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In connection with the interpretation of the spectraof the salts of rare-earth ions, the appropriate shielding
factors o2, g4, and o have been calculated for Pr3* (Z=59) and Tm3* (Z=69). The shielding factor o
measures the effective reduction of the 4x%* Vi, term of the crystal potential at the location of the 4f shell
which is produced by the more external 5s and 5p electrons of the rare earths (and also to a smaller extent
by the inner core electrons). The values of o4 and ¢¢ were found to be small, i.e., of order 0.1. Thus oy is
weakly shielding (e4=0.091 for Pr¥*), while o gives a small antishielding (es= —0.040 for Pr3*). A previous
calculation of a2 has been improved by including the effect of the 4s,4p, and 4d subshells. The resulting values
of o2 are in reasonable agreement with experiment. Finally, an angular factor which arises in the evaluation
of the direct and exchange terms of o has been expressed in terms of 3-f and 6-f symbols involving the various

angular momenta of the problem.

I. INTRODUCTION

HE shielding of crystal fields at rare-earth ions in

ionic solids has been the subject of a number of
investigations, both experimental'’ and theoretical.>~
The shielding is provided primarily by the Ss and 5p
shells of the rare-earth ion, which are essentially
external to the 4f electrons whose quadrupole coupling
with the nucleus is measured. The crystal field at the
location of the ion can be written (for Cs or Dy
symmetry)® as follows:

V=AY (8, ¢) + ALY 10(0, ) + A V60 (0, @)
F34[ Vs (0, 0) +Yes* (0, 0) ], (1)

where V3,(0, ¢) is the normalized spherical harmonic,
the A4, are constants determined by the distribution of
ions in the lattice, i.e., by the appropriate lattice sums,
7 is the distance from the rare-earth nucleus, and 6 and
¢ are the angles with respect to one of the principal axes
of the crystal.

Equation (1) gives the potential of the crystal field
produced by all of the charges external to the ion
considered. In order to obtain the actual effective
potential acting at the location of the 4f electrons, it is
necessary to introduce the shielding parameters a3, o3,
and o5, which have been extensively discussed in Refs.

* Work performed under the auspices of U.S. Atomic Energy
Commission.
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1-4. Thus the effective crystal potential at the location
of the 4f electron is given by

V4f=A201’2(1—0'2) Y20(0, ga) +A407’4(1—0'4) Y40(0, go)
—I'-Aeoi’s(l—o’s) Yeo(e, ga) +%A5675(1—'06>
X EY56(07 §0) + YGG*(07 §0) :l (2)

Both from the experiments! and from the calcula-
tions,** it is found that o, is large throughout the rare-
earth region, of the order of 0.7 to 1.0, and there is also
good experimental evidence that o, decreases somewhat
with increasing Z in going from cerium (Z=58; gy~1.0)
to ytterbium (Z="70; 02~0.65). As an example of the
theoretical results obtained, one of us (R.M.S.) has
previously calculated® the following values: ap(Prét)=
0.60 and o2(Tm3*+)=20.48. This calculation includes
exchange effects, but does not include the (small)
shielding effect of the inner shells (in particular, those
with principal quantum number #=4). As shown below
(Sec. III), upon taking into account the effect of the
n=4 subshells, the preceding values are increased to
02 (Pr#)=20.67 and o2(Tm?+)=20.55.

The main purpose of the present paper is to give the
results of calculations of the shielding factors oy and o6
for the Pr®* and Tm?*t ions. These calculations are
completely analogous to the previous work on the
parameter op, which was published in Ref. 6. In the
same manner as in Ref. 6, we have included both the
direct terms and the exchange terms (with the 4f
electrons) in the determination of ¢4 and os. In connec-
tion with the exchange terms, it is necessary to evaluate
a coefficient Cg, analogous to C(nl—!, L) of Ref. 6
[see Eq. (37)], which expresses the result of summing
over the magnetic quantum numbers and integrating
over the angular variables. An expression for Cr in
terms of 3-j and 6-j symbols has been obtained in the
present paper. In view of the high angular momenta

6 R. M. Sternheimer, Phys. Rev. 146, 140 (1966). See Egs. (49)
and (50).
376
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involved for k=4 and k=6 (where k is the multi-
polarity of the term in the external potential V), such
an expression for Cy is almost indispensable. The
principal result of the calculations is that ¢4 and o5 are
small, of the order of 0.05 to 0.10, i.e., considerably
smaller than os.

In addition to the calculations of ¢4 and g¢, we have
also obtained values for the (small) terms of oy which
are due to the excitation of the 4s, 4p, and 4d shells of
Pr3* and Tm?+. As indicated above, these terms are
much smaller than the dominant oy contribution which
is due to the excitations of the Ss and 5p electrons.

In Sec. II, we obtain the basic equations for oy, and
the relevant perturbed radial wave functions uy' (#l—1')
for k=4 and £=6. We also present the resulting values
of the various terms of o; and o6 for both Pr3*+ and Tm?3*.
It is shown that the total values of o4 and os are the
result of a considerable amount of cancellation between
the direct and the exchange terms. For g, the exchange
terms actually predominate and give rise to a small net
antishielding of the external potential A%V (6, ).

In Sec. III, we give the details of the calculation of
the terms Acq(4s, 4p, 4d) (k=2) arising from the
excitation of the n=4 subshells, for both Pr¥ and
Tm?*+.

Section IV is devoted to the derivation of an expres-
sion for the “angular” coefficients Cp and Cg (which
enter into ox) in terms of 3-j and 6-j symbols. As
indicated by the subscript, Cp is a coefficient analogous
to Cg, but pertaining to the direct terms of oz. Cp has
been previously denoted by ¢(ni—1') or C1;:® for the
special case k=2,

Finally, Sec. V gives a brief summary of the main
results obtained in the present work.

II. CALCULATIONS OF THE SHIELDING
FACTORS ¢4 AND g

The derivation of the equations for the shielding
factor oz in the general case 2>2 follows exactly the
same lines as the derivation for the case £=2, which was
given in Ref. 6 [see Egs. (1)-(24) for the direct terms,
and Egs. (25)—(38) for the exchange terms]. The only
difference is that the external perturbation o Yye? is
now replaced by Yie*. We note that in the present
discussion (Sec. II) we shall restrict ourselves to the
Yyrt and Veer® terms of the external potential V. [Eq.
(1)7, i.e., we shall not consider the term 2A4¢%%(Ves+
Ye*). In Sec. IV, it will be shown that the shielding (or
antishielding) factor o4, pertaining to the external
potential A;%*Y,, is independent of the magnetic
quantum number ¢, i.e., or,=0k=o0%. Thus the same
parameter og applies to the Y, Ve, and Yes* terms [see
Eq. (2)].

The radial part of the perturbed wave function (times
r), to be denoted by u/(nl—1)1, is determined by the
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equation
a& U+t
[— —+ # -|'V0"‘Eo] w' (nl—1")y
dr 7
=uy (nl) [r*— (r*)uidrr ], (3)

and moreover, for /=1, by the orthogonality condition
/ N g (nd) wy’ (nl—1) xdr =0. 4)
0

The notation is the same as in Ref. 6, except that /; has
been replaced by V. Thus %, is 7 times the radial part of
the unperturbed wave function of the core electron
considered (with quantum numbers #l, excited to
states with azimuthal quantum number /). The nor-
malization of #y is given by

fm uy%dr=1. (5)
0

In Eq. (3), the function Vy— E, (Vo=effective poten-
tial, Ey=unperturbed energy) is obtained directly from
1y’ by a procedure previously described by Sternheimer”:

Vo—Eo= (1/u") (d*us'/dr*) —[1(1+1) /7*].  (6)

We now consider the direct term of ¢ to be denoted
by o,p. This term is caused by the interaction of the
overlap density 2uou; with the 4f electron density. Here
up and u; refer to the complete wave functions (to zero
and first order, respectively) times 7, i.e., the products
of radial functions and functions of 6. In the same
manner as in Ref. 6, we have suppressed the (obvious)
dependence on ¢, which accounts for the absence of the
factor (2r)~Y2 in both #y and #;. Correspondingly,the
integration over ¢ is not carried out explicitly. More-
over, the functions Y ;,(8, ¢) are replaced by the 6~
which are functions of # only and are normalized to 1.

