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test of the I' model of ferroelectrics. (The usual iso-
topic e6ect on phonons predicts a decrease of 1 part in
138 of the phonon frequency in the deuterated case.)

The T4 law for the order parameter could possibly be
experimentally checked by doing nuclear magnetic
resonance on the protons, looking for the NMR lines
resulting from protons in the "wrong" sites. ' These lines
should grow as T4 at low temperatures.

Low-temperature measurement of the spontaneous

polarization in the ferroelectric would yield less direct
information, as we have shown that both anharmonicity
and the order parameter influence (p) with the same T'
dependence. However, our prediction is that the T4-

dependent decrease of (p) will be greater in undeuter-
ated ferroelectrics because the order parameter has no
T4 dependence in the dueterated case.
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The temperature-dependent probability distribution of internal exchange 6elds, H, is obtained for a set
of randomly distributed Ising-model spins using a modiied form of the statistical model of Margenau. The
impurities are assumed to interact via a convergent long-range potential which alternates in sign as a function
of position. When spin correlations between the magnetic impurities are neglected and a mean-random-ffeLd

{MRF) approximation is used, the probability distribution P (H) is given by a nonlinear integral equation.
For a 1/r' potential, the self-consistent probability distribution is, in the MRF approximation, a Lorentzian
with a temperature- and concentration-dependent width h(P), where P = 1/(k~T) and T is the temperature.
The function d, (P) is also given by a nonlinear integral equation which is solved for very high and very low
temperatures. Using I'(H) derived for a 1/r potential, the magnetic susceptibility x(P) and the specific
heat C&(P) are obtained for all temperatures. The model gives a magnetic susceptibility which exhibits a
maximum as a function of temperature for all nonzero (but suKciently small) impurity concentrations.
The temperature of the maximum is proportional to the impurity concentration. Possible applications of
the model to the temperature and concentration dependence of x(P) and C, (P) of dilute magnetic alloys
are discussed.

I. INTRODUCTION

I' &HE method of random molecular GeMs has been..used to discuss the thermodynamic properties of
various magnetic impurities interacting via a lang-range
potential. Marshall' has introduced this concept to
obtain the low-temperature speciGc heat of magnetic
impurities interacting via a Ruderman-Kittel-Yosida'
(RKY) interaction. Later Klein and Brout' obtained
the probability distribution of the random Ising-model
internal Geld for a system interacting via the RKY
interaction in the limit as the temperature approaches
O'K. An attempt to describe the variation of the proba-
bility distribution of the internal Geld with temperature
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as one departs from T=O has been made by the au-
thor. ' 4' However, the validity of this approach has not
been satisfactorily shown. The purpose of this paper is
to use a modiGed form of the statistical mode) of
Margenau' to derive the temperature-dependent in-
ternal Geld distribution for a set of randomly distributed
Ising-model impurity spins which interact via a con-
vergent long-range potential which alternates in sign as
a function of position. In the model used the formal ex-

pression for the probability distribution of the internal
Geld, P(IIO), at a particular site 0 is given. in terms of
the effective internal fields at all other impurity sites in
the solid. To evaluate the expression for E(Bp), a
mean random fieLd -(MRF) approximation is used in
which, when calculating the probability distribution of
the internal Geld at site 0, all functions of the internal
Geld at sites other than 0 are replaced by their mean

4 M. W. Klein, Phys. Rev. 136, 1156 (1964).' A similar approach to the one taken here was independently
developed by T. A. Kitchens and W. L. Trousdale (to be pub-
.lished) to treat impurities in palladium.

'H. Margenau, Phys. Rev. 48, 755 (1935).



values. Neglecting spin-spin correlations between the
magnetic impurities and using the MRF approximation
and imposing a self-consistency condition gives an
integral equation for the probability distribution. For
a 1/r' potential the self-consistent I'(H) is a Lorentzian
with a temperature- and concentration-dependent
width h(P) which is monotonically decreasing with
increasing temperatures. h(P) is given in a simple
power series of the temperature for low temperatures
and in terms of an expansion in the inverse tempera-
ture for high temperatures. Using the expression for
P(H), the temperature-dependent magnetic suscep-
tlbihty g(P) is ob tallied. It ls found tllat g( ~ ) is
independent of the impurity concentration and that
Bg(P)/8T is positive and is inversely proportional to
the impurity concentration for small T. As a conse-
quence of this, the predicted magnetic susceptibility
has a maximum as a function of temperature for all
nonzero (but small) concentrations, where 2' is
proportional to the impurity concentration. The model
also predicts a maximum in the low-temperature spe-
cific heat C„(T) as well as a maximum in BC„(T)/BT
as a function of the temperature, where both of these
mRxlIQR ale propol tionRl to thc impurity concentration.

