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The temperature and mean-free-path dependence of the magnetic properties of highly reversible samples
of Nb and some of its alloys with Mo are compared with recent generalizations of the Ginzburg-Landau-
Abrikosov-Gor'kov theory. The temperature dependence of ~1 and f~2 in pure Nb is much more rapid than
the theoretical predictions, as in the measurements of Finnemore et al. The disparity between theory and
experiment decreases with increasing Mo content. The temperature dependence of the lower critical field
of pure Nb is in violent disagreement with theory, while at least qualitative agreement is found in the case
of the alloy samples.

INTRODUCTION

r 1HZ Abrikosov theory' of the magnetic properties..of an ideal type-II superconductor, applicable in
the temperature range close to T„makes three def-
inite predictions relating the shape of the magnetiza-
tion curve to the Ginzburg-l, andau' parameter ~. In
the absence of surface effects, the field at which the
magnetization vanishes is

H, 2
——gV2II„

while, for 6elds close to this, the magnetization fol-
lows the law

4s-3II = (H —II,s) /P (2s' —1),

with P=1.16 for a triangular Quxoid lattice. ' The
third prediction concerns the lower critical field H,~,
Abrikosov gives a formula valid only for a large ~,
but the extension to other values has been made by
Harden and Arp. 4

Attempts~" to generalize the theory to the whole
range of temperatures have started from Gor'kov's"
microscopic formulation. It is found that a single
parameter ~ does not suKce to describe the three
features of the magnetization curve enumerated above,
and accordingly it is customary to define parameters
st(T) and as(T) which replace s in Eqs. (1) and (2),
respectively, while the temperature variation of H, »

is usually described in terms of a third parameter
ss(T) .

'rhe magnitudes of sr(T) and ss(T) thus de6ned
are functions of temperature and electronic mean free
path. The temperature dependence of ~~ for in6nite
mean free path (clean limit) has been studied by
Gor'kov, ' and for zero mean free path (dirty limit)
by Maki. ' The corresponding calculations for ss(T)
have been carried out by Maki and Tsuzuki~ for the
clean bmit, and for the dirty limit by Maki' as well
as by Caroli et al.~

Helfand and Werthamer' computed the temperature
dependence of ~~ for the intermediate values of the
mean free path. Eilenberger's investigation" includes
the effect of temperature and mean free path on a2

as well as on ~~, and takes into account the possi-
bility of p as well as s scattering.

The temperature dependence of the lower critical
field has been" studied completely only in the limit
of large ~, but the mean-free-path effects have been
elucidated by Neumann and Tewordt" in the tem-
perature region adjacent to T,.

In this paper, measurements on pure Nb and on
Nb alloyed with molybdenum are compared with the
theoretical predictions of Eilenberger's (whose work
includes the results of earlier investigations) and (for
the temperature dependence of H, t) those of Neu-
mann and Tewordt. "

The magnetization curves of the samples studied
are almost entirely reversible, so that uncertainties
stemming from magnetic hysteresis are much less im-
portant than in most other work.
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EXPERIMENTAL

The niobium sample was prepared from a moder-
ately pure rod by zone melting (several passes) fol-
lowed by swaging and anneal at temperatures in ex-
cess of 2000'K for about 24h in a vacuum better
than 10 Torr. The resulting sample, composed of
a few' large crystals, exhibited a resistivity ratio of
about 2000 at the time magnetization measurements
were made. After aging several months at room tem-
perature this was found to have fallen by a factor 2.

959) ' K. Maki, Physics ly 127 (1965).
» L. Neumann and L. Tewordt, Z. Physik 189, 55 (1966).
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Alloys with molybdenum were prepared by argon
arc melting of the constituent metals at AERE Har-
well, and subsequent zone melting at zone speeds high
enough to avoid segregation. This procedure yielded
almost entirely reversible material, '4 and was adopted
for the preparation of all the samples used in this
work.

