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The microwave surface impedance of pure type-I superconductors in a static magnetic field is calculated
at frequencies in the range 10 ~ &L0/6 &3, In the theory developed, the eBect of the static field is to change
the quasiparticle energies by an amount p v, where p is the Fermi momentum and v is the drift velocity
associated with the Meissner current. The results are in general agreement with the high-frequency (h~/A 2)
experiments, and show the "anomalous" decrease in both surface resistance and reactance that occurs in the
experiments at lower frequencies (0.01&A~/6 &0.2). Finally, the results lead to a simple quadratic field
dependence of the surface reactance in the low-frequency limit (hen/6(0. 01), where the form of the cal-
culation is similar to both the experimental results and the predictions of the Ginzburg-Landau theory.

I. INTRODUCTION

I 1HE effect of a static magnetic Geld on the micro-..wave surface impedance of superconductors was
6rst studied by Pippard in tin at 9.4 GHz. Since this
early work, a number of investigators have extended
these measurements to cover the frequency range from
about 10 ' to 10' 0Hz on a number of diferent
metals~"; and several attempts have been made to
explain the behavior observed. """The experimental
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results in the frequency range 1 to 25 GHz (most of
the early work was in this range) are very complex,
having frequency, static-magnetic-6eld, temperature,
and geometry (orientation of static and alternating
fields relative to each other and the metal crystal) de-
pendences which eluded a theoretical explanation for
many years. All of the early theories failed in one way
or another in giving any insight into the origin of the
complex results. In particular, the theories had great
difhculty in explaining the origin of the "anomalous"
decrease in the absorptivity for some geometries over
part of the temperature range between absolute zero
and the superconducting transition temperature T,.
Pippard'4" made a generalization of the known experi-
mental results up to 1963, listing the main features of
the Iow-frequency surface impedance which he thought
should be explained by the theory. This generalization
is in itself rather complex. We can further simplify it as
follows.

The anomalous decrease which occurs at temperatures
above about t=0.7 is most pronounced at the lowest
microwave frequencies, with the alternating and static
magnetic fields parallel. The change in surface resistance
becomes positive for high frequencies and in the geom-
etry where the two fieMs are perpendicular.

Richards' experiments demonstrated that the anom-
alous decrease changed over to an increase as the elec-
tron free path was decreased by the addition of im-
purities.

The theory must also explain the results of experi-
ments at high frequency, "—"i.e., those frequencies
where the photon energy 5~ is of the same order of
magnitude as the energy gap 2h. In these latter experi-
ments a static magnetic field leads to a drastic decrease
in the energy of the absorption edge associated with gap
jumping; that is, in a static magnetic Geld, absorption
is observed to occur at photon energies considerably less
than the zero-magnetic-6eld energy gap.

~ A. B. Pippard, in Proceedings of the Seventh International
Conference on Low-Temperature Physics, D'60, edited by G. M.
Graham and A. C. Hollis (University of Toronto Press, Toronto,
1961),p. 320 B.
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Basing their argument on the above results, Bud-
zinski and Garfunkel" —"proposed that a bulk super-
conductor in the presence of a static magnetic field has
the observed excitation energy changed by the quantity
y v, where y is the one-particle momentum near the
Fermi surface and v (=eA/mc, where A is the vector
potential) is the drift velocity of electrons which make
up the Meissner current. They then attributed this
change in excitation energy to a shift in quasiparticle
energies. "' Pincus" has developed a theory using the

p v term as a potential well in the superconducting
penetration depth to show that there are surface states
whose existence make possible absorption at photon
energies below the gap. Maki" tried to account for the
anomalous low-frequency behavior by an oversimplified
model, using a p v correction to the quasiparticle energy
spectrum. Finally, Budzinski and Garfunkel' proposed
a model in which the effect of the p v term on the
Bardeen-Cooper-SchrieRer'8 (BCS) density-of-states
terms is the source of the low-frequency anomalous
magnetic Geld dependence. It is the purpose of the
present paper to elaborate on this model and to present
the results of the calculation of the surface impedance
of superconductors in enough detail to show the origin
of the most prominent features of the magnetic Geld
dependence of both the high-frequency absorption and
the temperature variation of the low-frequency surface
impedance. Some relevant mechanisms, particularly
the changes in 6 caused by a magnetic Geld,"have been
treated by other authors" "and are not included here,
although the e8ects will be indicated qualitatively in
the discussion.