In Secs. 4-T a possible application of the theory to
the very recently obtained magnetic susceptibility
measurement of Cu—Mn, Au-FC, and Cu—Fe is dis-
cussed. It is argued that the very-low-temperature
magnetic susceptibility is internal field dominated for
suf6ciently large concentrations co such that the average
CGcctive internal 6eld is of the order of or greater than
the Kondo temperature divided by the Bohr magneton.
For Cu-Mn co&0.01%, for Au-Fe co 0.05%, and for
Cu—Fe eo 0.1%. It is also shown that the details of
the very-low-temperature speci6c heat of Cu—Fe ob-
tained by Frank, Manchester, and Martins cameos be
explained by an intclnR1-GcM Inodcl.

2. DERIVATION OF THE PROBABILITY
DISTRIBUTION

~=Zs~itJI'Pi& (2.1)

where e;; is the interaction potential between the par-
ticles located at positions i and j, r;; is their separation,
and p; and p~ arc thc I'cspcctlvc Ising-model spin
variables. p; may take values of ~i.Let the interaction
potential e,; be of the form

s;;=a(coskr;;/~ coskr;; ~) r;, (2.2a)

with the requirements that jeer;;d'rs( m, where V is

J.P. Franck, P. D. Manchester, and D. L. Martin, Proc. Roy.
Soc. (London) A263, 494 (j.961).

Consider a system of interacting Ising-model spins
randomly distributed in a nonmagnetic host. Let the
interaction Hamiltonian X between the magnetic im-
purities be of the form

the volume of the solid. Let there be Eo sites in the
solid, E of which are occupied by magnetic impurities,
and let E +~-such that (E/¹)=e, where e is the
fractional impurity concentration. This paper considers
the limiting case as the concentration c—+0, such that
terms in c' may be neglected. This condition is imposed

by the use of the statistical model where multiple
occupancy of the sites is permitted, introducing an
error of order c'. Let 8 bc the average distance between
the magnetic impurities. It is required that the wave
vectol k 111 Eq. (2.2a) be sllcll 'tllat kB))1 l.e. tile
periodicity of the potential varies sufhciently rapidly
thRt an lmpullty J is os kh8 GMfGg8 )ust Rs likely to
experience a positive as a negative potential from
impurity ~. For this reason, in subsequent calculations
the potential given in Eq. (2.2a) will be approximat. d
by one of the form

&ij =a/&ij", with probability of ~~

with probability of —',. (2.2b)

The potential in Eq. (2.2b) is chosen as an approxima-
tion to the Ruderman-Kittcl interaction in dilute alloys
to be discussed in Sec. 6. The replacement of Eq. (2.2a)
by Eq. (2.2b) will give physically incorrect results when
long-range magnetic order exists in the solid.

Let the effective 6eld Bo at an arbitrary impurity
site ro be defined by the expression

Ho = Qsp&pi. (2.3)

Since ro; and hence v(roi) =—vo; are random variables,
Ho is also a random variable. The bars over II and p
indicate that they are thermally averaged quantities.
The definition of Eq. (2.3) is thus consistent with the
usual molecular-6eld approximation.

The purpose of this paper is to obtain the tempera-
ture-dependent probability distribution E(HO) of the
random variable IIO. The thermodynamic functions for
the system are then obtained by integrating the thermo-
dynamic variables for a single spin in 6xed internal
field II over the probability distribution of all fields.
The quantity ti, in Eq. (2.3) is

p;= tr exp( —PX)p;/tr exp( —tm), (2.4)

where tr represents the trace over all spin operators, i.e.,

tr exp( —PK) = g g ~ ~ ~ g exp( —PX).
tsl1~+j. W +~ Iz&+j

The spin average in Eqs. (2.3) and (2.4) is performed.
for a Axed set of position coordinates. It should bc
remarked that, in order to obtain the thermodynamic
variables for the system, one has to average over the
position coordinates only after the thermodynamic
average over the spins is performed. The speci6c order
of this averaging is dictated by the physical require-
ment that the spins in the random system are in thermal
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where H, is defined in Eq. (2.3). Thus Eq. (2.4) be-
comes

tr exp(P+g;p, )p,

tr exp(PQ;H, p, )
(2 6)