Referring to Eq. (12) of Ref. 6, we find that 2w
can be written as follows:

200(nlm) wy (nl—1') = (4/ R I 1y wy’ (nd—1)

X6m0,™, (7)

where
Ik = / P00 ™ sinfdf=c® (Im; I'm), (8)
0

where ¢® (Im; I'm) is a special case of the coefficient
c¢® (Im; 'm’) of Condon and Shortley.

The Py, part of the potential due to the density (7) is
given by

Vi (nlm) = (8/R¥1) [c® (Im; I'm) PPr(cosd)

% [(1/rk+l) [ wttrearo [© uo'ul'r'-Hdr'], )
0

>

7R. M. Sternheimer, Phys. Rev. 96, 951 (1954); 105, 158
(1957); 115, 1198 (1959).

8 E. U. Condon and G. H. Shortley, Theory of Atomic Specira
(Cambridge University Press, London, 1935), p. 175.
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where Py, is the Legendre polynomial
Prp=[4x/(2k+1) ]2V,

In the same manner as in Ref. 6, an additional factor
of 2 arises in going from Eq. (7) to (9), since all
energies are expressed in Rydberg units €?/2ay in the
present work.

The function in the square brackets of Eq. (9) will be
denoted by fi(r). The remainder of the derivations of
ox,p proceeds in the same manner as for oy [ Ref. 6, Egs.
(14)-(21)7]. We thus obtain

ox,p=Cr® </mv4f'2fk(f) d"/(”k)ﬂ) )

0

(10)

where vy’ is 7 times the radial part of the 4f wave
function, normalized according to

[oe]
/ vy 2dr=1;
0

(r*)4s is the expectation value of 7* over v4'% and C;p®
(which will also be denoted by Cp) is completely
analogous to C;p® of Ref. 6 [see Eq. (37a) ], namely,

l

Cp=Cyp®=8 > [c® (Im;I'm) .
l

me=—

(11)

(12)

The integral of Eq. (10) will be denoted by Kp.

.
Co=Cr(nl—l';l; L)y=4 Y, ¢® (Im; V'm)cD (Im; lame) P (V'm; Lame) [c® (Iame; loms) .

—)

In Eqgs. (14) and (15), the notation is essentially the
same as in Ref. 6. Thus /, and m, are the quantum
numbers of the 4f electron; we note that Cg(nl—1;
le; L)y is independent of the magnetic quantum number
m,. L denotes the multipolarity of the exchange inter-
action with the 4f electron (there is usually more than
one L value for a given nl—!’ excitation). The coeffi-
cients ¢ (Im; lgm,) and ¢@ (I'm; lom,) with m=m, are
examples of the general Condon-Shortley coefficient?
¢ (Im; U'm’), defined as follows!:

C(L)(lm; l'm’) =E2/(2L_|_1)]1/2 /T oy

0

X 0,0 l'm, sinddé. (16)

In Egs. (14) and (15), the additional subscript % in
Cg(ni—U';l;; L), and Kg(nl—l'; L); indicates the
multipolarity of the external (crystal) potential. The
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For relatively low values of I and 7, i.e., for I<3,
/<3, the expression of Eq. (12) can be evaluated
directly from the tables of ¢® (Im; I'm) given in Ref. 8.
For higher values of I and 7/, the following expression,
to be derived in Sec. IV, can be used:

’ A SAN
8(21+1) (2I'+-1 e
Cch”,(m:_g_j_z%).(_Iil vewe ), (13)
+ 0 0,0

(l’kl
0 0 0

is the usual 3-j symbol, as tabulated for example by
Rotenberg et al.?

The derivation of the exchange terms o,z proceeds
in the same manner as for £=2, where the exchange
term has been denoted by {» [Ref. 6, see Egs. (25)-
(37)]. Thus instead of Eqs. (36a) and (37) of Ref. 6,
we now obtain

where

CE (nl——)l’, le; L) kKE('}’Ll-‘ﬂ/, L) k
(7" )as

ok,E(nl-—>l’; L) = - )
(14)

where the coefficient Cg(nl—1'; I,; L)i (also to be
denoted simply by Cg) is given by

(15)

integral Kg(nl—l'; L) is defined in exactly the same
way as in Ref. 6 [see Egs. (32) and (34) ]:

Kg(nl—>l'; L)y= /muo’(nl) v/G(r)dr, (17a)

0

where

Gy=(/ren) [l (it 2

0

~+7L / ” ) (nl—1) oo vy, (17b)
The only dependence of Kg(nl—1', L) on k arises from
the fact that the perturbed wave function u,'(#l—1");
which enters into G was obtained with the appropriate

k value [see Eq. (3)].
In the same manner as for Cp [Eq. (12)], Cg can be

9 M. Rotenberg, R. Bivins, N. Metropolis, and J. K. Wooten, Jr., The 3-j and 6-j Symbols (The Technology Press, Massachusetts

Institute of Technology, Cambridge, Massachusetts, 1959).

10 We note that in Ref. 6, Eq. (28), P ™™ should be replaced by [2/(2L-+1)]/26m~™, In the subsequent calculations leading to
Egs. (38) and (38a), the correct expression for ¢(I (Im; lym,;) was used.
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TasLe 1. The coefficients Cp (nl—1') 1, and Cg(nd—V'; l,; L;) , pertaining to the (r#l—!’) excitation produced by an external potential
A% Y 10 (0, ©) [see Egs. (20) and (23) J; 2 is the azimuthal quantum number of the valence electron. For the exchange term Cg, the
value of L; is listed in parentheses after each coefficient.

(k=5 1) k Cp Cg(Ly) Cr(Ls) Cg(Ls)
(nf—h; p) 2 16/3 40/27(4)

(nf—h; d) 2 16/3 40/63(3) 80/99(5)

(nd—g; f) 2 144/35 12/49(1) 24/49(3) 300/539(5)
(nf—h; ) 2 16/3 20/63(2) 40/77(4) 700/1287 (6)
(ns—yg; f) 4 8/9 4/7(3)

(np—f3 1) 4 32/27 88/105(2) 8/63(4)

(np—h; f) 4 40/27 4/21(2) 40/63(4)

(nd—d; f) 4 80/63 44/49(1) 176/441(3) 100/4851(5)
(nd—g; f) 4 800,693 40/49(1) 40/539(3) 1200/5929(5)
(nd—i; f) 4 200/99 200/693 (3) 700/1089(5)

(ns—i; f) 6 8/13 4/7(3)

(np—h; f) 6 144/169 36/35(2) 4/91(4)

(np—7; 1) 6 168/169 28/39(4)

evaluated from Eq. (15) for /<3 and /<3 using the
tables of Ref. 8. For higher!* I/ it is necessary to calculate
the appropriate ¢® and ¢'¥ coefficients by integration
over the spherical harmonics [Eq. (16) J. This procedure

1k UNfI L I\ L L
Cu(nl—l'; l; L) =4(—1)2(214+1) (2'+1)
0o/\o 0 o/\o 0 o

00

where the 3-§ symbols

0 00

and the 6-j symbol
E L 1
L1 v

can be obtained from the tables of Rotenberg et al.

In a recent paper'? on atomic quadrupole shielding
and antishielding factors,'® a table of values of Cg(nl—
U;le; L) for k=2 was presented. These values had been
obtained by using Eq. (15) with m,=0. We have verified
all of these results by means of Eq. (18). The table of
Ref. 12 is almost complete for k=2, i.e., all cases with
1<3 and ,< 3 were evaluated, with the exception of the
following four combinations: (nl—'; ) = (nf—h; p),

1 Note that in all practical cases, ! (=quantum number of the
unperturbed wave function) never exceeds 3, corresponding to a
4f or 5f shell.

12R. M. Sternheimer, Phys. Rev. 164, 10 (1967). See Table II.