II. MODEL

The regime of long electron free path and short
electromagnetic skin depth that is characteristic of the
measurements in pure metals at low temperatures cor-
responds to the case of the anomalous skin effect, ' 3'

the condition for which, in normal metals, is character-

"The modi6cation of the quasiparticle energy by p v has been
discussed in a short article by J. Bardeen, Phys. Rev. Letters 1,
399 (1958).In particular, Bardeen notes that the Fermi function
describing the thermal-excitation spectrum has the BCS energy
plus the p v term."J.I.Gittleman, B.Rosenblum, T. Seidel, and A. W. Wicklund,
in I'roceedings of the Eighth International Conference on Low-Tem-
peratgre Physics, London, lP6Z, edited by R. O. Davies (Butter-
worths Scienti6c Publications Ltd. , London, 1963),p. 336; Phys.
Rev. 137, A527 (1965). In these papers, the authors considered
the effect of the p v term on the thermal excitation of quasipar-
ticles as measured by the microwave reactance of thin 6lms. The
p v term comes from an actual current in the 61m rather than from
the Meissner effect that is being considered in the present paper.
The short mean free path in thin 6lms should change the character
of their results from the present study of pure superconductors.' J.Bardeen, L.N. Cooper, and J.R. SchrieBer, Phys. Rev. 108,
1175 (1957).

"V.L. Ginzburg and L. D. Landau, Zh. Kksperim. i Teor. Fiz.
20, 1064 (1950).' G. K. H. Reuter and K. H. Sondheimer, Proc. Roy. Soc.
{London) A195, 336 (1948)."R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952}.

ized by
8 )/l«(1+(o' r') @4

where 8,&, the classical skin depth, is given by b,&=

c/(2s Mo„) '"; i is the electron free path; r is the electron
relaxation time; and 0„is the conductivity in the normal
metal. In the case of a superconductor, the anomalous
skig. effect is further defined by the condition

X/$«1, (2)

where X is the superconducting penetration depth and
$ is the coherence length. In practice, inequality (1) is
easily satisfied and corresponds to the conditions which
we are interested in for most measurements. However,
inequality (2) is not generally satisfied. Of the materials
that have been studied, aluminum is most nearly in the
domain of the anomalous skin effect, since X/$ 0.03,
but tin, the most extensively studied material, has
X/$ 0.2. Nevertheless, for the features that we are
interested in discussing, it is appropriate to limit our
discussion to the extreme anomalous limit, i.e., the
regime where inequalities (1) and (2) are both satis-
fied, and then to consider how the corrections" modify
our conclusions.

In this limit we follow Mattis and Bardeen, " ex-
pressing the surface impedance Z (=4s.E,/H„where
E, and H, are the magnitudes of the alternating electric
and magnetic fields at the surface of the metal) in
terms of the surface impedance of the normal state, Z„:

Z/Z„= ((rg/0„—iog/0„) —'", (3)

xLf(E) —f(E') jdE+ (1/~) L1+(&'/EE') ]
xL~(E)u(E') ]Lf(E)—f(E') gdE, (4)

where the second integral only applies if hm&26; and

s2((v, t, 0, 0) = (i/5(o) $1+(6'/EE') ]
I

XEp(E)~(E') X1—2f(E') 3d» (5)

where the lower limit is the larger of 5—%co and —5.
» P. Miller, Phys. Rev. 118, 928 (1960)."D. C. Mattis and J. Bardeen, Phys. Rev. 111,412 (1958).

where 0.
& and 0-2 are the real and imaginary parts of the

bulk conductivity in the superconductor. We define
s((u, t, h, p) =—sg(~, t, h, p) is2(a&,—i, h, p) =—0~/0„—
ioq/o„, where i is the reduced temperature, h is the ratio
of the applied static magnetic field H to some critical
Geld at that temperature Ho, to be defined in Sec. III,
and p is the angle between the static magnetic field
and the alternating magnetic Geld. Then, in the limit of
h =0 (the only case considered by Mattis and Bardeen),
we have

& (~ ' »0)=(2/" )f L&+(~'i&&')ALPÃ)P(&')3
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Conservation of energy gives E'=E+Sco. In the inte-
grals of Eqs. (4) and (5) the first set of square brackets
contains the superconducting coherence factors; the
second set contains the product of the densities of
initial and final states, with p(E) = E/(E' —d')'i'; and
the 6nal set contains the Fermi functions, de6ned by
f(E) —L1+exp(E/kT)] '

In the presence of a static magnetic Geld we must
modify the above expressions for sg and sg. This will be
done in a manner analogous to the method of Pippard,
in which he makes use of the ineffectiveness con-
cept. '"4 In this approach only those carriers that con-
tribute to the surface impedance need be considered in
obtaining the conductivity. In the regime of the anom-
alous skin effect, these are the particles that travel
almost parallel to the surface of the sample.

We shall assume that the scattering of carriers at the
sample surface is disuse; that is, the direction of motion
is randomized without changing the energy. This
means that momentum of the particle is not conserved
(being freely exchanged with the surface of the metal).
This is an important point, since the signi6cant features
of the results are largely consequences of this assump-
tion. The justl6catlon foI' this assulIlptlon ls pI'1IIlRI'lly

experimental. 3' However, it may not be necessary to
make the assumption of diffuse reQection to get some
of the features which we are after. In the theory of
Pincus, '2 the problem of nonconservation of the com-
ponent of electron momentum paraBel to the surface
is avoided, since the surface excitations that he obtains
do not have the same energy-momentum relationship
that are characteristic of the BCS excitations. This
makes it possible to conserve momentum (the compo-
nent parallel to the surface) and still have absorption at
energies below the energy gap. At a,ny rate, in our model
we shall use the assumption of diffuse reQection. The
recent work of Koch and Kuo" and of Koch and Pincus"
seems to indicate that for very carefully prepared
surfaces specular reQection may occur. In that case, the
experimental results should (and do) differ from the
results obtained on less ideal samples.