For a fixed set of spatial coordinates, Ho as well as
the H s are constants. The distribution of Ho arises
from the requirement that the positions of the particles
are random variables. The probability distribution of
Ho is calculated as follows. Fix an impurity po at the
origin of coordinates, site 0, and average over an en-
semble of systems, each containing E spins, where the
impurities in each member of the ensemble have their
position coordinates fixed, but where different mem-
bers of the ensemble have the coordinates fixed in
different positions. The density of the ensembles is
determined by assuming a random distribution of the
E impurities on the Ã0 sites. The consequence of this
procedure will be that average thermodynamic quan-
tities (like specific heat, magnetic susceptibility, etc.)
are those obtained from calculating the thermodynamic
quantities of a single spin in an internal field arising
from a fixed spatial configuration of the surrounding
spins, and then averaging over all possible spatial
configurations of all spins except that at the origin of
coordinates.

To find a formal expression for the probability dis-
tribution P(HO), the method of Margenau5 is used and
each of the 3E-dimensional configurations which con-
tribute to Ho is multiplied by unity, whereas configura-
tions which do not contribute are multiplied by zero.
For this purpose the well-known 8-function trick' to
express P(HO) is used. Thus

I'(H, ) =Qf b(8, Qa„i;)—
vN

XP(rol rOR ''' rON)d'roar, (2.7)

where g„„ is the sum over each of the potentials
'vo'=&a/re as given in Eq. (2.2b), giving a total of
e such sums, f„„ indicates an integral over a 3E
dimensional volume, and P(roi, r02, ~ ~ ~, ro~) d ro~ is the
joint probability for particle 1 to be in the volume of
d'rl at rl, particle 2 to be in d'r2 at r2, and particle S

equilibrium whereas the spatial coordinates of the
impurities are frozen in the solid in a definite eoe-
equilibrium fashion. This requirement has been dis-
cussed previously in connection with the dilute alloy
problem. '

Using the standard molecular-field approximation,
the Hamiltonian given in Eq. (2.1) is expressed in
terms of the effective fields at the individual sites. Then

&= —Z~'(Zr os),

to be in d'rN at rN. Rather than summing over discrete
sites in the lattice, integration is used. This is expected
to be valid for the very dilute case, for the model is
restricted to suKciently low concentrations such that
the average interparticle distance is much greater than
a near-neighbor distance.

lt is now assumed in Eq. (2.7) that the positions of
each of the particles are iridePenderIl random variables
which are uniformly distributed over the volume V of
the solid with probability 1/V. Thus the probabilities
factorize and

(2.8)

Rewriting Eq. (2.7) using Eq. (2.8) gives

P(80) = (2s)—' dp exp(ipHO)

2V ' exp —ipvojpj d'roj
rN j=l vp;=+a/rp;r

(2.9a)
Using Eq. (2.2b) in (2.9a) thus gives

N—1

P(HO) = dp exp(ip80) g (2V) '
j=l rp j

XLexp (ipap /re") +exp (—ipap /rop) jd'ro;. (2.9b)

Equation (2.9) cannot be evaluated because p;=
tanhPH;=tanhP(gals;&p&) is explicitly a function of all
the position coordinates separating the impurities at rj
and r~, and implicitly a function of the distances
between all other impurities via the p~'s. Therefore,
the evaluation of Eq. (2.9) will have to be done using
an approximation, the details of which are described
below.

The function exp( ipvo, p;) for a Gxed—r)0; depends
upon the field H;. Now, consistent with the initial
postulate of a probability distribution of the field

P(HO) at site 0, a probability distribution of H;,
P(H, ), is also postulated. (This is equivalent to
evaluating P(H;) over an ensemble of systems in
which an impurity is fixed at site j and other impurities
are randomly distributed. ) Using this P (H;),
exp(&ipvo, p;) for a Axed vo; is approximated by re-

placing it by its mean value over the distribution of
fields at site j, P(8,).Thus

MRFA

exp(wipap;/roy) - P(8;) exp(aipap, /roy) dH;.

(2.10)

This approximation will be denoted by the mean-
random field appro-ximation (MRFA) and is indicated
by MRFA over the arrow in Eq. (2.10) .At the moment
no assumption is made about P(H;) except that it
exists. P(H, ) may, for example, be a conditional
probability distribution with the condition that 80 is
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FIG. 1. Values of I( y(x) II as a function of pdL(~), where
P=1/(&sT), f" is the temperature, and n(~) is the width of the
probability distribution function at T=o. The circles show the
machine-calculated values, whereas the solid lines give the low-
temperature approximation J I (x) and the high-temperature
approximation Fm(e) given in Eqs. (4.5) and (5.2), respectively.