Attempts were made to obtain even more revers-
ible samples by annealing in the same way as for Nb,
but this proved unsuccessful. Magnetization curves
of samples thus treated exhibited much greater hys-
teresis, together with a long tail above H,2. These
eSects are believed to result from the preferential
evaporation of Mo during annealing, since by etching
a layer of metal from the surface the original (revers-
ible) magnetic behavior could be almost (though not
quite) restored.

Magnetization measurements were made by a slightly
modi6ed version of the vibrating-sample technique
reported elsewhere. "The sample was situated in liq-
uid helium for measurements in the temperature range
below 4.2'K, and in helium exchange gas at the higher
temperatures. Temperatures greater than 4.2'K were
measured by gas thermometry. The accuracy, having
been checked against the susceptibility of

Mn(NH4) s(SO4) q 6H20,

is estimated to be considerably better than 1%. Fur-
ther details are given elsewhere. "

Typical magnetization curves are shown in Fig. 1.
In all cases the value of H, has been computed from
the mean area of the curves for increasing and de-
creasing fields. The magnitude of IJ, calculated from
the area under the 6eld increasing curve differed from
this value by 2% in the niobium sample, by 3%
in Nb»Mo& and by &1% in all other samples.

RESULTS

Since both theory and the present investigation sug-
gest that the magnetic behavior depends on the size
of the electronic mean free path relative to the coher-

MoigNbgg
3.77')

H

FIG. 1. Magnetization (arbitrary units) versus 6eld for the Nb
sample and for two alloy samples. Both forward and return curves
are shown.
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ence length, it is necessary to make some estimate
of these quantities.

For a pure material of Ginzburg-Landau parameter
Ko the expression'7

go
——(1.61X10"TOy"'/X''3) (Sg/S)' (3)

enables the eGective area of the Fermi surface to be
computed if the electronic speci6c heat y, transition
temperature T,o, and the value Sf for a free-electron
gas of density S are known. The formula'~'

$0=0. 18kS/12m. T,py (4)

gives the coherence length of the pure material. The
present results for ~0, and a y value" of 7.3)&10'
erg/cc'K yield $0

——390 L. The mean free p~™y
be calculated from'

(p„l)=6m'h/e'S,

where p„ is the residual resistivity. For the Nb studied
in this work these expressions give to/l 0.025, so that
the pure limit is approached quite closely.

Accurate estimates of the mean free paths and co-
herence lengths for the alloys are not easily reached
in the absence of detailed knowledge of the Fermi
surface. Order-of-magnitude assessment of the mean
free path may be made from (5) by assuming S to
be the same as in Nb. The coherence length may
then be estimated from"

(6)

which is applicable in the dirty limit, and may thus
be considerably in error for the cleaner alloys.

Values of $/l and $0/l calculated according to this
prescription are set down in Table I. Also quoted is
the value of P/l estimated from the relation given by
Eilenberger between this quantity and the Ginzburg-
Landau parameter ~. The agreement is reasonable in
view of the uncertainties inherent in the computa-
tion. We estimate ~ for the purpose of the above
comparison from the extrapolation of ~~(T) and.

K2(T) to T„ the two values thus obtained are iden-
tical within the error of measurement, as expected
from (1) and (2).

Ke consider Grst the temperature dependence of
the thermodynamic critical 6eld II„which we obtain
from the mean area of the magnetization curves for
increasing and decreasing fields as stated above. It is
by no means certain that this procedure is better
than the use of the increasing 6eld magnetization
curve, but the difference between the values of H,
calculated by these two methods do not diGer by
more than 2%, and the difference is not markedly
temperature-dependent.

'7 T. G. Berlincourt and R.R.Hake, Phys. Rev. 131,140 (1963).
"A. B. Pippard, Rept. Progr. Phys. 23, 176 (1960)."B.J. C. Van der Hoeven and P. H. Keesom, Phys. Rev. 134,

A1320 {1964}.
~' P. 6, de Gennes and M. Tjnkham, Physics 1, 107 (1964),
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TABLE &. Detailsof samples. Compositionsquotedareat. jo Inominal). Thelastcolumngivespj» obtainedfromz with the aid of Ref. 10.
Details of the calculation of this same quantity as given in the penultimate column are to be found in the text.