In calculating the energy of a particle, we must as-
sociate R drift velocity v with lt. To a 61st approxima-
tion, we can average v L=v(r) =eA(r)/wzcj over the
wave packet that represents the particle, It is well

known that superconducting wave packets have a
spatial extent equal to the coherence length $; this can
be shown simply by an uncertainty-principle argu-
ment, recognizing that the momentum must be speci-
6ed well enough so that the uncertainty in energy is less
than the energy-gap parameter 4. However, the usual
argument speci6es the wave packet to be of range

P ks the directioe of mott'ore The wave packet can be
much narrower at right angles to the motion, having a

'4 A. B.Pippard, Proc. Roy. Soc. (I ondon) &&9I& 385 (I9&&).

range given by" p1 (ps) 'I', where Xp is the wavelength
of a particle at the Fermi surface. Thus there is no

difhculty in localizing those particles travehng parallel
to the surface within the penetration depth, while those
particles traveling at an appreciable angle to the surface
will have their wave packets extend weB past the pene-
tration depth into the body of the metal (in the limit
of X«$). This means that the average drift velocity is
only appreciable for those particles traveling parallel
to the surface, Rnd it is only these particles that will
have a y v correction to their energy. These, of course,
are precisely the same particles that contribute to the
microwave surface impedance. The average drift veloc-
ity to be used for the energy of particIes traveling
parallel to the surface should vary with the angle
which the trajectory makes with the surface and with
the width of the wave packet. Relating the value of
v precisely to the applied ma, gnetic 6eld is Iather
de.cult in this semiclassical model. However, we note
that the maximum value of

~
v(r) ~, namely, e(0), is

such that pe(0) 6 when H~H, .
Starting with trajectories almost parallel to the

surface, we see that a diffuse reQection will scatter
most particles into trajectories making a large angle
with the surface. In our rough calculation, we make
two approximations: (I) Those particles that are in-
volved in absorption (i e , tra. v.eling almost parallel to
the surface) all have the same average drift velocity
v, while those scattered out of the surface have negli-
gible average drift velocity; (2) those particles that
travel almost parallel to the surface both before and
aEter scattering at the surface are of negligible number
and so can be neglected. This latter approximation
will lead to serious error at very low temperatures and
low frequency, because in this regime almost all the
absorption would come from the neglected particles.
(Tile coIltl'lblltloll from fills glollp ls lust tllat calc11-
lated by Maki. ")

The only electrons which are "effective" in both the
normal and the superconducting states are those travel-
ing almost parallel to the surface either before or after
scattering from the surface. In obtaining a generaliza-
tion of Eqs. (4) and (5) for st and s2, it is only necessary
to consider those traveling parallel to the surface before
collision, since the inclusion of those traveling parallel
after collision merely doubles the conductivity in both

"This can be seen by requiring the uncertainty in energy to be
of the order of the energy-gap parameter A. Thus, for an uncer-
tainty in momentum Bp perpendicular to the motion of a particle
at the Fermi surface, we write 2ra~ =pp'+ (Sp) 'g —p'= (Sp) '. The
transverse coherence length gf, is then dehned as the width of the
wave packet associated with bp, so that &f, h/I, 'Bp). Putting this
back in the above equation, we get )t'/eP~2rah or (&

——)t/(2mB, )"'.
With some manipulation, this becomes $g (P y) "' where Pig=—A jp
is the wavelength of a particle at the Fermi surface, and )~Ae p/6
is the usual coherence length (to within a constant factor of order
unity). The transverse coherence length (& as dered above is
related to the localization found by P. G. de Gennes fRev. Mod.
Phys. 36, 225 (j.964) g in superconductor —normal-conductor
sandwIches.
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the normal aed superconducting states with no effect
on the ratios s~ and s2.

Since Eqs. (4) and (5) are valid only in the absence
of a drift velocity, the integration variable E is un-
ambiguous. In a static magnetic field, however, there is
a nonzero drift velocity, and the variable E in the
various brackets in a generalization of Eqs. (4) and (5)
must be reexamined. In the BCS theory, the matrix
elements and the density of states are given in terms of
the electron center-of-mass system, so that the energy
E must be in a system moving at a velocity v relative
to the crystal surface. Since the final states are not for
electrons moving parallel to the surface, we neglect the
drift-velocity correction to their energies. Conservation
of energy therefore requires that E'=E+5e+p v,
where p is the momentum associated with the initial
state. (A diffuse reflection of the particles at the surface
only conserves energy in the frame at rest relative to
the sample, not in any other reference frame. ) The
Fermi functions in the final brackets of Eqs. (4) and
(5), however, should be written in terms of the energy
relative to the thermal bath (i.e., the laboratory or
crystal system), E+p v+5" for ffnal states.