II p II =2 I'(H) tanhp8d8.
0

Expanding Eq. (3.5) ln, tcl'Ills of 8/A(p) glvcs

III II =1—C4/(~~(P))j

(3 5)

exp( —2pII)
X

1+ exp( 2PH)—

'-(.
(

)' ('. )* — '"
=1-I2L P~(P) 3-'}(1 2+iV~(P) j-'

~Z, —:D~(p)j-Z

Equation (3.()) gives
+0(D ~(p) j-)}

limII pII =1. (3.7)

In Eq. (3.4) lct

~(p) =~(-) Il~(p) II, (3 g)

where h(ee) is the value of d(p) at p--+{)o. Using
Eq. (3.f)) 111 Eq. (3.5) glvcs

II p(P) II
=1-(q/P) (9/P)' o(ri/P—)', (3 -9)

A. Solution of Ih(g) for low Temperatures

The temperature-dependent solution for h(p) may be
obtained by 6nding approximations to the integral
equation

6 (p) wlllcll ls pl'ovcI1 111 tile Appclldlx 'to bc 1110110-

tonically decreasing with temperature. The expression
for the width for 10%' temperatures ls given by Kqs.
(3.8) and (3.9).

B. Evaluation of ck(g) for High Temperatures

For high temperatures and low internal 6elds let
tanhpH~pH ,' (p—8—)'+ (2/15) (p8) ' and separate the
integral in Eq. (3.5) into two parts:

Ln —s (*y)'+(2/15) (e)'jdyIlrll
~ s II~II'+y'

+—,, Ll —2 exp( —2xy) jdy, (3.11)
~ u*llI II'+y'

where x PI)j(eo). For a very small value of x the above
equation becoIQes

1=(x/w) lnI1+(*II pII)- j+(73/45 )z+O(~),
which gives a solution

II I II =Lcxp(w/& —&3/45) —1j '"/& (3 12)

Equation (3.12) shows that the width of the Lorentzian
(iccl'cRscs pl opol tlonaliy to cxpL —Irk T/2A ( e{))j fol'

high temperatures.
Solutions to the intcg«1 equation «r. I I s I I

were Ob-

tained by solving Eq. (3.5) using a computer. )In Fig. 1
the values of II p II are plotted as a function of the
temperature divided by the width of the I orentzian at
p~~, &({)o).» the same 6gure the low-temperature
solution FI(x) =

II p II, as given by Eq. (3.9), R,nd thc
»gh-«mpcr«urc sol«1» Fs(&) =

II r II, as given by
Eq. (3.12), are also shown. It is found that FI(x) and

(a) RpploxllllatC quite well the Soi«tons for II j(I

obtained by machine calculations.

In this section the magnetic susceptibility at low

temperatures is calculated. The single-impurity parti-
tion function Z», in. the presence of an internal 6eld H
and an external 6eld Il, ~, is

ZI(P, H, H, t) = Q expL —P(H+H, xg)II1

=2coshp(8+H, ~) . (4.1)

The magnetization of the single impurity MI(H, p) in
an effective 6eld II' is

MI(H, P) = lim (c) lnZI/BPH. g) =@II tanhPH, (4.2)

g=ln4Lsh(eo) j-'. (3.10)
where p~ is the Bohr magneton.

The magnetization is, on the average,

It is found that in the MRF approximation, for a set
of spins for which spin-spin correlations between im-
purities are neglected, the temperature-dependent
probability distribution is a Lorentzian with a width

3E(ji) Ãscpsf p{H) tanjeHds, (4.3)

where Eo is the number of sites per unit volume. The
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magnetic susceptibility y(p) is

y(p) = lim Xeckon'p E(H)
&exe o

ature of the maximum, one has to solve the equation

By 2 ~ Hs(PA'+26) —LV(Ph')
OC sech'pHdH'—= 0,

BP a.
a (Hs+dP)s

(4.9)

I' (H) sech'pHdfI. (4 5)

A. High-Temperature Magnetic Susceptibility

8
lnZ, (~, II, a,,&all (4.4&

B(pH,„,)s ' ' ' '"' ' ' ' where 6'=B6/Bp. It should be noted that for temper-
ature kT~A, Eq. (3.9) is no longer valid, making the

00 analytic solution of Eq. (4.9) dif5cult.