BR, M. Sternheimer, Phys. Rev. 80, 102 (1950); 84, 244
(1951); 95, 736 (1954); 105, 158 (1957).

becomes very laborious for the large values of I’ (up to
I’=7) involved in the present work. For this reason, we
have obtained the following expression for Cg, which
will be derived in Sec. IV:

Eol ze]/<ze 3 ze>
L1 v 00 0/

(18)

(nf—h; d), (nd—g; f), and (nf—h; f). These four sets
of Cg values (usually with several L values, labeled L;)
have now been calculated by means of (18).

In addition, we have, of course, obtained the relevant
values of Cg(nl—1'; l;; Li)x for k=4 and k=6. The
corresponding values of Cp=C;,® have also been cal-
culated from Eqgs. (12) and (13). The combined list of
the Cp and Cy coefficients obtained in the present work
is given in Table I. After each Cg(L;) value, the angular
momentum L; is listed in parentheses, in the same
manner as in Table IT of Ref. 12.

The calculation of the radial wave functions u;’ (nl—
)4 and ' (ni—1") ¢ from Eq. (3) was carried out in the
same manner as in our previous work.5213 We used the
CDC-6600 program described in Ref. 12 [see the
discussion after Eq. (20)]. We note that in the present
case, since ;' (nl—1"); behaves as 7V/+! near r=0, the
proper boundary condition for the computer program
is: /=0 at r=0.

Equation (3) was solved for the following cases for
both Pr** and Tm?*: (a) For k=4: 5s—g, 5p—f, and
Sp—h; (b) for k=6: 55—, 5p—h, and 5p—j. In
addition, in order to obtain an estimate of the contri-
bution of the inner shells, we have obtained #’ (4d—d) 4,
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TaBLE II. Values of I'p(nl—l')4, Tg(nl—l')s, and the total
T'(nl—>l)y (in units ay?) for the various modes of excitation
(5s—#")4 and (5p—V)4 of the Pr3t ion (k=4). The last two col-
umns of the table give the values of the P, polarizability «,® in
units ag® for two choices of the external potential (see text).
Concerning Tables II-VI we note that, in contrast to I'p and
T'g, the values of o4 and o given in the last row of the tables are
dimensionless.

Excitation T'p 'z T'(total) @ ou®
(5s—¢)4 0.1240 —0.0703 0.0537 115.87 115.31
(5p—f)s  0.6041 —0.5166 0.0875 997.6  973.1
(5p—h)4 0.1986 —0.0817 0.1169 746.4 722.0
Sum 0.9267 —0.6686 0.2581 1859.9 1810.4
o4 0.3264 —0.2355 0.0909 ... see

uy’ (4d—g) 4, and 4,’ (4d—1) 4 for the Pr?t ion. In the same
manner as in Ref. 6, we used the Hartree wave functions
of Ridley* for the 5s and 5p electrons.

It was pointed out by Burns? that a considerable part
of the induced charge distribution « uy'#;’ is located out-
side a sphere of radius equal to the distance to the near-
est-neighbor ion. This distance will be denoted by R. For
the case of the PrCl; lattice,”® which may be regarded
as fairly typical, R is 2.94A=35.57ay. If one assumes
that the dominant part of the Pi-type potential (k=4
or 6) is due to the nearest neighbors, as is probably the
case,? then we must replace the factor 7*¥;(8, ¢)/R¥!
in the perturbing potential [cf. Eq. (1)] by R*V(6,
@) /7"t for r=R. The result of this replacement is to
multiply the term 7* on the right-hand side of Eq. (3)
by R¥+1/y%+1 e, for k=4, r*is changed to R%/s%, and
for k=6, »® becomes R¥/#" for r=R. We note that for
Ss and 5p electrons, we do not have to concern ourselves
with the corresponding change of the average (r*),; in

© T T T T T T T T I
Pt
-u (5p>f)gy

-uj

R
1 L1 1
O I 2 3 4 5 6 7 8 9 w0
RADIUS r (a,)

Fic. 1. The perturbed functions u; (5p—f)® for Pr¥t (with
k=4) for two choices of the external perturbation. Here and in
Figs. 2 and 4, 4@ pertains to R— and % ® pertains to a cutoff
radius R=5.57ay (see text). We note that in all of the figures
(Figs. 1-5), the primes have been omitted from #,’ and u’ for
simplicity of notation; e.g., % (5p—/)+® of Fig. 1 is the same as
the radial function %’ (5p—f)4® discussed in the text.

U E, C. Ridley, Proc. Cambridge Phil. Soc. 56, 41 (1960).
15 M., T. Hutchings and D. K. Ray, Proc. Phys. Soc. (London)
81, 663 (1963). See Table 4.
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Eq. (3), since for all cases with k=4 or 6, /1, so that
070 =0.

In the present work, the effect of the cutoff at r=R
has been tested for all of the perturbed wave functions
obtained for the Pr** ion. These functions will be de-
noted by #/(nl—1');® for R— o, i.e., no cutoff [Eq.
(3) with 7*for all 7], and by 2, (nl—1") ,® for R=5.57ay,
ie., Eq. (3) with 7* replaced by R?+1/74+1 for = R.

The resulting wave functions ' (#l—1")@ (i=1, 2)
for Pr*t and uy/(ni—1');, for Tm*t have been tabulated
in a separate paper.!

In Figs. 1 and 2, we show two sets of perturbed
wave functions for Pr**, namely u/(5p—f).Pand
) (5p—h) 4P, We note that in all cases, % is negative
and does not change sign throughout the range of 7. In
addition, the functions ' (5p—f).® have a slight edge
and an inflection point near r=0.9ay. The same
behavior, both as regards the sign of #’ and the
inflection region, has been previously noticed? for the

T T T T T T T T T

pe3+
NG

-u, (Sp—>h),

RADIUS r (a,,)

F16. 2. The perturbed wave functions u; (5p—#k)s® for Pr3*
(with 2=4) for two choices of the external perturbation (=1
and 2).

functions u’(5p—f)s of Pr*+ and Tm?+ pertaining to
the calculation of oy (see Tables I and IT of Ref. 17).
The function ' (5p—f). for Tm?*t is shown in Fig. 3.
The existence of the inflection region is related to the
presence of nodes of the unperturbed function %’ (5¢) in
the same region of 7. In this connection, we note that
whereas ;' (5p—f)2 has no zeros, the corresponding
function u,’(5s—d), has two nodes at small » (at
r=0.31ag and 1.04ay for Pr*+)," which reflect the
existence of the nodes of %y’ (5s), although the number of
nodes of the two functions is evidently not the same.

16 Tables of the perturbed wave functions u’ (#l—1'); obtained
in the present work are given in a supplementary paper, Document
No. 10047, ADI Auxiliary Publications Project, Photoduplication
Service, Library of Congress, Washington 25, D.C. (unpublished).
A copy may be secured by citing the Document number and by
remitting $6.25 for photoprints or $2.50 for 35-mm microfilm.
Advance payment is required. Make checks or money orders
payable to: Chief, Photoduplication Service, Library of Congress.

17R. M. Sternheimer, ADI Auxiliary Publications Project,
Document No. 8800, Library of Congress, Washington, D.C.
(unpublished).
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It should be pointed out that for all of the perturbed
wave functions u'(nl—!'); obtained in the present
work (see Figs. 1-5), the sign of u/(#l—1'); in the
external region is the same as that of u,’(#l), in accord-
ance with the fact that the corresponding P-type
polarizability must be positive [Eqgs. (24) and (35)],
i.e., the product ug'u,’ is positive for large r. Thus the
functions ;' (5s—1"), are positive for large 7, whereas
the functions u, (5p—"); for Pr*+ and Tm?+ are negative
at large 7, and in fact negative throughout the range of
7 for I’=3 (see Refs. 16 and 17, and Figs. 1-4).

Figure 2 shows that for (5p—%), the inflection region
noted above in Figs. 1 and 3 has completely disappeared.
The absence of an inflection region for the perturbations
with />3 arises from the overwhelming predominance
of the centrifugal potential /(/’+1) /7% near =0 for
large V. In fact, Figs. 1, 2, and 4 show that #,’ is practi-
cally zero for 7 up to ~1ay in all cases with I’>3, as a
result of the »/*+! dependence of #’ near »=0.