We have implicitly assumed in the above discussion
that absorption of a photon and scattering of the

quasiparticle from the surface occur simultaneously.
This should not cause any difhculty, since the time
spent in the skin depth is so small that a particle may
be in a virtual state between the absorption of a photon
and the scattering from the surface. Nevertheless, it
would be desirable to have a proper microscopic theory
to justify this assumption, and to establish the limit of
its validity.

In arriving at Eqs. (4) and (5), none of the factors
in the integrands was assumed to depend on direction,
so that the weighting of the contributions of electrons
around the Fermi surface was integrated out of the
result. The angular weighting factors must be put back
now that we have made the energy a function of direc-
tion. From the theory of metals we know that the con-
tribution of an electron having a momentum y to the
conductivity is proportional to cos'a, where n is the
angle between p and the current. We now set n=r'+8,
where P is also the angle between the alternating cur-
rent and the steady current (or v) and 8 is the angle
between p and v. We have been assuming that y is the
electron momentum near the Fermi surface. We now
set p equal to the magnitude of the Fermi momentum
andnotethatp v pvcos8.

Summing over the angle 0, we have for s&

s, (~, t, h, t') = (2/wkly) cos'(8+P)
d„'8—Scy—pv cost

(1+~'/EE') E~(E)u(E') Xf(E)—f(E+&")

+f(E+pv cos8) f(E+pv cos8+—Ka&)]dE+
LL—fico—yv cos9

(1+~'/EE') L~(E)t'(E') 3

X[f(E+pv cos8) f(E+pv cos8+k—u) jdE d8, (4')

where E'=E+pv cos8+ku. The lower limit of the ffrst integral over E is chosen as the larger of 6 and ~ —~—
pv cos8. The second integral over E occurs only if Ro+pv cos8) 2h. The quantity 2/m that appears in front of the
right-hand side is a normalization constant for the integral over 0.

Similarly, we arrive at an expression for s2, namely,

6;—lk—fir—yv cos8;5

s, (cu, t, h, t') = (2z/mRo) cos'(8+t')
6—A'cu —yv cos8;—6;—6

(1+~'/EE') L~(E)~(E') 3

&&L1—f(E+Sv) f(E+5u+Pv cos8)—]dEd8, (5')

mhere the limits on the integral over It are specified as follows:

Fol

2h) (ku+pv cos8) )0
0) (ko+ pv cos8) )—2A

i 5"+pv cos8 ))2h

Lower limit

5—So&—Pv cos8

Upper limit

—~—ko —Pv cos8

In both Eqs. (4') and (5'), there are temperature
dependences in the Fermi functions, in 6, and in the
drift velocity v L= (e/me) A= (e/mc) X(t) H]. Further-
more, we must note that, in general, 6 should also be
considered as a function of h (or v). But in the extreme
anomalous limit that we are considering, X/$«1, which

makes 6 independent of h."For materials such as tin,
where X/P is not very small, the magnetic ffeld de-
pendence of 6 might give an appreciable correction to
the conductivity ratios s& and s&.

"C. Caroli, Ann. Inst. Henri Poincare 4, 159 (1966).
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III. CALCULATION

The results that we wish to examine fall into two
categories, and since the computation of the integrals in
Kqs. (4') and (5') are rather lengthy, we have divided
tllc problem lllto two cases: (A) tllc slllfac'c llllpcdallcc
at 1=0 for high frequencies, where we only have gap
jumping (or pair creation); and (8) the temperature
dependence of the surface impedance at low frequency
(absorption only by thermally excited quasiparticles).
In (A), the double integrals reduce to one-dimensional
integrals which are easily evaluated on a desk calculator,
while in (3), both the two dimensionality of the inte-
grals and the greater accuracy needed (the Geld de-
pendence is smaller in this case) make the use of a high-
speed computer desirable.

Since the result that we wish to compute is the
surface impedance, we know that it must be represent-
able as a 2&2 symmetric matrix, which is completely
determined by the components along the two principal
directions, namely, the components parallel to and
perpendicular to the static magnetic field. (This is, in
gcllclRl, ollly tl'uc lf wc lleglcct clystalhnc alllsotl'opy. )
Therefore it is only necessary to evaluate s= s~—is2 for
the two cases P=o and —,'s.. The values of

(Z/Z. ) =P(Z/Z„)+iv3(X/X„) j/(1+ iVS)

= le exp( iir/3) fr+—iV4$
are then computed in the extreme anomalous limit from
Kq. (3). The quantities r and x are called. the surface-
resistance ratio and the surface-reactancc ratio, re-
spectively, and are defined by the last equation.