Next the magnetic susceptibility, Eq. (4.5), is evaluated
for low temperatures, neglecting the change of E(H)
with external magnetic Geld,"

limy (P) =2Escpns/sd(~ ) =. 2/ace(0) pg s,

where P(0) is the probability density at H =0. Since 6
as given by Eq. (3.5) is proportional to the impurity
concentration, Eq. (4.6) shows that y(~) is inde-
pendent of the impurity concentration. This result has
already been obtained previously. ' The slope of the
magnetic susceptibility near T=0 is given by

lim (By/B T) = —(1/kn T') (By/BP)

Equation (4.5) is conveniently rewritten in the
form

II p II'

I-g( )/7 [jpjl

where x=pA( oo) . Equation (4.10) can be evaluated by
using a contour integration in the complex plane.
Closing the contour in the upper half of the complex
plane with an inhnite radius 8, the integrand has a
first-order pole at y =i

I I p I I
and a set of second-order

poles at y=(2n+1)in. /2x, where I is any positive
integer. The residue at y=i II p II is I 2i cos'(ll p, II x) 7 '
and the residue at (2n+1) is/2x is

(2ts+1) i7r/2x'

I:II~ II' ((2n—+1)vr/2 x) 7s'
'

2/t'/sckIrIJrrs 4q

~~( ) p
g 1

62(eo)spy

Evaluating the contour integral, Eq. (4.10) becomes

Espy' f x

~(~)/c cos'(ll p II*)

+o(p '), (4 7)

where g is given in Eq. (3.10).Substituting for g gives,
for very low temperatures,

8 x 4Eocij,~'k& ln2 m' 4 ln4 k~T

BT
I ~h(eo)]' 12 In2 s h(oo)

+O(Ts) . (4.8)

Equation (4.8) shows that the initial slope of z(T)
versus T is inversely proportional to the impurity
concentration and is positive for small temperatures.
A necessary consequence of this result is that the model
gives a maximum in the magnetic susceptibility for all
nonzero concentrations. ' To determine the temper-

"Note added ~e proof: We have since shown that in the MRF
approximation the change of I'(H) with external ield gives no
contribution to the magnetic susceptibility.

7 J. Friedel, J. Phys. Radium 23, 962 (1962); M. W. Klein,
Phys. Rev. 141, 489 (1966}.' See the qualitative arguments of S. Liu /phys. Rev. 15'F, 411
(1967)3.

L(2n+1) /2x7s. ]
(II p II' —{I (2ts+1)/2x7s}')sJ

'

For knT»d(~), Eq. (3.12) is used to find the ap-
proximate value of y(8):

Erclj,ss 2 '6(~)
y(p) = 1— — Z (2~+1) '

k~T m k~T

( zk~T+0 exp
I

— . (4.12)
2&( oo )

Equation (4.12) gives a leading term for high-temper-
ature magnetic susceptibility which is the same as for a
paramagnetic Ising system, with corrections pro-
portional to 1/T'.

The magnetic susceptibility, Eq. (4.5), was cal-
culated using a computer and the results are shown in
Fig. 2. There is a maximum in the susceptibility at
1/[j9 h(oo )7~0.4, or ksT 0.46(~ ) =0.4yc,
where p is given in Eq. (3.4). Thus the maximum in

y(p) is proportional to the impurity concentration.
Also note from Eq. (4.10) that the susceptibility is only
a function of x=pA(eo), and the temperature at which
the maximum in y(p) occurs is given by x 0.4,
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thus X(p, ) is independent of the impurity concentra-
tion. The behavior of the high- and low-temperature
magnetic susceptibility is summarized in Table I.

5. SPECIFIC HEAT

The low'-temperature speci6c heat for the system is
now obtained. The entropy 51 of a single impurity in
an effective 6eld H is'

St—k~(PU—+1nZ),

1nZ= 1n Q exp( —pHp} =1n2 cosh'

(5.1)

Q Q
21

0.6
(

8

O.5

GA

Cf

2

(k&T/~&~) )

FIo. 2. Calculated results for the magnetic susceptibility as a
function of the temperature divided by the vridth of the probability
distribution d I cc) at P= co. The maximum in x(p) occurs at
bar=04m(~1 n=prop~'c/n(~)g 'wlnre p~ is-the Bohr
magneton, Eo is Avogadro's number, and c is the impurity con-
centration'.

Q pp exp( —ppB)

U= — =—H tanhPK
exp ppH—

I

p JPl

+

Thus the entropy for a single impurity is

St k~( H tanhpH+M ——coshp—H) (5..2)

The total entropy for the E impurities is therefore

8=-,'(%ok ) j f tJZ tanbPP—
+lnLi+exp( —2p t

II t) j+p t
H tI P(H, p}dH, (5.3)

where the factor of —,'in Eq. (53) is introduced in

' If one tries to evaluate the speci6c heat C, from the energy, as
gras done in Refs. 1, 3, and 4, one 6nds that C„/2" diverges, thus
vlolatlng the third lMv of thermodynamics. Thc difELculty 18
traced back to the fact that the probability distribution, which is
required to be normalized to unity, introduces a constraint be-
tvreen the internal Acids, and hence the energy is not a proper
extensive quantity. Thus one has to use the entropy to evaluate
thc speck. 6c heat as 18 done he1'c.



