributions to the absorption cross section, a
more correct relation between optical-model trans-
mission coeScients and average resonance parameters
could be'

T &—2x-(i'& Zx)/DJ'x ~&(i'& &x)s/(D&~)S (7)

The use of the relation

~(p Zx)/DZx y (i T J)1/2

in deriving the expression for the theoretical cross
section of CX reactions does not modify strongly the
results which we obtain with the usual HF expression
when, for ingoing and outgoing channels, T,~&0.5, but
increases considerably the calculated cross sections
when the transmission coefficients T, approach unity.
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FIG. 5. Comparison between experimental and calculated (full
lines) differential excitation functions for the reactions C"(Li',p)0"leading to the ground state and first three excited states of 0".
The energy of Li is given in lab system. The theoretical calcula-
tions have been performed by using the expression (3) (see text).

0.1

20 25 E is(MeV)

In HF theory, one assumes that the optical-model
absorption cross section equals the CN-formation cross
section. The experimental evidence seems to suggest
that fur neutron, proton, a, and heavy-ion channels, in

the light-nuclei region, such approximation is not
unrealistic.

FIG. 6. Comparison between experimental and calculated (full
lines) integrated excitation functions for the reactions C"(0", )n
Mg'4 leading to the ground state and first six excited states of
Mg". The energy of 0"is given in the lab system. The values at
1.9.2 and 31.1 MeV are taken from Ref. 10; the value at 26 MeV is
from Ref. 9. The theoretical calculations have been performed by
using the expression (9) and relating the optical-model trans-
mission coeKcients to the average resonance parameters by means
of the expression (ti) (see text). no, 0; ni, 0; (nx+na), &&; nc, &;
(A5+CL6) &

~ .
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TABLE I. Values of the calculated diA'erential cross sections (for s, =6'42' and 8, ,„=42'30') in pb/sr for the reactions C"(Li",p)0" leading to the ground state and first three excited states of 0".The theoretical calculations have been performed by using the
expression (3) (see text).

(MeV)

3.00
4.25
5.41
6.75
8.00

0 (0)~0
(pb/sr)

6'42' 42 30'

6.88 7.64
102.51 111.83
352.94 381.75
512.59 519.73
611.13 535.14

6.79
86.19

272,20
351.36
311.47

5.79
69.60

192.78
219.21
178.69

fT(e)„,
(pb/sr)

42'30'

5.39
93.48

259.53
256.74
196.95

4.63
77.62

200.42
182.42
132.41

~(e)»
(pb/sr)

6' 42' 42' 30'

(~),
(pb/sr)

6' 42'. 42' 30'

2.50 2.83
54.51 61.62

227.54 259.01
345.39 375.28
405.90 401.59

TABLE II. Values of the calculated differential cross sections (for S,.~.=6' 42' and 8, =42' 30') in pb/sr for the reactions C"(Lis,)p0" leading to the ground state and 6rst three excited states of 0".The theoretical calculations have been performed by using the
expression (9) and relating the optical-model transmission coefficients to the average resonance parameters by means of the expression
(8) (see text).

(MeV)

~(s)ns
(pb/sr)

6' 42' 42' 30'

(~)„
(iw,b /sr)

6' 42' 42' 30'

0(8)„,
(pb/sr)

6' 42' 42' 30'

~(s)ns
(pb/sr)

6' 42' 42' 30'

3.00
4.25
5.41
6.75
8.00

6.23
95.23

396.91
663.63
773.83

6.81
103.89
429.71
694.52
700.95

6.22
80.30

302.55
473.68
420.36

5.34
65.37

221.34
296.60
241.54

491
91.89

331.28
367.45
260.82

4.24
76.98

263.16
265.39
178.27

2.24
52.26

261.03
459.99
506.25

2.53
58.97

296.44
510.33
510.69

To discuss this point more specifically, we rewrite the
theoretical expression (4) for the average CN cross
section o. ~ in terms of the average resonance
parameters;

(m+1)
(2f+1)(2I+I) ~«, i "

2z- (I'.(,~ )(I'. ), ")
(9)

In the case of the reactions here examined, we can
estimate that the use of formula (8) does not increase
significantly the value of the total width Fz because
the most important contribution to it is due to trans-
mission coeKcients corresponding to low-energy out-
going particles due to the very fast increase with excita-
tion energy of the level density of the various residual
nuclei to which the CN can decay. In the case of the
three reactions we examined, the difference between
the value of I'q calculated by using expressions (8) or (1)
depends weakly on J.