A. High-Frequency Surface Impedance at 1=0

Since there are no thermally excited quasiparticles
at /= 0, and since wc can limit our region of interest to
pp&h (for type-1 superconductors ps)6 corresponds
to H&H, ), Kq. (4') becomes

sl (p), 0, h, P) = (2/pr) (1/fly))

8O

X cos'(P+8) (1+(9/EE')
0 5-fgy-pe c080

X$ (E) (E')]dEd8, (6)
where 8p is defined by the condition that flpp+PII cos8)
2A for all allowed 8. This can then be rewritten as

si(pp, 0, h, P) = (2/pr) cos'(8+P)

&& (1+(hh/fIIp) cos8)sl(pp', 0, 0, 0)d8, (6')

where fipl'=flIp+Pu cos8, sI(pp', 0, 0, 0) is just the value
of sl at thc frequency oP ln thc Rbscncc of a stRtlc DlRg"
netic Geld, and h= pp/6 (for nonzero temperature, h is
more complicated; see Sec. III 3 below for discussion).
Since sl(pI, 0, 0, 0) can be written as"

sl(pp, 0, 0, 0) =$1+(2h/flpI) jg (k) —2{26/flpI) X{k),
for (AIp/2h) &1

otherwise, ('I)

where k= (2h —5&p)/(2h+AIp), and g and X are com-
plete elliptic integrals of the Grst and second kind;
Kq. (6') can be evaluated as an integration over 8.

The reactive part of the conductivity is treated simi-
larly to give

sp(pI, 0, h, P) = (2/pr) cos'(P+8)

X (1+(hh/flpp) cos8)sp(&o', 0, 0, 0) d8, (8)
where

sp(&p, 0, 0, 0) =-,'I L(24/flpl)+1)g(k')

+L(26/fipp) —1jX(k') I (9)
and k'=—(1—k') IIP.

B. Temperature Dependence of the Low-Frequency
Suxface Impedance

By limiting our range of frequency and magnetic 6eld
to (flpI+Pp) &2h, we eliminate the second integral over
E in Kq. (4') and are left with absorption only by
thermally excited quasiparticles. The real part of the
conductivity thus must vanish at k=0. At higher tem-
peratures we must use the temperature depcndences of
5 and e. Since the drift velocity at the surface eo is
given by

IIp= (e/risc) A

= (e/rlic) X(f)II
= (e/~c) X{~)H, (~) fH/H, (~) j,

we can get the temperature dependence of vo from the
temperature dependence of X and H, . We have obtained
the temperature dependence of 6, ), and H, from the
tables derived by Muhlschlegel. @

Converting the values of static magnetic 6cld B into
the energy term pv requires both a knowledge of the
Fermi momentum P and the relationship between II and
H. As discussed in Sec. II, the drift velocity is a strong
function of the trajectory of the particle in question.
SlIlcc in our simple model we wish to usc a single
average velocity v for all particles that contribute to
the surface impedance (i.e., those that are traveling
almost parallel to the surface), we give up the knowl-

edge of the exact relationship between v and H and
carry out the calculation in terms of a critical value of
Geld H, defi ed by Hp(&) =H, (O) t'H, (~)/H, (0)], where
H, (t) is the actual bulk-critical magnetic Geld, and
Hp(0) is defined at t=o by Hp(0) = (A(0)H)/pv(0).
Then h:H/Hp(f) gives us-

h=
t H (o)pp(0) 3/LH. (~) ~(0) 3.

This is not completely satisfactory, since we would pre-
fer that h be defined in terms of the thermodynamic
critical Geld H, (0). Howevel' Hp and H, are of the
same order of magnitude. Unfortunately, this is the
best we can do without R complete theory.

The calculation using the BCS density of states
p(E) =E(E"—EV) 'I' has certain difGculties which can

3' S.Miih1schlegel, Z. Physik 155, 3j.3 (1959).
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be avoided by eliminating the divergence at E=A.
We do this by cutting off the density-of-states function
as shown in Fig. 1.This procedure conserves the number
of states. The calculation was carried out for the values
of i[ in the range given by b/5=0. 00001 to 0.015, as
well as for the BCS case, to check the sensitivity of the
results to this cutoG.

With the above values for the parameters and the
approximations cited, Eqs. (4') and (5') have been
evaluated by quadrature, using a Gaussian integration
formula for the integrals over both E and 0. The results
of the computation, which was carried out on the Cam-
bridge University Titan, are presented in Sec. IV.
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IV. RESULTS AND DISCUSSION

A. High-Frequency Surface Impedance at t = 0

The calculation described in Sec. III A was carried
out for two values of the magnetic Geld, h= 1.0 and 0.5;

FIG. 2. High-frequency surface-resistance ratio versus photon
energy with static magnetic Geld parallel to alternating magnetic
Geld. The onset of absorption is shifted from the h=o curve
(dashed line) by an amount proportional to h, but because the
energy gap is anisotropic in a Geld, the onset is less sharp and thus
more diKcult to deGne accurately experimentally.
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FIG. 1. Density of states versus energy (measured from the
Fermi energy in units of b.).The dashed curve is the BCS density;
the solid curve shows how the BCS density was modified for some
of the calculations; in the case shown, 8/6 =0.15. The area under
the BCS curve is the same as that under the solid curve to order
s/a.

and for [[[=0and ~~s.. The results are presented in Figs.
2 and 3. The reactive components of the surface-im-
pedance ratio have not been given, since there are no
experimental results available for comparison.