TEMPERATURE-DEPENDENT INTERNAL FIELD DI STRIB UTION 559

order not to count each interaction in Eq. (2.1) twice.
P(H, }8) is given by Eq. (3.3). It is seen from Eq.
(5.3) that the entropy is a function of T only. Thus
the specific heat C„ is

C„=dQ/dT= T(BS/BT)

= (—1/k~T) (BS/BP) . (5.4)
I et

F(H, P) =PH(1 —tanhPH)+in{ 1+exp( —2PH) j.
Then

by differentiating (C„/T) with respect to T and setting
the result equal to zero. For this case k~T
A(~) {20ln4/{ 7s' —(100 in4/w) jI 0.16yc. Thus the
temperatures of the maxima in C„/T and C, are, from
the model, roughly 4 and —,', respectively, of the temper-
ature of the maximum in the magnetic susceptibility.
All three of these temperatures are proportional to the
impurity concentration. The results on the low-temper-
ature specific heat are summarized in Table I. Equation
(5.8) also shows that the specific heat per impurity
is a function of Ph(~ ), and since Pd (~) is a constant
at T=T, the predicted C„/T, is proportional to
the impurity concentration.

=EpC I' H,
6. POSSIBLE APPLICATION TO DILUTE

MAGNETIC ALLOYS

+F(H, }}}
'

)dB (5.5}.BPH,
BP

Integrating the second term of Eq. (5.5) by parts gives

P(H, )
( )dH=—

B}B

&( P(H, P) H '
dH, (5.6)

P H,

QH

wher- 6 is given in Eq. (3.4) and 6'=B6/BP. Sub-
stituting Eqs. (5.5) and (5.6) into Eq. (5.4) gives

C„=1Voc4T P (x/P) x' sech'x{ 1+PA'/65dx, (5.7)

where x=PH. For very low temperatures

P~'/~= (9/P) +2(Q/P)'+o(0/0) ',

Dilute concentrations of magnetic impurities dis-
solved in nonmagnetic metals show various anomalies
in their specific heats, their resistivities, and their
magnetic susceptibilities. "The purpose of this section
is to discuss conditions under which the model presented
may have applicability to dilute alloys. The assump-
tions that the spins interact via an Ising-model Hamil-
tonian and that the magnitude of the impurity spin is
Qxed at a temperature-independent value impose
severe restrictions on the temperature region in which
the model may have applicability. Recent experi-
mental and theoretical considerations indicate" "
that for antiferromagnetic J there is a Kondo temper-
ature Tz at which the impurity conduction-electron
system becomes unstable to the formation of a singlet
pair state which compensates (i.e., reduces) the ef-
fective impurity spin, in which

where q=ln4/n. d (~). Using this result in Eq. (5.7),
the very-low-temperature specific heat becomes

NpmkgPT 2 ln4 kj3T
C, = 1+—

»p(~)/ij ~ ~(~)
7'' 5 (ln4) '

x —— +OL~.»~~-}jj. }~8}
20

Equation (5.8) shows that the very-low-temperature
speci6c heat is linear in T and independent of the
impurity concentration. This is in agreement with
previous internal field calculations with a 1/r' po-
tential. ' ' 4 However, Eq. (5.8) also predicts that
C,/T has a positive slope for low temperatures, a result
which has not been obtained before. Thus Eq. (5.8)
gives a inaximum in C„as well as in C„/T. The temper-
ature of the maximum in both of these quantities is
predicted to be proportional to the impurity con-
centration. The maximum in C, is obtained by dif-
ferentiating Eq. (5.8) with respect to T and setting
the result equal to zero. The approximate condition
for the maximum in C, is k~T ~/5(ao) 1/n or
k~T 0.32yc. The maximum in C„/T is again found

k~Tx D exp( —S~p/~ J ~), (6.1)

"G. J. van den Berg, in Progress zn Low Temperature, Physics,
edited by C. J. Gorter (North-Holland Publishing Co., Amster-
dam, 1964), Vol. 4, and references therein.

"A. J. Heeger and M. A. Jensen, Phys. Rev. Letters 18, 488
(1967);M. A. Jensen, A. J.Heeger, L.B.Welsh, and G. Gladstone,
&bM. iS, 997 (N67).