In all the energy range, this difference, on the average,
is equal to 30oj~ of the I'& value calculated by using (1)
for 7=0, going to 20ojz of this value for 7= 10.

The use of expression (8) changes much more
appreciably the product (I' &,

~ )(I' &, ~ ) appearing in
the numerator of (9), increasing quite strongly the
calculated value of the cross sections.

Let us examine more specifically the various cases.
C"(C",e)Ness. The integrated calculated cross sec-

tion becomes o, , ' "=28.55 mb for the ground-state
transition and o-~,„,.""= 82.08 mb for the Grst-excited-

level transition. The calculated values are 30—40'P&

higher than the experimental ones reported in Ref. 3.
It must be noted that the experimental values of Vogt

and co-workers' agree very well with those of Leachman
and co-workers '

C"(0"e)Mg'4 The comparison between the calcu-
lated cross sections and the experimental values
reported in Refs. 9 and 10 is given in Fig. 6. We now
have good agreement between theory and the experi-
mental data of Halbert and co-workers'; the theoretical
cross sections, however, are definitively too high with
respect to the experimental values reported by Drysdale
and co-workers. '

In this case, the experimental uncertainty does not
allow us to assess which of the two relations (1) or (8)
is preferable.

C"(I.is,p)O". Table I reports the values of the cross
sections we calculated by means of the usual HF
formula (3) as reported in Sec. 2. Table II reports the
cross-section values calculated by relating the average
resonance parameters to the transmission coe%cients
by means of expression (8). The comparison of the two
tables shows that the use of expression (8) does not
aHect the cross-section values in the energy range
3—5 MeV but, on the other hand, increases the calcu-
lated cross-section values in the energy range 5—8 MeV.
This increase leads to a less satisfactory fit for Ps and Pt
transitions and to better agreement for ps and ps
transitions. On the whole, the use of (3), as in Sec. 2,
gives a slightly better 6t to the experimental results.

"J.Borggreen, B. Elbeck, and R. B. Leachman, Kgl. Danske
Videnskab. Selskab, Mat. Fys. Medd. 34, No. 9 (1964); J. P.
Sondorf and R. B.Leachman, jMS. 34, No. 10 (1965).
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To summarize, the comparison between experimental
and calculated values of the cross sections here con-
sidered seems to suggest that the use of relation (1)
between average resonance parameters and optical-
model transmission coefficients leads to slightly better
results than the use of relation (8). However, we must
keep in mind that the uncertainty in the experimental
values and the average parameters used (the optical-
rnodel parameters and level-density parameters) pre-
vents us from reaching a definite conclusion.

4. FURTHER REMARKS

In a recent work, on the basis of some particular
models, Moldauer" suggests the following relation
between the transmission coefficients and the average
resonance parameters:

T, =1—exp( —27r(Fq, )/D ). (10)

s~ P. A. Moldaner, Phys. Rev. 157, 907 (1967).

The use of this formula increases the calculated cross-
section values even more than the use of formula (8).
In particular, for the cases here examined, the cross-
section values calculated using the Moldauer relation

(10) in expression (9) are systematically too high.
ln deriving expression (9), the fundamental assump-

tion is made that the reduced-width amplitudes y&„

(whose square is proportional to F&„~ ) are uncorrelated
with respect to both the channel index c and the reso-
nance index X.' " The possibility of higher-order
dynamical correlations with respect to the resonance
index X is claimed by several authors, " but we have
neglected such correlations, since at present the experi-

mental results do not seeln to require that they be
taken into account. "

S. CONCLUSION

The theoretical expressions given by the statistical
model for the average CN integrated and differential
cross sections, in terms of the average resonance
parameters, reproduce the experimental data very well
if Fq/D~ ))1, also when (Fq,~ )/D~ and, correspond-
ingly, the transmission coeScients are not much less
than unity.

We have used two relations to connect the average
resonance parameters to the optical-model transmission
coefficients. The first is obtained by equalizing the
absorption cross section to the CN-formation cross
section, the second by equalizing the optical-model
transition matrix to the energy average of the reaction-
theory transition matrix. Though it appears a little
more appropriate to use the first relation, which leads
to the widely used HF expression, we can hardly draw
any definite conclusion on this point, because of the
uncertainty affecting the experimental values of the
cross sections and the average optical-model and level-
density parameters. However, we must stress the fact
that until the experimental cross sections are aGected
by a percentage error of the order of 20—30%, no
definite conclusion on this subject can be drawn in
most cases.
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