In Fig. 2 is shown the frequency dependence of the
surface resistance for the case of alternating and static
magnetic Gelds parallel at values of k=1.0 and 0.5.
The curves are similar to those observed by Budzinski
and Garfunkel" " for superconducting aluminum. The
changes which they observed in surface-resistance ratio
for frequencies below e&= 2.56/5 are of about the same
magnitude as those in Fig. 2 (recall that we do not know
how accurately h represents H/H, ). Budzinski and
Garfunkel have not made measurements at frequencies
above &v=2.56/f[ on aluminum to compare with the
calculated decrease in surface resistance with static Geld
that appears in the figure. However, experiments by
Budzinski et al." on superconducting zinc up to fre-

38 W. V. Budzinski, J.B.Evans, M. P. Garfunkel, and D. Hays
(unpublished).
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Fro. 3. Comparison of the high-frequency surface-resistance
ratio versus photon energy for the cases of static magnetic Geld
parallel to and perpendicular to the alternating magnetic Geld. The
solid curves are both at k=1.0 and the dashed curve is for h=o.

quencies of e& =4A/fi do not show the predicted decrease.
Possibly the absence of a decrease in zinc is somehow
related to the large crystalline anisotropy of the energy
gap in zinc."Alternatively, it may be a consequence of
the effect of a static magnetic Geld on the energy-gap
parameter d. The field will, in general, reduce 6,
causing an increase in the surface-resistance ratio,
which may, in the case of zinc, compensate the calcu-
lated decrease shown in Fig. 2. Although this is a
possible explanation of the absence of a decrease, it is
not very likely, because the fractional change in d ex-
pected at the critical magnetic field is only" Lh(0)—
&(K)J/6(0) =X/P(+8)$], which should be of the
order of 1% in either zinc or aluminum.

A decrease in absorptivity with Geld which has been
observed by Fischer and Klein" in the microwave ab-
sorptivity of normal-superconductor sandwiches has
been attributed by them to the same source as that
responsible for the decrease in Fig. 2. Possibly the
Fischer-Klein experiment may be a more sensitive way
to look for this feature of the results.
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discussion is the correction necessary to the surface
impedance for nonzero )/f, which in the case of alumi-
num is 0.031. Miller" has calculated this correction for
a,luminum and tin. In the case of aluminum, the values
of r in Figs. 2 and 3 mould be increased by an amount
which varies from about 30% at os= 6/5, to less than
10 jo at &o=3d/S. These changes would not in any way
alter the general features of the results.

Finally, we must mention the c6ect of the small frac-
tion of particles that are in trajectories almost parallel
to the surface both before and after scattering from the
surface (or we may alternatively say, those pairs
created with both quasiparticles travelling in the plane
of the surface) . These particles have been omitted from
the calculation. They would cause absorption at much
lower frequencies, but since the probabihty of such tra-
jectories is so small, we expect only a small absorption at
these frequencies, presumably too smaH to have a large
CGect in the experiments of Budzinski and Garfunkel. "'~

3. Temperature Bel)endence of the Low-Frequency
Surf RC8 IQ1pe6RQCe
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The calculation described in Sec. III 8 was carried
out as a function of frequency, temperature, and mag-
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Figure 3 shows a comparison of the P=o results (al-
ternating and static Acids parallel) with that for p=-', s
(alternating and. static fields perpendicular) at l's= 1.0.
An experimenta, l observation would be expected to have
a ratio of the two cases no less than 0.33 for two reasons;
(1) The microwave polarization cannot be rigorously
maintained, so that it is experimentaHy impossible to
have pure cases; and (2) the effect of a static magnetic
6eld on 6 adds a resista, nce to both parallel a.nd per-
pendicular cases which should decrease the ratio of the
two (below to= 2.0 b/fi) to no less than 0.33. Thus it is
surprlslng that thc cxpcrlmcntal l csults of Budzinski
and GarfunkeP' exhibit a smaller ratio than the the-
oretical lower limit of 0.33. This might result from the
effect of crystalline anisotropy, which has been ne-
glected in the present model. It will require further
experiments to determine whether this is indeed the
source of the disagreement.

One known effect that has been omitted from our
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F' Pro. 5. Change in surface reactance ratio Bx—=x(h) —x(0) as a
function of temperature at h =0.6 for both parallel (solid linc) and
perpendicular (dashed jline) con6gurations. Frequency is given in
terms oi h(u/6(0):, (a)„0.01, (h) 0.05, (c) 0.10, and (d) 0.30.

Fro. 4. Change in surface-resistance ratio br= r(h) —r(0) as a-
function of temperature at h=0.6 for both parallel (solid curve)
and perpendicular (dashed curve) configurations, Frequency is
given in terms of ha&/b, (0): (a) 0.0j., (b) 0.05, (c) 0.10, and
{d) 0.30.
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netic Geld, and also as a function of the density-of-
states cutoff parameter 8 shown in I'ig. 1. As might
have been expected, the general features of the results
were unaffected when h~&&b, although the magnitude
of the surface impedance does depend somewhat on the
value of 8 used. We present results for the BCS case,
i.e., 8/6=0.