"M. D. Daybell and W. A. Steyert, Phys. Rev. Letters 18,
N8 (j.967).

where D is an energy of the order of magnitude of the
Fermi energy ep of the host metal, and J is the s-d
exchange interaction, assumed to be a constant. In
fact, experiments" indicate that at very low ternper-
atures the spin compensation is close to complete.
Therefore, the assumption of a rigid impurity spin Shas
no validity below T~ but may have limited validity
above T~. For Cu—Fe, T~ is indicated to be somewhere
between" 6 and 15'K. The value of T~ is, however,
very rapidly varying with J, as is found from Eq.
(6.1). Even though Tx for dilute Cu—Fe is of the
order of 10'K, for some other material T~ may be
several orders of magnitude smaller. Above TE., and
for suKciently large impurity concentrations, internal
6eld eGects may be of importance and, if so, the
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the susceptibility is internal-field dominated. For con-
centrations higher than 0.9% manganese, Careaga
et al." 6nd that x(0) is no longer independent of the
impurity concentrations but increases with concen-
tration. This may be due to effects arising from the
c' term, which was not considered in the statistical
model. Part of these results are reproduced from -a

paper by Dreyfus et al.'5 and are shown in Fig. 3.
Further possible evidence that the properties of Cu-
Mn are determined by internal field effects may be
found in the radically diGerent resistivity of Cu—Mn
and Cu—Fe at low temperatures, as was found by
Steyert et al. ," that Cu—Fe does not exhibit a low-
temperature resistivity maximum whereas Cu-Mn
does. '0 This maximum has been discussed as arising
from internal field eGects."

FxG. 3. Magnetic susceptibility of dilute alloys as a function of
the impurity concentration. Results of Dreyfus et al. (Ref. 15).

magnetic susceptibility should be determined by these
internal field eGects. Whenever this is the case it is
believed that the internal field arises from a RKY'
interaction and the results derived in the previous
section for a 1/rp potential may apply. It is appropriate
to remark that, at temperatures much below T~ as
well as for concentrations sufficiently low that internal
field eGects are unimportant, the very-low-temper-
ature magnetic susceptibility x(P) per unit volume
arising from a set of independent spins is expected to be
proportional to the impurity concentration. This was
recently found to be so by Hurd. '~ However, at very
low temperatures, x(P), which is dominated by in-
ternal field eGects, is independent of the impurity
concentration. The magnetic susceptibility and the
low-temperature specific heat of Cu—Mn, Au —Fe,
and Cu—Fe are next discussed.

Cu-Mn

There are very recent experiments on Cu-Mn which
may have relevance to the present work. In one of
these, Careage et a/. '4 measured the low-temperature
magnetic susceptibility of dilute Cu—Mn in the con-
centration range 0.0186 to 1.89% manganese in the
temperature range from O.i to O'K. They found that,
for concentrations ranging from 0.0186 to 0.196%,
y(0.1'K) is approximately independent. of the im-

purity concentration, that (Bx/BT) r=p. j + increases
with decreasing concentration, and that x(T) exhibits
a maximum where T increases with concentration.
The approximately concentration-independent very-
low-temperature susceptibility of Cu—Mn as measured
by Careage et al.'4 may be interpreted as showing that

"C. M. Hurd, Phys. Rev. Letters 18, 1127 (1967) and references
therein.

'4A. J. Careage, B. Dreyfus, R. Tournier, and L. Weils, in
Proceedings of the Tenth International Conference on I,om- Tempera-
tlre Physics, Moscow, 1966 (Proizvodstrenno-Izdatel'skii
Kombinat, VINITI, Moscow, 1967).

Au-Fe

The low-temperature magnetic susceptibility of
Au —Fe (T=0.05'K) as a function of the impurity
concentration has been obtained by Dreyfus et al."
and is reproduced in Fig. 3. It is to be noted that, for
concentrations between 0.08 and 0.4%, g(T) is ap-
proximately concentration-independent. However, for
c(0.08%, the susceptibility drops with temperature.
Qualitatively one may interpret these results as in-
dicating that at c=0.1% or greater the internal
fields are suQiciently large that at very low temper-
atures the energy of the magnetically (short-range)
ordered state is lower than that of the Kondo compen-
sated state. As the concentration is further lowered,
those impurities which experience very low internal
fields will have a Kondo spin-compensated state and
will thus lower the magnetic susceptibility. Again,
Au —Fe at and above 0.1% concentrations exhibits a
maximum in the resistivity which can be interpreted
in terms of internal field eGects, as was discussed
before."