As an example of the results obtained for k=6, we
show in Fig. 4 the functions u'(5p—%)+® for the Prét+
ion.

Figures 1, 2, and 4 show clearly the influence of the
cutoff at »=R in the perturbing potential. For £=4 the
cutoff effect is relatively unimportant even at large 7.
By way of contrast, this effect is much more pronounced
for £=6, obviously as a result of the more drastic
cutoff factor R%¥/73, as compared to R%/#® for k=4.

On the other hand, as will be discussed below, the
effect of the change of %" on the o},p and o}z terms is
practically negligible (<0.59% in all cases). This result
arises from the fact that the 4f wave function vy’ is
completely internal to the region (r >4ay) where the
changes of u;’ take place. Thus the effect on the radial
integrals of Egs. (10) and (17a) is almost unnoticeable.

The second feature exhibited in Figs. 1, 2 and 4 is the
large magnitude of the maximum of u'(nl—1'); in all
cases, namely of the order of 10 for 2=4 and ~100 for
k=06, when the 5p electrons are considered. These large
values are due mainly to the presence of the factor 7* in
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T
-

0.8
Tm3*
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Fi16. 3. The perturbed wave function u; (5p—f)» for Tmd+ (k=2)

pertaining to the calculation of the shielding factor o, and the
quadrupole polarizability .
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Fi1c. 4. The perturbed wave functions #; (5p—%)® for Pri+
for two choices of the external perturbation.

Eq. (3), which also explains why the maxima are
larger for k=6 than for £=4. For two cases with the
same 7/ (=5p) and the same %, the maximum is larger
for the case with the lower / value, as a result of the
smaller centrifugal term /' (/'+1) /7* which permits the
function #,’ to grow to larger values [e.g., 11.7 for
(5p—f) 4 of Pr¥t, as compared to 7.3 for (Sp—h)4].

In order to present our results on the various terms of
ai,p and op,r for Pr¥t and Tm?t, we will introduce a
simplifying notation in connection with Egs. (10) and
(14). This notation is similar to that previously used in
Ref. 12,

Thus Eq. (10) will be rewritten as follows:

(19)

where T'p is the (normalized) electrostatic interaction
energy between the perturbed density «uy'#’ and the
4f electron density vy% T'p is given by

Tp=CpKp,
where Cp=C® [see Eq. (12)] and

I(DE /m ‘1)4/2fk(1’)dr= /w[(l/fk'H) / uo’ul’r"“dr’
0 0 0

ak,0=Tn/{r)y,

(20)

+7* / ” o’ ul’r"k—ldr’] vy 2dr. (21)

In the same manner as in the calculations of o3 in Ref. 6,
we used the Hartree-Fock 4f wave functions vy
obtained by Freeman and Watson.!®
For the exchange terms oy,z [Eqs. (14)—(17)], we
write
or,8=TE/{")s, (22)
where

T's=—CzKz, (23)

with Cg given by Eq. (15) or (18), and Kg given by
Egs. (17a) and (17b). For the sake of simplicity, in

1BA, J. Freeman and R. E. Watson, Phys. Rev. 127, 2058
(1962) ; and (private communication).
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TaBLE III. Values of I'p(nl—!")y, Tg(nl—1),, and the total
I'(nd—1")4 (in units agy?) for the various modes of excitation
(5s—¥")4 and (5p—1")4 of the Tm?* ion (k=4). The last column
of the table gives the values of the P4 polarizability a4 in units

aHQ.

Excitation I'p g T'(total) ay
(55—g)4 0.0437 —0.0238 0.0199 27.43
(5p—1)4 0.2056 —0.1740 0.0316 262.94
(5p—h)4 0.0696 —0.0277 0.0419 199.45
Sum 0.3189 —0.2255 0.0934 489.82
o4 0.2987 —0.2112 0.0875

Egs. (19)-(23), we have suppressed the parentheses
that describe the particular term of o4,p or oy,z that is
being considered, ie., (#l—!); for oz,p and (nl—l;
#ele; Li)y, for ox,m. The double integrals of Eqgs. (17a)
and (21) were obtained by using the CDC-6600 com-
puter program previously described in Ref. 12 (see p.
15).

In addition to the terms of ;,p and o3, (k=4 and 6),
we have also calculated corresponding (P4 and Pe-type)
polarizabilities, which are given by

oD (nl—1") =Cp® / ’ e’ (nh) wi’ (nl—1' ) Or+dr
0

(in units eg®*1), (24)

where a;,® (nl—1') pertains to a particular excitation
[ (nl—?)1] of the 55 or 5p shell. As would be expected,
since the integrand for o depends strongly on the
external regions of the ion, & will be appreciably
smaller for the choice ¢=2 of the Pr** wave functions
(R=5.57ax) than for =1 (R— =) (see Figs. 1, 2, 4).
This effect is most pronounced for the 5p electrons, and
with k=6.

The results obtained for k=4 for Pr’* and Tm?* are
presented in Tables II and III, respectively. These
tables include only the (dominant) terms arising from
the excitation of the 5s and 5p shells. Table IV gives the
corresponding results for the 4d electron of Pr3*. In each
case, the term of o4 is obtained by dividing the entry
marked “Sum” by the value of (r%)s;, which is 2.839a*
for Pr¥t and 1.068ax* for Tm?*, from the wave functions
of Freeman and Watson.’® The values of o4 are given in
units of ax°.

The results of Tables II and IIT show that for both
Pr and Tm, there is considerable cancellation of the
direct and exchange terms of o4. The final total values
of o4 are quite small, of the order of 0.1, and shielding
(positive). The effect of the inner shells (#<4) is
unimportant, as shown by the very small value of
> 1 04(4d—1'), namely —0.0060 (see Table IV). For
the P, polarizability, the effect of 4d is completely
negligible (0.724¢5° as compared to ~1860az® for 5s
and 5p). The effect of taking R=35.57ay, although
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noticeable, is not important for £=4, since the total a4
is reduced by only 2.7% (from 1860 to 1810az?).

We note that the I'g values listed in Tables II-IV
(and also in Tables V and VI below) represent, in
general, a sum over several contributions with different
L; (see Table I). Thus we have

Te(nl—l'; ndo)r= 2 Te(n—1; nls; L), (25)
L;

in complete analogy to Eqgs. (34) and (37) of Ref. 12.
Of course, in Eq. (25), nd,=4f. The individual terms
Tg(L:)r for each mode of excitation are listed in the
tables of Ref. 16. These tables also give the values of I'p
and I'g for both functions u,’ (#l—1') ;¥ and u; (nl—1') ;@
for Pr3*, where the superscripts (1) and (2) refer to the
two choices R— e and R=35.57ay, respectively. As
mentioned above, the two types of functions %’ lead to
practically the same I'p and I'g(L;) values, the maxi-
mum difference being 0.4%. The results listed in Tables
II and V for Pr pertain to R— o0, For Tm (Tables III
and VI), we have carried out the calculations only for
R— oo, i.e., using Eq. (3) without modification at large
7.

Tables V and VI give the corresponding results for
k=6, i.e., the terms I'p and I'g pertaining to the param-
eter g¢. The terms of o5 (direct, exchange, and the total
o¢) listed in the last row are obtained by dividing the
corresponding entries in the preceding row (marked
“Sum”) by (%), which equals'® 16.02a5°® for Pr®+ and
3.657ay® for Tm?*, It is seen from Tables V and VI that
both for Pr and Tm, the exchange terms of ¢¢ are
somewhat larger than the direct (shielding) terms.
Thus one obtains a small net antishielding effect for the
total g, which is —0.040 for Pr¥+ and —0.043 for Tm?*.

The last two columns of Table V and the last column
of Table VI give the results for the Pg polarizability cs
in units ez [see Eq. (24) ]. For the present case (£=6),
the decrease of ag in changing from case i=1 (R— ) to
case 1=2 (R=35.57ay) for Pr is more pronounced than
for k=4, obviously on account of the larger power of »
involved in Eq. (24). The decrease is from 2.807X 10°
to 2.264X10° ag®, or a reduction of 19.39%, as com-
pared to 2.7%, for k=4 (see Table II).