In discussing these results, we further subdivide our
calculation into two frequency ranges given by (1)
0.01&5co/D(0) &0.3 and (2) Ru/A(0) &0.01. Experi-
mental results in the range (1) have been obtained on
both surface resistance and surface reactance, while for
the frequency range (2), only the reactance has been
measured, since the resistance is too small for measure-
ment. We shall only present results of the calculations
for those cases where there are experimental results.

1. Frequency Range 0.01&h~/h(0) &0.3
The results of the calculation are given in Figs. 4—7.

Figures 4 and 5 show the temperature dependence of
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FIG. 6. Change in surface-resistance ratio as a function of
magnetic 6eld for the parallel conhguration at various tempera-
tures. Frequency is given in terms of Ace/d, (0): (a) 0,01., (b)
0.05, (c) 0.10, and (d) 0.30.

FIG. 7. Change in surface-reactance ratio as a function of mag-
netic 6eld for the parallel configuration at various temperatures.
Frequency is given in terms of A~/A(0): (a) 0.01, (b) 0.05, (c)
0.10, and (d) 0.30.

the changes in the surface-resistance ratio &=r(h) ——
r(0) and the surface-reactance ratio 8x=x(h) —x(0)
at a value of h=0.6 for P=O and —',s (alternating and
static magnetic fields parallel and perpendicular, re-
spectively). As we go from (a) to (d) in both figures,
the frequency varies through the values 5&v/h(0) = 0.01,
0.05, 0.10, and 0.30.

In the surface resistance (Fig. 4), the changes vary
from a characteristic decrease at frequencies below
Sar/i1(0) =0.1 to an increase above. At 5a&/A(0) =0.1
the resistance change for p=0 is negative at low tem-
peratures, while for p= i2n. it is positive over much of
the temperature range. At the other frequencies shown,
the magnitude of the resistance for P=O is generally
larger than for P= ~zm. We also note that at kv/A(0) =
0.05 and 0.10 there is a sign change from negative to
positive as the temperature approaches T,. In general,
these curves resemble in many ways the various experi-
mental results. ' '' ""The similarity could be im-
proved by making three corrections that are applicable.
These are the following: (i) the correction for the
magnetic Geld dependence of 6, which would increase
the resistance at all temperatures, possibly making the
P=-,'s curve positive for curves (a) and (b) in mate-
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Fro. 8. Low-frequency limit of the fractional change in the
surface reactance bx/x as a function of temperature k=0.6 for
both parallel (solid line) and perpendicular (dashed line) con6g-
urations. These curves are for hau/6(0) &0.00j, and are inde-
pendent of frequency in this range.

rials in which X/$ is not very small; (ii) the correction
to the surface resistance, which, because we are not in
the extreme anomalous limit, "would increase all the
magnitudes without affecting the sign (in materials
such as tin this would amount to a factor of the order of
5); and (iii) the inclusion in the calculation of those
quasiparticles which are in trajectories that are parallel
to the surface both before and after scattering from the
surface, which would make the low-temperature changes
always positive. At the lowest temperatures the ab-
sorption is actually dominated by those quasiparticles
that are specularly rejected from the surface; these are
just the ones calculated in the low-temperature region
treated by Maki, "but omitted from our model.

The surface-reactance curves of Fig. 5 also bear a
similarity to the experimental results, although the
similarity is not quite so striking. In fact, we must note
that the "anomalous" negative change in the surface-
reactance ratio at high temperatures does not occur at
the lowest frequencies, but only above five/h(0) =0.05.
This seems at variance with some of the experi-
ments' "'4" which exhibit the negative behavior in a
somewhat lower-frequency range. It is not clear whether
the corrections above could improve the agreement in
any way. Recent calculations for the t=o case show
that bx becomes temperature-independent at a small,
positive value as t goes to zero.

In Figs. 6 and 7, the data are plotted for the same
values of frequency as above, but as a function of static
field It for the case P= 0. The most striking feature of the
results is the complexity of the curves. At the lowest
frequencies there is more or less a monatonic decrease
in the surface resistance (Fig. 6) with field (above
h=0.1), but as the frequency is increased, the curves
become increasingly complex, in no way resembling the
simple quadratic dependence on Geld that earlier
theories have predicted. The curves for the change in
the surface reactance (Fig. 7) show a similar patho-
logical behavior. In fact, it is evident from Figs. 6 and
7 that the particular form of the curves of Figs. 4 and

5 depends to a large extent on the value of the static
magnetic fieId h.

In order to examine the theory properly, it is neces-
sary to compare its predictions with experiments on a
metal which has 'A/$«1. In this case, the corrections
mentioned above would be small and the general
features of the experiment should resemble those pre-
sented here, unless there were a strong dependence on
crystalline anisotropy. Unfortunately, the only experi-
ment in the frequency region 0.01&5co/6(0) &0.30
which satisfies the condition X/$«1 is the superficial
study of aluminum by Glosser and Douglas" It is
desirable to make a more thorough study than they
have done either on aluminum or on some other super-
conductor with X/f«1.