Sample

&bsoMolo

NbssMoIS

NbgoMofo

Nb95Mog

I', ('K) z(T,)

4.24 3.9 2.69 7.10

5.30 3.6 3.15 6.05

6.38 3.3 4.10 4.72

7.84 2.3 6.69 3.07

7.3

si» s/»

2.7 3o7

2.5 3.3
2.2 3.0
1.8 1.7

9.20 0.83 2000 ~2.5&&10 ' ~0.025

Figure 2 shows the ratio of B, to its value H,o at
T=o, plotted against the square of the reduced tem-
perature. The solid line represents a "parabolic" var-
iation of H„while the broken line is the BCS pre-
diction. The temperature variation of the critical field
of pure Nb is closer to the parabolic law than to
the BCS law. Finnemore et a/." have noticed this
behavior and attribute it to a moderately strong
coupling.

In spite of the rather large scatter of the exper-
imental points R distinct tendency for the temper-
ature variation to change, with increasing Mo con-
tent, from parabolic to BCS is discernable in Fig. 2.
This suggests that the coupling becomes weaker as
the Mo content is increased, as is reasonable in view
of the strong fall in T, with increasing Mo content
(Table I).

0, g

Hb~~MO, ~
~

Nb Mo

OO

-0,4

-Q.2

FIG. 2. Thermodynamic critical Geld as a function of tempera-
ture. Solid line represents a parabolic variation and the dotted
line the BCS prediction. For clarity the experimental points for
some samples have been displaced upwards and the theoretical
curves redrawn.

2' D. K. Finnemore, T. F. Stromberg, and C. A, Swenson, Phys.
Rev. 149, 231 (1966).

It is customary to analyze the temperature depend-
ence of H,2 in terms of the parameter It~ de6ned by
z& ——H,~/H, v2. The relevant theories, however, proceed
by calculating II,2 and dividing by the BCS value
of H, to give

ai' ——H,2/v2Z, (8CS) .

Since we wish to compare our observed values of H,&

to those predicted, it is convenient to work in terms
of ~j.

' rather than ~~. For the dirtiest alloys the tem-
perature variation of IJ, is essentially that predicted
by BCS so that ~i' re, but for pure Nb and the
cleaner alloys the temperature variation of II, divers
from the BCS prediction so that ~i'&~x.

Figure 3 shows the temperature variation of ~,' in
the 6ve samples studied. The parameter ~' is dered
as the limiting value of ~~' for T—+T,. For each sam-

ple, the theoreticaP' temperature dependence of ~~' is
shown for the clean limit (upper curve) and for the
dirty limit (lower curve). In the samples of shortest
electronic mean free path (Nbs~Moiq and NbgoMo20)

the temperature dependence of xi' is in accordance
with theory within the limit of experimental error.
As the electronic mean free path is reduced the tem-
perature dependence of a~' becomes stronger. This
increase is qualitatively in accord with theory, '0 but
its magnitude is considerably greater than expected.
Thus, the temperature variation in NbgoMO&0 is al-

ready in excess of the prediction for the clean limit,
and the ratio ~i'(0)/~i(T. ) for pure Nb is well in
excess of the pure-limit prediction, as noted by Fin-
nemore et al."

A discrepancy between theory and experiment in
the pure limit Rlso occurs ln the CRse of the pRIRIlMter

z2 (Fig. 4). Again, the observed temperature varia-
tion is considerably stronger than the theoretical
estimate.