TasLe IV, Values of I'p(4d—1!")s, Tg(4d—l’)s, and the total
T'(4d—¥), (in units ag*) for the modes of excitation of the 44
shell of the Pr3* ion (k=4). The last column of the table gives
the values of the Py polarizability o in units az®

Excitation T'p Ty T'(total) o
(4d—d)4 —0.00803  0.00079 —0.00724 0.2772
(4d—g)4 0.01356 —0.02847 —0.01491 0.2140
(4d—1)4 0.00995 —0.00492  0.00503 0.2324
Sum 0.01548 —0.03260 —0.01712 0.7236
A 0.0055 —0.0115 —0.0060
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TaBLe V. Values of T'p(nl—¥)s, Tr(nl—1')s, and the total I'(#nl—¥')s (in units ax®) for the various modes of excitation (5s—1¥')s
and (5p—1')6 of the Pr* jon (k=6). The last two columns of the table give the values of the Ps polarizability g in units az® for

two choices of the external potential (see text).

Excitation T'p T'g T'(total) oD ag®
(5s—1)6 0.1050 —0.1584 —0.0534 9615 9062
(5p—h)s 0.4238 —1.0403 —0.6165 1.458X108 1.183X105
(Sp—4)s 0.2096 —0.1809 0.0287 1.253 X105 0.990X10°
Sum 0.7384 —1.3796 —0.6412 2.807%10° 2.264X108
as 0.0461 —0.0861 —0.0400

In order to summarize the results of the present
calculations, we note that from Tables IT and III, the
theoretical values of o4 are as follows:

4(Pré+) 2240091, (26)
os(Tm*)22+0.088, (27)

where we have not included the small contribution of the

n=4 subshells, which is of the order of 0.005 to 0.01, as

shown by the results of Table IV for Prit+ (4d—1').
Similarly from Tables V and VI, we obtain

os(Pr) =2 —0.040, (28)
os(Tm*) 22 —0.043. (29)

These results for o4 and o5 are considerably smaller
than the previously calculated values of o3 for the same
ions [see Ref. 6, Egs. (49) and (50)]. In Sec. III, it will
be shown that the inner shells 4s, 4p, and 4d give rise to
a oy contribution which is Age=+0.069 for Pr3* and
+0.061 for Tm?*. The previous results, pertaining to
5s and 5p alone, were a2 (Pr¥t) =0.603 and oo(Tm?*) =
0.484.

Thus our present theoretical values of o3 [including
Acs(4s, 4p, 4d) ] are as follows:

o2(Pr*+) =0.60340.069=0.672, (30)
o2(Tm?+) =0.484-+0.061 =0.545. (31)

The final calculated values of a2, 01, and o5 for the two
ions are presented in Table VII.

TaBrLE VI. Values of T'p(nl—)s, Tr(nl—1)e and the total
T'(nl—i')s (in units ay®) for the various modes of excitation
(5s—¥)6 and (5p—1")¢ of the Tm3* ion (k=6). The last column
of the table gives the values of the P polarizability g in units
ayls.

It is of interest to compare the present values of a4
and os [Eqs. (26)—(29)] with those previously calcu-
lated by Burns.? Thus the function denoted by Burns
as —(F(r)) (see Table I of the first paper in Ref. 2)
corresponds to our T'p(#i—!'):. We note that for Pr3*
with k=4, whereas the terms due to 5s—g and 5p—#h
are in reasonable agreement with our determinations
(e.g., 0.0992 versus 0.1240 for 5s—g), there is a large
discrepancy for 5p—f (—0.0109 as compared to our
result +0.6041). In as much as the sign of u'(5p—f)4
(see Fig. 1) is negative throughout and therefore the
same as the sign of uy'(5p) at large 7, the 5p—f direct
term must necessarily give a shielding, i.e., a positive
contribution to o4, in disagreement with the result of
Ref. 2. Moreover, in view of the comparable magnitudes
of u'(5p—f)4 and w1’ (5p—h)4 in the regions of their
outermost maxima, one expects that the values of
Tp(5p—f)s and T'p(5p—k)4 will differ by a relatively
small factor, as is indeed found in our calculations (see
Table IT). Thus it can be concluded that the result of
Ref. 2 for T'p(5p—f)4 of Pr** is probably in error.

An important point of difference between our calcu-
lations and those of Ref. 2 concerns the fact that we
have consistently included the exchange terms oz
[Egs. (22) and (23)], whereas these terms were ne-
glected by Burns.2 However, our results (Tables II-VI)
show that the exchange terms cannot by any means be
neglected, since their contribution is of the same order
as that of the direct terms in all cases. In fact, for k=6
the exchange terms predominate and lead to a small
antishielding of the V;#® part of the external field.
Moreover, for k=4, if we were to include only the direct
terms, we would obtain a shielding factor g4,p several
times larger than the final value o4 including the ex-

TaBLe VII. Calculated values of o3, 04, and o6

Excitation I'p Tz T'(total) s for the Pri* and Trmd+ jons.
(55—4)6 0.0260 —0.0390 —0.0130 1430 Ton Pr+ Tms+
(5p—h)s 0.1074 —0.2605 —0.1531  2.619X10¢

(59—7)s 0.0522 —0.0441  0.0081 2.258X10¢ o2 0.672 0.545
Sum 0.1856 —0.3436 —0.1580 5.02010¢ o4 0.091 0.088
o6 0.0508 —0.0940 —0.0432 o6 —0.040 —0.043
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TasrLe VIIIL. Values of op(nl—l")s, og(ni—l1'),, and the total
o (nl—1')s for the various modes of excitation (4s—1%')s, (4p—1')s,
and (4d—l'); of the Pr’* jon (k=2). The last column of the
ta,bl(;1 gives the values of the quadrupole polarizability a, in units
107245,

Excitation ap or o (total) 10%,/ A%
(4s—d)2 0.0361 —0.0096 0.0265 0.192
(4p—f)2 0.0493 —0.0134 0.0359 0.323
(4d—g). 0.0611 —0.0155 0.0456 0.711
(4p—p)2 —0.0018 —0.0005 —0.0023 0.080
(4d—d), —0.0075 —0.0006 —0.0081 0.253
(4d—s), —0.0375 0.0084 —0.0291 0.222
Total 0.0997 —0.0312 0.0685 1.781

change terms (e.g., 0.326 as compared to 0.091 for
Pr#+; see Table II).

As concerns the comparison with experiment, it has
been pointed out by Burns (second paper in Ref. 2,
pp. 384-387) that the calculated values (1—o%)
(r*)ssA1? can be brought into reasonable agreement
with the experimental crystal-field splittings V9,
provided that the extended nature of the neighboring
negative ions (e.g., CI~ or Br™) is taken into account.
If this is done, one obtains fairly good agreement with
the magnitudes of V,® and V¢’ and their approximate
constancy in going through the rare-earth series (from
Prét to Er*t). In these estimates, Burns assumed that
o4 and og are small, of the order of a few percent. In the
present work, we have confirmed the fact that these
parameters are of order O to 0.1, although, as pointed
out above, the smallness of o4 arises mainly from the
near cancellation of the direct and exchange terms,
which was not considered in Ref. 2.

III. CALCULATIONS OF Ads(4s, 4p, 4d)

As mentioned above, in addition to the work on o4
and gs, we have also carried out calculations pertaining
to the shielding factor o» which acts on the Py? part of
the crystal potential [see Eq. (1)]. Values of a2(Pr?t)
and g2(Tm?3*) have been previously published in Ref. 6.
However, these results were based only on the 5s—d,
Sp—p, and Sp—f perturbations, and thus did not
include the effect of the inner (#<4) shells of the ions.
Since the oo terms decrease rapidly with decreasing
principal quantum number #, it is expected that we
will have to consider only the n=4 subshells, i.e., the
effect of the #<3 shells is probably negligible. This
conclusion is indeed borne out by the results of the
present calculations for # =4, which show that the n=4
term is already quite small compared to the #=3 term,
the ratio of the two terms being ~0.12.