Cu-Fe

The very-low-temperature, very-low-concentration
Cu—Fe is definitely not internal field dominated. This
is seen from the magnetic susceptibility obtained by
Dreyfus et al. shown in Fig. 3. However, at concentra-
tions of 0.1% and above, internal 6eld effects become
important. It should also be noted that in Cu—Fe
there is no concentration-independent region as in
Cu-Mn and Au —Fe, possibily indicating a more compli-
cated behavior than in Cu—Mn and Au —Fe. It should
also be remarked that the specific-heat maximum in the
internal field model is proportional to the impurity
concentration as is exhibited in Table I. This is not
observed for very-low-concentration Cu —Fe. This

'5 B. Dreyfus, J. Souletie, J. L. Tholence, and R. Tournier, J.
Appl. Phys. 39, 846 (1968).

'6 S. D. Silverstein, Phys. Rev. Letters 16, 466 (1966); R. J.
Harrison and M. %, Klein, Phys. Rev. 154, 540 (1967).
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shows that the low-temperature specific heat Cu—Fe
cannot be explained by internal field eGects alone. The
previous specific-heat results of Cu—Fe" were derived
from the knowledge of P(H) near T=O, and the more
complete P(H) derived here shows that the con-
clusions drawn from the limited knowledge of the
P(H) curve were incorrect. Before concluding, a brief
discussion of the relationship to previous work on the
magnetic susceptibility' and the eGect of correlations
is in order. Previously, the probability distribution
of the internal field near P—+~ was obtained and the
following semiquantitative argument was used to
derive the temperature of the susceptibility maximum.
At any one temperature the impurities were divided
into two groups, one for which IJ~II&k~T and another
for which IJ~II&k~T. The impurities of the latter
group were assumed to contribute like a set of para-
magnetic impurities, whereas the former were con-
sidered to experience large internal fields and thus
give an exponentially small contribution to the mag-
netic susceptibility. The above physical reasoning
gave the qualitative behavior of the experimentally
obtained magnetic susceptibility of Cu-Mn and
predicted a temperature of the maximum, T,„,which
is proportional to the impurity concentration. The
present paper agrees with, and justifies within the ap-
proximation used, the previous qualitative arguments,
at least as far as the maximum in the magnetic sus-
ceptibility is concerned.

It is also to be noted that the qualitative results are
not expected to depend upon the appropriate consider-
ation of spin-spin correlations (provided only short-
range correlations exist). However, quantitatively the
correlations will tend to reduce the probability for
small internal fields and increase the probability for
obtaining large internal fields. This is expected to result
in a decrease in g(T=O) and in

limC„(T) /T

and an increase in T, for x(T) as well as for C„(T).
A quantitative comparison between theory and ex-
periment will be made elsewhere.

7. SUMMARY AND CONCLUSION

The properties of a set of randomly distributed
Ising-model spins were examined. The probability
distribution of the internal Geld as a function of temper-
ature was derived in the limit of zero concentration,
using a MRF approximation. The low- and high-

'7 M. W'. Klein, Phys. Rev. Letters 16, 408 (1963).

temperature values of the magnetic susceptibility, the
specific heat, and the width of the probability distribu-
tion wer~ obtained. The magnetic susceptibility
obtained has a temperature-dependent maximum
where T ~c and x(2' ) ~co. The specific heat
C„(T) as well as C, (T)/T obtained from the model
have a temperature-dependent maximum where T,
is in both cases proportional to the impurity concentra-
tion. The results for the detailed temperature and
concentration dependence of these quantities are sum-
marized in Table I in terms of a parameter y, where
7=a3s'

I
u

I no, where
I

u
I

is the strength of the inter-
action between two impurities at a distance of one
lattice constant, and eo is the number of sites per unit
cell. no=4 for a face-centered-cubic lattice.
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The purpose of this Appendix is to prove that A(P)
is a monotonically increasing function with increasing
p. From Eq. (2.5), h(P) =A II p II, where A =
asm'

I a
I

woe. Thus, it is sufficient to show that
II r II/dp&0

II pll =—,—,tanVHdH, (Al)
~ II r II

d II I IIldp=a(p)ILf c(p) j, —
where

B(P) = — - sech'PHdH&0.

2 " A tanhPHdH 4

(~ II r II)'+H'

X tanhPHdH. (A3)
~(~ II p II)'

Using the definition of II p II in Eq. (A3), Eq. (A2)
becomes

dllrll -P(H )H
dj9

Xsech'PHdII 2 mA(P(H, P)]' tanhPHdH&. 0,

Q.E.D.


