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FIG. 1. The upper sequence of terms is calculated by
diagonalizing the complete 4f ¢ matrices, assuming hy-
drogenic eigenfunctions. Only the lowest term with a
given L is represented. The lower sequence of terms
is calculated in the approximation that (a) the character
of the eigenfunctions of the terms in question is deter-
mined principally by the coupling (I X I)'L; and (b) within
the I term of f 3, tensors of rank 6 predominate.

to Racah.? For our purposes, it runs

P_(3)
0 {g g ot~ T

for small L; but it does not work well for L > 6.

Application of these ideas can be made to a wide
variety of allied problems. For example, the
highest S, D, and P terms of f¢ should result from
the coupling (Px P)L, since P is the uppermost
term of f2 for which all mg =% or all mg=-3. We
should therefore expect the ordering Eg > Ep > Ep,
which holds for p?, to be satisfied for the highest
terms of f4, A detailed calculation® shows that
this is indeed so. The chief advantage of this
kind of approach is that it gives a broad under-
standing of relative term energies in certain cir-
cumstances; to obtain really accurate results a
superposition of all possible basis states is re-

quired,
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A scheme is presented for giving a complete classification of the states of the atomic
configurations gN . Repeated terms are separated by diagonalizing an operator e that
has, as its analog in the f shell, the operator that classifies states according to the

group Gj.

Properties of e that are typically group~theoretical in character are noted.

Tables of fractional parentage coefficients and the energies of the terms of maximum

multiplicity are given.

A glance at Charlotte Moore’s compilation of
atomic energy levels?! reveals that single g elec-
trons have been observed in many atoms and ions.
Theoretical preparations for g2 were made as long
ago as 1938 by Shortley and Fried.? Shudeman,?
Karayianis,* and Wybourne® have counted and par-

tially classified the states of gV, The classifica-
tion, as it stands at present, is inadequate because
many like terms (i, e., terms with the same quan-
tum numbers S and L) are not separated by the
groups used., It is the purpose of this article to
give a method of uniquely specifying the states of
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the g shell, Such a method is particularly valu-
able at a time when interest in super-heavy atoms
and complex atomic configurations is increasing;
but as will be seen from the subsequent discussion,
it uncovers a theoretical problem that is of con-
siderable interest in its own right,

The scheme we choose to adopt for defining the
states of the g shell is based on a separation of
the electrons according to their spin orientations,
mg. All those electrons with spin up are con-
sidered to lie in a space A; all those with spin
down in a space B, A state of g*' is defined by
writing

Iyl gLy x gl gL p) LMy (1)

as has been described in detail elsewhere,® The
tableaux [A4] and [Ag] are both of the type
[11...1]; the number (a or B) of symbols 1 gives
the number of electrons in each space, Evidently

N=a+B, Mg =3(a-p).

Because of the alignments of the spins in the A
space, only those L4 values occur that corre-
spond to the terms of maximum multiplicity in
g%, There are several duplications, The dis-
tinguishing symbol 74 is required to separate a
pair of F terms when @ =3 or 6, and the pairs
D, G, and I when =4 or 5, Similar remarks
apply to the B space.

A direct way to give meaning to the symbols 74
and 7g is to construct coefficients of fractional
parentage (cfp) for the terms of maximum multi-
plicity in g3 and g%, If we use the scheme (1),
there is no need to construct any other cfp, since
we can always exploit the electron-hole symmetry
in the A space or in the B space when necessary.

However, it is highly desirable to have some sys=-
tematic procedure for constructing the cfp of the
duplicated terms, In the case of the f shell, the
classification through the group G, is equivalent
to diagonalizing the scalar two-body operator

’_ [y (1) 4 (D) (3),9 . (3)
e'= 2 [(, v; -2, @, @)
i>j

(), (5)
+(; Y, )],

where y_(k )is a single-electron tensor operator
with reduced matrix element (2% +1)¥/2, The oper-
ator e’ transforms according to the representa-
tions (111) of R, and (00) of G,.7 Although there is
no analog of the group G, in the case of g electrons,
we can nevertheless construct an operator that is
scalar and transforms according to the represen-
tation (1111) of R,. It is

e= 20 M1(p D (D)-14(p S, @)
L A =i Zj
i>7

- (5), ,, (5) (7)) (7
S(Qi v, )+8(gz- vg ).

Any operator belonging to (1111) must have van-
ishing matrix elements for the singlets of g2,
and this condition enables the coefficients in the
above expression for e to be obtained.