The six perturbations involved for 4s, 4p, and 4d are
the following: 4s—d, 4p—f, 4d—g, 4p—p, 4d—d, and
4d—s.

We used again the wave functions of Ridley™ for the
core electrons (4s, 4p, 4d) and the 4f Hartree-Fock wave
function of Freeman and Watson.’® For 4s—d, 4p—f,
and 4d—yg, the solution of Eq. (3) could be directly
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obtained from the CDC-6600 computer program, which
has been used in Ref. 12 and in the present calculations
of o4 and g¢. For the remaining three types of perturba-
tion, namely, 4p—p, 4d—d, and 4d—s, it was necessary
to carry out an outward integration (starting at r=0)
on a desk computer, and to match the resulting func-
tions with the results of several inward integrations
carried out on the Brookhaven IBM-7094 using an older
machine program, previously employed in the calcu-
lation of the ionic antishielding factors®? vy (nl—?’).

The resulting functions ;' (#l—1')s for both Pr** and
Tm?+ are presented in the tables of Ref. 16. The
integrals Kp and Kz of Egs. (17a) and (21) were
obtained by means of the computer program mentioned
above (in Sec. II). The appropriate values of Cp and
Cg(L;) are listed in Ref. 12, Table II, except for nd—yg,
where the values are given in Table I of the present
paper. The individual terms T'z(L;) are listed in Ref. 16.
Upon combining these terms, we obtain the total
Tr(nl—l'), [see Eq. (25)7].

In Tables VIII and IX, we give the individual terms
op(nl—1")y and og(nl—1'), of o, which are defined as
follows [see Egs. (19) and (22)7]:

op(nl—1")s=Tp (nl—1") s/ (1" )4y, (32)
op (=) o=Tg(nl—1") s/ {r*)sy. (33)

The value of <7%), is 1.088az? for Pr*t and 0.646a? for
Tm?3t, The next-to-last column of the tables gives the
total (direct + exchange) terms o(nl—l'),, i.e.,

(34)

We note that the exchange terms op have been pre-
viously denoted by {» for the external (35 and 5p) shells
(see Tables ITI and IV of Ref. 6.).

It can be seen from Tables VIIT and IX that both for
Pr** and Tm?*, the 4s—d, 4p—f, and 4d—g modes
provide a weak shielding which is appreciably larger
than the small antishielding produced by the other
three excitation modes. Thus the resulting total Aoy
(bottom row) is positive (shielding) and small, namely
+0.069 for Pr** and -+-0.061 for Tm?+. These results

T (’}’Ll—')l’) 2=0p (%l—)l/) 2+ O'E(nl—>l/) 2

TaBLE IX. Values of op(nl—l)s, an(ni—l')., and the total
o (nl—l"), for the various modes of excitation (4s—1’),, (4p—1')s,
and (4d—l'); of the Tm?* ion (k=2). The last column of the
tablej& gives the values of the quadrupole polarizability a, in units
1072A5,

Excitation op ox o (total) 102,/ A®
(4s—d)2 0.0395 —0.0104 0.0291 0.063
(4p—f)e 0.0458 —0.0124 0.0334 0.092
(4d—g)2 0.0498 —0.0125 0.0373 0.171
(4p—p)2 —0.0026 0.0002 —0.0024 0.024
(4d—d). —0.0078 0.0016 —0.0062 0.064
(4d—s) 2 —0.0395 0.0094 —0.0301 0.039
Total 0.0852 —0.0241 0.0611 0.453

1 H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev.
93, 734 (1954). R. M. Sternheimer, Phys. Rev. 130, 1423 (1963) ;
132, 1637 (1963) ; 159, 266 (1967).



173

have been used above in Eqgs. (30) and (31) to obtain
the best theoretical values of o for the two ions.

The last column of Tables VIIT and IX lists the
contributions to the quadrupole polarizability e, ( =c)
arising from the #=4 subshells. a, is given in units AS
rather than @z% in order to make possible a direct
comparison with the results of Ref. 6 (Tables I and II)
for the 5s and 5p terms.

In view of Eq. (24), o,/ A% is given by

(a0/ &) =0.0415C0u® [ ad (s (Wit adr, - (35)
0
where 0.0415 = (agz/A)5=(0.5292)5, and a,=oa,(nl—').

For Pr’+, the total a,(4s, 4p, 4d) =0.0178 A% can be
compared with the term due to Ss and 5p, namely
0g(5s, 5p) =1.713 A5, For Tm?*, we find oy (4s, 4p, 4d) =
0.00453 45, as compared to o,(5s, 5p) =0.72445, Thus
the inner shells contribute <19 of the total a4 This
was to be expected from our previous results on dipole
and quadrupole polarizabilities.?

In connection with Tm?**, we have not considered the
effect of the shielding of 4f by the other 4f electrons
present in the same subshell. For Tm?®, there are
altogether twelve 4f electrons, which is equivalent to
two 4f electron holes. Thus, detailed questions of the
coupling of the two holes (jj, Is, or intermediate
coupling) will enter into the calculations. We note that
nonlinear shielding within the 4f shell has been con-
sidered by Freeman and Watson.” In any case, we still
expect that any effects within the 4f shell will be
appreciably smaller than the 5s+5p terms calculated
in Ref. 6, which probably give rise to the dominant
contribution to g (Tm3t).

We note that the direct terms of Acy(4s, 4p, 4d) for
Pr¥+ and Tm?® have been previously calculated by
Ghatikar ef .2 Their results are in reasonable agree-
ment with the present values of op(7i—7'),, although
they are systematically lower [e.g., 0.025 as compared
to 0.0361 for 4s—d of Pr**; 0.038 as compared to 0.0458
for 4p—f of Tm*]. A similar systematic trend is also
observed for the values of Ref. 22 pertaining to the 5s
and 5p shells (e.g., 0.505 as compared to our value 0.576
for 5p—f of Pr*t; see Ref. 6, Table I). We believe that
this difference arises mainly from the use of Ridley’s
4f wave function in Ref. 22. Since this function is appre-
ciably more external than the Hartree-Fock function
of Ref. 18, it will give a larger (r?)y, thus leading to
smaller values of the op(nl—1'), terms [see Eq. (32)].

It should be pointed out that Ghatikar et al.? did not
include the exchange terms og(nl—!'), for any of their
calculated perturbations. As is seen from the present
work and from Ref. 6, these terms give rise to a small
net antishielding in all cases, thus reducing the values

2R, M. Sternheimer, Phys. Rev. 96, 951 (1954); 107, 1565
(1957); 115, 1198 (1959); 127, 1220 (1962).

2R, E. Watson and A.
(1964) ; 139, A1606 (1965).

22 M. N. Ghatikar, A. K. Raychaudhuri, and D. K. Ray, Proc.
Phys. Soc. (London) 86, 1235 (1965).

J. Freeman, Phys. Rev. 133, A1571
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Fic. 5. The perturbed wave function # (4d—s). and the 44
function #,(4d) for Ag*. The left-hand ordinate scale pertains to
uy; the right-hand scale pertains to uq.

of ¢3. Hence the two effects (use of Ridley’s (#?)y; and
neglect of exchange terms) tend to compensate each
other to some extent, and as a result our final values of
02(Pr3t) =0.672 and o»(Tm?*) =0.545 [Egs. (30) and
(31)7] differ only by small amounts from those of Ref.
22, namely 0.70 for Pr3*+ and 0.59 for Tm?®*t. Both sets of
values are also in reasonable agreement with the
previous theoretical estimates of Lenander and Wong?
and of Ray.® Moreover, the above results are in general
agreement with the order of magnitude of the experi-
mental values! and their trend toward a decrease of o,
with increasing Z in going through the rare-earth
region, i.e., from Pr to Tm.