Z. Freclsrelcy Barge fute/h(0) (0.01

In this frequency range the results have become quite
simple. In fact, if we plot the fractional change in sur-
face reactance 5x/x, there seems to be no frequency de-
pendence. As 5a&~0, this ratio becomes Q./X, the frac-
tional change in penetration depth. In Fig. 8 is shown
the temperature dependence of bx/x for P=O and its.

at k=0.6. The change is always positive, decreasing
near T,. Recent calculations at t=0 show that Bx/x
becomes temperature-independent at low temperature
and at t=0, 8x/x 0.5% for the case P= 0. Comparison
of the P=O and P=-,'n. curves shows that over most
of the range there is about a factor of 3 difference in
the two, just the ratio given by Ginzburg-Landau
(GL) theory. 294 Figure 9 shows the field dependence
at several temperatures. The dependence appears to
be initially quadratic, as one would expect from the
GL theory, " and as was found experimentally by
Sharvin and Gantmaker4 and by ConnelP at Ro/A(0) ~
Io ~. In form, if not in magnitude, the experiments,
the predictions of the GL theory, and the present
theory agree. To distinguish between the two theories
at low frequencies requires that experiments be con-
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FlG. 9. Low-frequency limit of the fractional change in the
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parallel configuration at various temperatures.
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ducted on a superconductor with X/t«1 to reduce
the magnitude of the changes in surface reactance from
the GL theory.

Finally, we must comment on the results of the experi-
ment by Josephson, ' in which he found that the change
in the surface reactance with 6eld at 5&v/d(0) 10 '
was negative for the P =0 case at the lowest and highest
temperatures and positive in between, i.e., from 0.5 &

t &0.92. This is not a feature of the present results.
However, when calculations were carried out for 8/6&
0.001 (=See/6 for Josephson's experiment), a curious
negative change resulted. It is not clear whether this
is the origin of Josephson's result or simply an extra-
neous result of the calculation. The case b&kv must be
treated much more carefully than has been done in
this calculation before trusting the results. Another
observation made by Josephson' was that the variation
of surface reactance with Geld at high temperatures
(t 0.97) is linear to very small fields, and is therefore
not analytic about h=O. This is not a feature of the
present theory for the BCS density of states, but does
again appear for nonzero b. To establish whether this
nonanalytic behavior is a consequence of the broaden-
ing and reduction in height of the BCS density of states
requires a more thorough treatment.

V. CONCLUSION

The model, explaining the effect of a static magnetic
field on the microwave surface impedance of supercon-
ductors proposed by Budzinski and Garfunkel, " has
been shown to be successful in"'predicting many of the
features of the experiments. In particular, the "anom-
alous" decrease in the resistance which occurs at low
frequency LSo&/A(0) &0.1] was shown to result from
depressing the large peak (which appears in the BCS
density of states at the edge of the energy gap) by a
static magnetic Geld. This reduction comes about by the
addition of a term to the one-particle energy of the
form p v, where p is the electron momentum near the
Fermi surface and v is the drift velocity associated with
the Meissner current. In addition to the success in pre-
dicting the "anomalous" decrease at low frequency,
the model succeeds in showing the origin of the absorp-
tion at T=O at photon energies near the energy gap.
The change from a decrease in the absorption at low
frequency to an increase at higher frequency also comes
directly from the model. Finally, the effect of impurities
is easily seen, since the correction to the quasiparticle

energies p v becomes negligible in the limit of short
electron free paths. This follows from the Anderson
theory of dirty superconductors. "

The theory presented here cannot be directly corn-
pared with the models that were proposed by Pincus"
and by Maki."The Pincus" theory finds that absorp-
tion can occur at photon energies below the gap, but
does not give the correct magnitude of the absorption
as observed in the experiments of Budzinski and
Garfunkel. " " However, his theory, using specular
reQection of the electrons at the metal surface, obtains
some of the features which are thought of as properties
of diffuse reQection. This may make unnecessary the
dependence on diffuse reQection which is characteristic
of the present work. The model of Maki" is somewhat
more diKcult to examine. He seems to use expressions
which are characteristic of specular reQection, but
claims to be considering the case of diffuse reQection.
At any rate, he does not justify any of his procedure
and would not get results that in any way resemble the
high-frequency experiments. "" Furthermore, he has
not worked out the details of the low-frequency pre-
dictions of his model.

For a better comparison with experiment, it is de-
sirable to examine superconductors in which the p v
correction dominates the Geld dependence, i.e., super-
conductors with a small value of X/$ rather than those
such as tin (X/P 0.2) in which the effect of the p v
term is diluted by the presence of other sources of the
Geld dependence of the surface impedance. There is still
one prediction to be examined, that is, the decrease in
absorptivity with Geld at frequencies given by
ko/h(0) & 2.5.
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