The procedure of Redmond?® is the most conve-
nient for calculating the required cfp. The results
are set out in Tables I and II. All duplicated
terms can be separated by diagonalizing e, and
the eigenvalues (e) are included in the tables,
What is especially remarkable is the frequent
occurrence of repeated eigenvalues, For example,
in g* we find (e) =15 four times and (e) =-9 four

TABLE 1. Coefficients of fractional parentage for g%

2

g
3 a 3 3 3 3
g (e) D P F H K
1 1 L1
‘p -29 272 0 142 132 0
1 1 1 1
‘F 11 1262 7 122 332 322
B 1 1 1
iF —24 60062 0 —52 28167 —4867
1 1 1 1 1
¢ -9 29702 363° -13722 -2752 9607
Y 1 1 1 1
;4 11 6435% -18592 5462 16507 2380°
1 1 1 1
4 -9 4297 0 522 -2752 1022
1 1 1 1
‘g -2 38612 0 11052 ~704° -20522
1 L 1
M 15 132 0 0 32 -102

aThe number D is a common divisor for all entries standing to the right.
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TABLE II. Coefficients of fractional parentage for g,
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The number D is a common divisor for all entries standing to the right.

times. Repetitions of this kind are characteris-
tic of eigenfunctions belonging to a common irre-
ducible representation of a group; and yet a de-
tailed study has failed to uncover any group which
is a subgroup of R, and which, at the same time,
possesses as a subgroup the rotation group R; in
ordinary three-dimensional space.® At the mo-
ment, the reason for the repeated eigenvalues is
obscure. It would be very interesting to see
whether analogous repetitions occur for 7 elec-
trons,

The tables of cfp have been used to calculate
the energies of the terms of maximum multiplicity
for the g shell, Although there are five Slater
integrals Fp(k=0,2,4,6, and 8), the relative
energies of these terms depend on only two linear
combinations of these quantities, namely®

Y =3(5F, + 10F,~3F,—68F,)
and Z=3(TF,-35F, +27Fg+17F,).

If the radial eigenfunction R is strongly peaked at
a certain radial distance a [i.e., if R~ 6(r-a)],
then Z<0; as the function broadens out, Z passes
through zero and becomes positive, The zero
corresponds quite closely to hydrogenic 5¢ eigen-
functions.!® To simplify the analysis, it is con-
venient to set Z=0, All spacings (for terms of
maximum multiplicity) involve just one quantity,
Y. The term schemes can thus be drawn out
subject to a single scaling factor; this is done

in Fig, 1, The actual numerical values are col-
lected in Table III,

o

N

FIG. 1. Relative energies of the terms of maximum
multiplicity for g%, 2%, and g%. The assumption for gl
that E(3H) =E(’K ) corresponds closely to the situation
for a hydrogenic 5¢ eigenfunction. As is made clear in
Table III, the term patterns for other gN configurations
are simply related to the ones drawn out here.
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TABLE III. Relative energies of terms of maximum
multiplicity for gV in units of ¥/12.
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One-center wave functions are employed to investigate the photo-ionization of the hydrogen
molecule from its ground state X(1so 1Z‘t.;’ﬁr), from 700 to 300 A. It is assumed that the re-
sidual ion is left in its ground state, and the free electron is in a po or pm orbital. Using
the one-center wave functions for H, * for the internuclear distance equal to 1.4a,, the free-
electron wave functions are obtained by solving the integrodifferential equations in exchange
and polarized-orbital approximations. The oscillator strengths obtained in the polarized-
orbital approximation are found to be in satisfactory agreement with the experimental data.

I. INTRODUCTION

Recently the author!—2 has employed one-center
wave functions for the hydrogen molecule to in-
vestigate the direct and the exchange excitation
of the molecule due to electron bombardment.
For these bound-bound transitions, satisfactory
agreement between the theory and the experiment
has been obtained. Hence it seems interesting to
extend the use of one-center wave functions to the
investigation of the bound-free transitions.

In 1960, Shimizu? investigated the photo-ioniza-
tion of the hydrogen molecule. He employed two-
center wave functions for H, and H2+. However,
the free electron was represented by a plane wave,
which is not likely to be a good approximation.
Flannery and Opik,® in 1965, reinvestigated the
problem, again employing two-center wave func-
tions for H, and H,*. To obtain the wave function
of the free electron, they considered its motion
in the field of two positive charges, each of half

a unit, separated by a distance. Thus, the solu-
tion of the continuum orbital was obtained for a
one-electron system. The use of these solutions
in the computation of the matrix elements of the
photo-ionization cross section completely ignores
the effects of the departure of the static field from
the two-point charge field, of the exchange of the
free electron with the bound electron, and of the
polarization of the bound-electron orbital by the
free electron. One-center wave functions provide
an easy means of studying all the above-mentiened
effects which are found to be of significance in
atomic systems.

Recently, Temkin and Vasavada® have analyzed
the electron-molecule scattering problem in
spherical coordinates., In addition, they have
generalized the method of polarized orbitals to
treat the electron scattering from diatomic mole-
cules, with specific application to H,*. The chief
idea of their method is the utilization of a single-
center expansion for the target system, Their