In connection with the perturbations #'(4d—s), for
Pr#+ and Tm3*+ which have been obtained in the present
work (see Tables VIII and IX), it is of interest to
consider the corresponding wave function ' (4d—s),
for the Ag* ion. This function, which was obtained some
time ago (in 1962), is shown in Fig. 5, together with the
zero-order Hartree-Fock wave function® u,’'(4d) used
in the calculations. It is seen that #,’(4d—s). has
altogether four nodes, the same number as a 5s function.
At large 7, 4y’ and #," have the same sign, resulting in
a positive quadrupole polarizability aq [Eq. (35)]. One
finds that a,(4d—>s) is very considerably larger for Agt
than for Pr*t or Tm?*, as would be expected from the
external character of the Agt ' (4d—s) function and
from its large magnitude in the external region'
(maximum = —3.74 at r=2.4ay for Agt, as compared
to —0.095 at r=1.4ay for Pr3* and —0.039 at r=1.15ax
for Tm?*). Thus the value of og(4d—ss) is 1.021 A5 for
Agt, as compared to 2.22X 10245 for Pr*+ and 0.39X
10345 for Tm?+,

In principle, the function #’(4d—s) could be em-
ployed to obtain the contribution v, (4d—s) to the
quadrupole shielding (or antishielding) factor by means
of the equation

v (4d—s) = (8/5) f " (4d) u (dd—ss)r—3dr.  (36)
0

% B, H. Worsley, Proc. Roy. Soc. (London) A247, 390 (1958).
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However, in actual practice, the value of v, (4d—s)
given by Eq. (36) is not reliable, on account of the
large variations and changes of sign (3 nodes) of
#’ (4d—s) in the region near =0 which is the most
heavily weighted (factor #—* in the integrand). Thus
one must use the alternative expression

o (4d—>s) = (8/5) / " e (4d) ol (4d—s)?dr,  (37)
0

involving the function ’(4d—s) pertaining to the
—QPy(cosf) /r* potential produced by the nuclear
quadrupole moment Q. The appropriate equation which
determines ;' (4d—s) is

[— (@/dr®) + Vo— Eo Jo)’ (4d—s) =uy (4d) /72,

This equation was previously* solved for the case of
Ag*, with the result that vy, (4d—s)=-+1.211, ie., a
relatively small shielding effect, as compared to the
total antishielding factor®® vy (Agt) = —34.9.

It may be remarked that the inability of an equation
of the type of (36) to give a reliable value of v, (#nl—')
has also been previously noticed” for the perturbation
uy’ (5s—d) for Pr®*. In this case, the rapid variation and
the large number of nodes of #y’(5s) near =0 coupled
with the weighting factor »=* in the integrand make it
impossible to obtain a reliable value of v, (Ss—d) by
means of %’ (5s—d). On the other hand, the correspond-
ing integral in terms of v/(5s—d) [cf. Eq. (37)] does
not suffer from these defects and yields the expected
small shielding, i.e., v,(5s—d) =+40.58 (see Ref. 17,

pp. 3-4).

IV. DERIVATION OF THE ANGULAR
COEFFICIENTS Cp AND Cj

In this section, we shall derive Eqgs. (13) and (18)
for the angular coefficients Cp and Cg for the case where
we have a single electron outside closed shells. We
denote the quantum numbers of this electron by lm..
The determinantal wave function ¥, @ satisfies

(38)

gc\_‘[/leme(ﬂ) =8(O)\I,lemg(0): (39)
where
N N
Bo= D (p/2m)+ D Vo(rs). (40)
=1 =1

W1, is a single determinant with electron Zm, outside
closed shells, and Vj is the central field in which the
electrons are assumed to move. The ion is subject to a
perturbation

N
sei=%a 3 riT V() +Yig*(7) ],

=1

(41)

as a result of the external crystalline field acting on the
ion. In Eq. (41), @ denotes the constant 432 of Secs. I
and II, pertaining to a single term (%, ¢) of the potential
Ve [Eq. (1)]. We must, in calculating matrix elements

Cu R. M. Sternheimer, Phys. Rev. 159, 266 (1967). See Sec. III.
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of 3¢y, take into account the fact that 3Co is not the exact
Hamiltonian, in that we have neglected the Coulomb
interaction between electrons. This perturbation is (in
Rydberg units)

N N N
Vc= Z (2/7’1‘]')— Z (2Z/1’,) - ; Vo(?’,'). (42)

>3 i=1

We consider the effect of 3¢; on the wave function.
We have

(3Co+3C,) ¥ =Y, (43)
or, upon writing
v =\ptema<0)+\Pleme(1)7 (44)
§ =604, (45)
we obtain
(30— EO) ¥ 1,0, O = (69 —50) W1, 0. (46)

The first-order perturbed wave functions ¥,,,,® may
be written
> WO (nkm—sl'm),

nlm,'m/

Vg m, P = (47)

where VO (nlm—I'm’) is a determinant identical to
Vi, @, except that the single-electron wave function
Yo(nim) is replaced by the perturbed function

W (dm—Um’) y= (1/7) du’ (Wl—U) 1Y e, (48)
where 2/ (nl—1');, satisfies Eq. (3), and the constant d

is given by

d=30 [ Vin(Virt Vie®) Va7

@+1) (@41 @) TV * ’)
=1a(—1)"
‘ [ 4 ] (o 00
Ikl vk
(e L)
—-m q m —m' —q m
(49)

where we have used Eq. (4.6.3) of Edmonds’s book?
on angular momentum. (We shall make constant use of
this expression in what follows.)

We wish to calculate the matrix elements of the
perturbation 3¢;+ V., to first order in 3¢;. We have

<\I/l,ma’ ! Jei+ Vc ] \I,lems >% <\I/ lsm,’m) [ I3 | \I/leme(0)>
F Ve @ | Ve [ ¥tm, Q)+ T 1@ [ Ve | ¥im, D).
(50)

The first term gives the unscreened contribution of the
crystalline field perturbation, while the second and
third give the effects of screening. The matrix elements
of the operators can be evaluated using the prescriptions

2% A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton University Press, Princeton, N.J., 1957).
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of Ref. 8, p. 173, for the handling of determinants. We have

Wigm, @ | 31 [ Vi, @) =%a / Yo (leme'; £) 7% (Vig+ YVig™) Yo (leme; 1) dx

20 v/l ko1
=%a<rk><_1>m,,[<2ze+1i C H)] (0 : 0>

le k1 L k1
X )-I—(—l)q ):, (51)
—mg g me —mi —q m,

In evaluating the matrix elements of V., we need consider only the two-electron part (2/7;;) of the perturbation.
We find a sum of direct and exchange terms:

N
W ® | D5 (2/75) | Y1, @)

>j

=2 2 /_/ it (nlm—t'm'’ 5 1) o* (lome’ 5 1) (2/712) Yo (nlm; 11) Yo (Leme; 1) diydrs

nlm,lm/!
- Z // ¢1*(nlm—>l'm'; 1'1> %*(leme'; r2) (2/7’12) %(nlm, r2)|//0(leme; 1'1) drldrg. (52)
nlm,l'm/!

The factor 2 in the direct terms results from a summation over spins. Such a factor does not occur for the exchange
terms, which are present only between electrons of the same spin. We also find for the third term of Eq. (50)

(‘I’l,m,'(o) l Vc ] ‘I’l.m,(l)>=2 Z f l/lo*(leme,; 1'1) lﬁo*(ﬂl'm, r2) (2/712)1[/0031%5; rl)npl(nlm—al’m’; 1'2) drldr2

nlm,l/m!

- 2 / Yo (leme' 5 10) Yo (nlm; 1) (2/r12) Yo(leme; Ta) s (nlm—Um’ ; 11) dtidt,.  (53)

nlm,l/'m/

Using the expansion

1 r
218 k‘:<2k'+ 1)(7}*5) Virg*(1) Vao(2), (54)
/q

and Eqgs. (48) and (49), we find for the direct term of Eq. (52),

r
160 >, d [ / / s’ (0> 11) uo2 (nle; 12) uo’ (nl; 1) <m> dhd?’g]

nlm,Um/! k/q!