For the alloys, comparison of ~2 with theory re-
quires knowledge of the ratio of s Ito p scattering.
The theoretical curves in Fig. 5 are drawn for the
case of pure s scattering, with values of P/l equal
to 2 (upper curve) and 6 (lower curve), marking
the approximate range appropriate to these alloys
(Table I). For the dirtier alloys, the temperature
dependence of ~2 is in reasonable agreement with
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theory. As the mean free path is reduced the tem-
perature variation of ~2 becomes stronger than the
theoretical prediction. This disparity would be even
greater were a more reasonable ratio of p to s scat-
tering assumed.

Thus the behavior of the parameter ~2 is rather
similar to that of ~& in that there is fairly good agree-
ment with theory for the dirtier samples, and a pro-
gressive departure from theory with increasing elec-
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-FIG. 4. The ratio a~/~ for the Nb sample as a function of reduced
temperature. The broken curve is the theoretical prediction
(Ref. 10) for the clean limit.
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tronic mean free path until, in the pure limit, the
variation of both ~2 and ~~' is much stronger than
expected.

Measured values of H, & will be compared with the
calculations of Neumann and Tewordt, " which are
valid for all values of H,&/H„although only in the
region T~T, (the calculation by Maki" is valid for
all T, but its validity is conhned to the limit of large ~

and it is inapplicable to our samples).

- 1.2

p 0 Nbeo+o20
Q

«Q
« «

0
q

0

FIG. S.The ratio ~p/a for the alloy samples. Theoretical (Ref. 10)
curves are drawn for g/l =2 (upper curve) and 6 (lower curve)
for the case of pure s scattering.
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FIG. 6. The ratio II,jjII, for the Nb samples. Open circles are
for the observed H, and closed circles for the BCS P,. The line
represents the theoretical prediction of Ref. 13.

such factor is a change in the coupling strength. This
is interesting in view of the suggestion" that the
temperature dependence of ~&', at least, may be in-
Quenced by coupling strength. On the other hand,
recent theoretical considerations" indicate that this
factor is not likely to be of sufBcient importance to
account for anomalies of the magnitude observed here.

lt is more likely that the observed deviations are
related to anisotropy associated with the nonspherical
Fermi surface. '4 The tendency for the temperature
dependence of a&' and ~2 to become rapidly weaker
with increasing Mo content is compatible with the ex-
pected fall in anisotropy eGects with decreasing elec-
tronic mean free path.

Fietz and Webb" have recently reported an inves-

Open circles in Fig. 6 show the observed ratio
H.~/H, as a function of T/T, . H, is obtained from
the magnetization curve as described above. For com-
parison we show also values of H,~/H , (BCS) (clo'sed

circles). The difference between these two sets of
points emphasizes the disparity between the experi-
mental value of H, and the BCS value (Fig. 2). The
short line is the theoretical estimate" of H,~/H„valid
for T~T,. Agreement as to the magnitude of H,~/H,
is reasonably good, but the predicted temperature
dependence divers even in sign from that observed.

Values of H„/H, for the alloy samples are plotted
as a function of T/T, in Fig. 7. The short lines are
the theoretical curves (T~T,) for 0.88 $0/l equal
to 2 (upper line) and 10 (lower line), which covers
the approximate range of $0// in these alloys (Table I) .
Agreement of the observed and predicted magnitudes
of H,j is good in all cases. The scatter of the experi-
mental data and its scarcity in the relevant temper-
ature region precludes any detailed comparison with
the theoretical temperature dependence of H,~/H;, but
we can at least conclude that the theory is not quali-
tatively in error, as is the case for the pure sample.
There seems to be a tendency for H,~/H, to decrease
rather more rapidly with temperature than the cal-
culations suggest, but 6rm conclusions must await
more accurate measurements in the region near to T,.
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The temperature variation of ~~' and ~~ exhibits
a systematic dependence on impurity content. Sam-
ples of short electronic mean free path behave in
a manner more or less consistent with theory, but
the experimental observations show an increasing de-
parture from theory as the mean free path increases,
and the disparity becomes quite pronounced in the
limit of long mean kee path.