X (2k/41)— [ / Y,,m,*Yk,q,*YlmdQ][ / Y,,m,,*yk,qul,m,dsz], (55)

which, upon substituting the value of d and evaluating the integrals over spherical harmonics in terms of 3-j
symbols, becomes

160 >, ra(—1)me+e (214+1) (2U'4+1) (25,4+1) (2k-+1)12
2

nlm,Um! k!q! (47") 32

%!
X [ / / w (=5 1) wy(nele; 72) uo' (nl; 1) (%:1) drldrg]
r>
Ik <le Eo1 (l’ ko1 14 kol L. K I
X
00 0o/\0 0 0/\O O O/\—w —¢ m/\—m. ¢ m.
U ko1 14 k1
X +(=1)¢ . (56)
-m' q m —m —q m
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Upon using the result [Ref. 9, Eq. (1.14)],

4 ko1 UV k1 S0 — i
= Lk 5
,g,;, —m' —¢ m)\—m' q m 264+1° (57)
we find for the direct term

Lo [@lt D2 Tl e . k1 A Bl
5a(r*)(—1) [ 47 ](0 0 0 —md g me +(=1) ! —g m

I k I\? ’
Q) @+DT L,
><4§<0 0 0)[ 2%+1 ]<’>

X / / wy’ (= 1) wo? (nole; v2) we’ (nd; 1) (rF [rs¥' 1) dridra. (58)

An identical contribution is found for the direct terms of (53), so that the factor of 4 becomes 8. We note that this

result is proportional to the matrix element of the unscreened term.
The exchange terms are evaluated similarly. We find for the second term of (52)

—8r 3 d[ / / )’ (W15 1) we (nele; r1) uo (nl; r2) o’ (nels; r2) (1< /rsF41) dndrgJ
nlm,l'm/! k!q’

X (2K +1)—1 [ / Ypmr*Yk,q/*Yl,m,dﬂ][lfz,m,,*lfk/qfY;mdSZJ

=—8r Z %a(—l)"‘e’ﬂ’KE(nl—)l’; k') (21+1) (2l +1) (215"‘1)

nim,/m/ k! q/ (4:7l') 3/2
" kOINSY R OLN\/lL k1 v oo, L K
X
0 0 o/\Oo 0 0/\O 0 O/\—w' —¢ m,J\—m. ¢ m
vk v ko1
X +(—1)¢ , (59)
-m' q m —m' —q m

where Kz is defined by Eq. (17a). We can perform the summation over m, »’, and ¢’ by using Eq. (2.20) of Ref. 9.
We thus find for the exchange terms of (52)

2 2 (koL e kR I L Eoo,
o) - e[ 4D < )[( )H__I)q( )]
T 0 0 0 —Mg/ q me _“me, —q me

X(=2) 2 (—D“"“’% (21+1) (20'+1)

T 7k
UV ok OIN/U R OL\[l. B I\l k& L b kI
X ! / . (60)
0 0 0/\O 0 o/\O O O/ K I 0 00
A similar contribution appears in Eq. (53).
Upon combining these results and using the symmetry properties of the 3-j and 6-j symbols, we find that the

effect of the perturbation of the wave function by 3C; results in a screening of the crystalline field, and that we
may replace 3C; by

AN AN ’
(204-1) (2V+1) o
Fer—lart (Y, —{—Yq*){l—{—S [——————] Y1 uydr
VitV z( ) e [ v

(2k41)12

“\0 0 0

K 1 & IN/I K OIN/T K OINE I L L, k1
—4 Z (_1)I+l/+k’__k (214-1) (20'+1) / } .
w7 ) 00 0/\o o o/\o o ol 1 v 000

(61)
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These are the angular coefficients mentioned in Sec. II.
Note that they depend only on % and not on ¢, as we
might have anticipated on symmetry grounds. The
angular momentum %’ is identical with the multipolarity
L of Sec. II. Furthermore, we remark that in all practi-
cal cases considered here, we have k=even, and hence
in the expression for Cg, (—1) HV/+ = (—1)¥=(—1)L,
as given in Eq. (18).

V. SUMMARY AND DISCUSSION

The main purpose of the present paper has been to
obtain values of the rare-earth shielding (or anti-
shielding) factors o4 and o with an accuracy comparable
to that of the previous calculations of o3 of Ref. 6. In the
same manner as in our previous work,%” %1% we have
integrated directly the inhomogeneous equation satisfied
by the various radial perturbed wave functions ' (nl—
")k, which describe the excitation of the 5s and 5p
electrons by the crystal field. The calculations of the
' (nl—1'), were performed on the Brookhaven CDC-
6600 computer. In view of the large angular momenta //
involved for k=4, and especially for k=6, the calcu-
lations would have been prohibitively long on a desk
computer, except for the consideration of a few special
cases, e.g., a single mode of excitation for each & value
for one of the ions. Instead, we were able to carry
through the entire calculation of ¢4 and a6 for both Pré+
and Tm?*, involving a total of 21 perturbed wave
functions, in a reasonable amount of time, i.e., about
three months. Some of the resulting wave functions are
shown in Figs. 1-4.

Concerning o4 and o, it was found that both of these
quantities are small (of the order of 0.1), which is in
contrast to the large values of ¢, which have been
previously determined both experimentally! and theo-
retically.>~* Moreover, it was found that the exchange
terms o,z of o; play a progressively more important
role with increasing k.

Thus taking the case of Pr** as an example, we have
from Ref. 6 [Eq. (49)] and from Table IT of the present
paper

02,0 =0.678+0.100=0.778, (62)
o2,5=—0.075—0.031=—0.106, (63)

so that the ratio
£2=—0y,5/02,p0=0.106/0.778=0.136. (64)

In a similar fashion, from Tables II and V, we find
for the corresponding ratios & for k=4 and k=6 (for
Pré+)

t=—045/01.0=0.236/0.326=0.724,  (65)
EGE“O'G.E/O'G,D =0086/0046=187 (66)

The increase of & with & demonstrates the necessity of
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including the exchange terms of g for k=4 and k=6,
as has been discussed extensively in Sec. II.

Our final results for o4 and o6 agree qualitatively with
the previous conclusions of Burns,?2 namely that these
shielding factors are small, i.e., of the order of 0.1 or less.
Thus the presence of ¢4 and o in the theoretical
expressions for the crystal-field parameters, namely
(1—0%) Ax9(r*)s; will not materially affect the compari-
son with experiment. As shown by Burns,? the theo-
retical values are too small, unless the extended nature
of the neighboring (negative) ions is taken into account
in the calculation of A, 44, and 4.

In addition to the calculations of ¢4 and a¢, we have
also made an improvement of the earlier determinations®
of a» by evaluating the contributions of the 4s, 4p, and
4d subshells for both Pr*+ and Tm3*. This work involves
a total of 12 perturbed wave functions (see Tables VIII
and IX). The resulting change Acz(4s, 4p, 4d) of o2
amounts to about 129, of the previously determined
(5s+35p) dominant term.

The resulting total o, values, namely 0.67 for Prét
and 0.55 for Tm? [see Egs. (30) and (31)] are in
reasonable agreement with experiment, although both
seem to be somewhat low. Thus, from the recent
tabulation of Blok and Shirley,® we find that the
corresponding experimentally derived values are ~1.0
for Pr3* and 0.68 for Tm?*". The experimental value for
Pré+ is about 1.5 times our theoretical result, and the
experimental decrease of ¢ with increasing Z is more
pronounced than the similar trend shown by our
calculations. The (rather small) discrepancies between
theory and experiment may arise from the neglect of
two effects not included in the present ionic model: (1)
the covalent bonding of the 4f or 5s and 5p electrons of
the rare earths with the electrons of the neighboring
ions®; (2) the charge distribution of the ligand ions
(e.g., the CI~ ions in PrCl;).»

Finally, in Sec. IV of this paper, we have obtained
simple formulas for the angular coefficients Cp (#i—1')
and Cg(nl—1'; 1,; L;); which enter into the expressions
for ox,p and ox,z, respectively [see Eqgs. (19)—(23)].
These formulas are convenient for the present work,
since they are evaluated much more easily than the
equivalent expressions, Eqgs. (12) and (15), which
involve complicated sums over the magnetic quantum
number # pertaining to #l. The present expressions for
Cp and Cg involve the (3-f) and (6-f) symbols, for which
values have been conveniently tabulated.?
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