The addition of Mo to Nb introduces factors other
than the straightforward change in mean free path
considered in the theory. " Figure 2 suggests that one

- o2S

FIG. 7. Temperature dependence of EI,&/H, for the alloy samples.
The theoretical prediction (Ref. 13) for T=T, is indicated by
lines drawn for 0.88&o/l =2 (upper curve) and 10 {lower curve) .
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tigation similar to ours, with Ti rather than Mo as
the solvent. Their conclusions are similar to ours,
except that they find an anomalously strong variation
of zt' and zs for all values of $/f, whereas in the pres-
ent work the temperature dependence of K&' and K2

is compatible with the theory, within the experimental
error, for the samples of shortest mean free path.

The theory of Neumann and Tewordt" accounts
very well for the magnitude of EI„/II, in all samples.
Their estimate of the temperature dependence of this
quantity is in violent disagreement with our observa-
tions on pure Xb. In the case of the alloy samples,
their calculation is at least in qualitative agreement
with the data. There is some indication that the
theory underestimates the rate of change with tem-
perature, but the accuracy of measurement does not
warrant deinite conclusion.

One would, perhaps, expect to 6nd systematic errors
in P,& due to surface e8ects."The fact that theory"
gives a good account of the observed magnitude of
H, &, and the almost complete absence of hysteresis
in the alloy samples, suggests that this is not so.
The reason why surface eAects are absent is not clear;
it is presumably related to some special surface con-
dition in these samples.
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This paper presents the results of low-temperature ultrasonic-attenuation studies in mercury single
crystals, polycrystals, and mercury single crystals with varying concentrations of cadmium impurity.
The frequency ranged from 10 to 130 MHz and the doping concentration from 0.01 to 0.10% by weight.
The major emphasis is a systematic study of the deviations of n, /u for longitudinal ultrasound from that
predicted by the BCS theory. These deviations are a drop in a,/n with decreasing temperature near T,
which is greater than that predicted by BCS. The rapidity of the drop increased with increasing frequency
in all pure samples, was frequency-independent, and decreased with doping concentration in the doped
samples. The deviations observed cannot be explained adequately by dislocation attenuation or by multiple
anisotropic energy gaps.

I. INTRODUCTION
~ iURING the past several years there has been a

growing interest in the significant deviations from
theoretically predicted values displayed by the attenua-
tion of longitudinal ultrasound in superconductors.
Bardeen, Cooper, and Schrieffer (BCS),' Tsuneto s and
others calculate that the ratio of the electronic attenua-
tion in the superconducting state to that in the normal
state should be

cr,/e„= 2 t 1+expL'5( T)/k Tj}-', (1)
*Supported in part by the National Science Foundation and

the National Aeronautics and Space Administration.
$ Based on a thesis submitted by C P. Newcomb in partial

fulfillment of the requirements for the Ph. D. degree at Rensselaer
Polytechnic Institute, 1967.
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$ Present address: Monsanto Corp. , St. Louis, Mo.' J. Bardeen, L.N. Cooper, and J.R. SchrieBer, Phys. Rev. 108,

1&75 (1957).' T. Tsuneto, Phys. Rev. 121, 402 (1961).

where ij.(T) is the superconducting energy gap. Meas-
urements of this ratio in pure superconductors seldom
follow Eq. (1), the deviation usually appearing near T,
as a too rapid decrease of cr./cr„with decreasing tem-
perature. The most extreme example of this effect yet
reported is by Deaton, ' who worked with a very pure
unstrained lead crystal, but other workers have ob-
served the too rapid drop in other materials: poly-
crystalline mercury, 4 single-crystal mercury, ' single-
crystal tin, ~' single-crystal lead and lead doped with

' B. C. Deaton, Phys. Rev. Letters 16, 577 (1966).
4K. L. Chopra and T. S. Hutchinson, Can. J. Phys. 36, 805

(&959).' R. L. Thomas, H. G. Wu, and ¹ Tepley, Phys. Rev. Letters
1V, 22 (&966).' R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1958).
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