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Relativistic Thermodynamics of Moving Systems
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Thermodynamics is extended to systems moving with relativistic velocities.

It is

shown that one is led naturally, although not necessarily, to the thermodynamics of Ott,
if one maintains the first and second law in their original form. The classical theory

of Planck et al. can also be obtained

in the case of a homogeneous fluid; the difference

with Ott's theory is that the fluid alone is regarded as the thermodynamic system,
rather than the fluid together with the box in which it is enclosed. Subsequently, a
third form of relativistic thermodynamics is obtained by replacing the first law with a
covariant equation expressing conservation of both epergy and momentum. This leads

to a formulation in which not only § but also T and &Q are scalars.
heat transfer between systems with different velocities is thereby simplified.

The discussion of
It is shown

that such processes are irreversible even for equal temperatures, unless the velocities

are equal too.

1. INTRODUCTION

The problem is to extend the laws of thermody-
namics to a system moving with relativistic veloc-
ity . If U is taken to be a constant, this is sim-
ply the problem of transforming the thermodynamic
properties of the system to a different frame of
reference. However, one wants to treat U as an addi-
tional thermodynamic variable subject to adiabatic
variations, That amounts to extending the usual

. space of thermodynamic variables by adding three
dimensions, corresponding to the three components
of u, Thermodynamics of moving systems is
therefore more than simply an exercise in Lorentz
transformations.

The first law of thermodynamics is affected, be-
cause the work d4 now consists of the usual term
representing the work done by expanding, dA v
plus an additional term d4,,, representing the work
involved in varying u, that is, in accelerating or
decelerating the whole system,

The second law is affected because Kelvin’s
principle, “No cyclic engine can convert heat into
work, ” receives an extended meaning: “not even
when the engine employs acceleration and decelera-
tion of the system (to relativistic velocities).”

2. THE NONRELATIVISTIC CASE

The above remarks also apply to the nonrelativ-
istic case, but that case is trivial. One has d4,
=~ Mi.dd, where M is the mass of the system and
is constant.! For the “internal energy” U one sim-
ply takes

U=U°+Mu 2,

where U° is the internal energy of the system at

rest., The first law then states
dQ=dU+dA,
=dU+dAu+dAV,
=dU° +dAV. (1)

Thus the two additional terms cancel and every-
thing reduces to the usual thermodynamics of sys-
tems at rest.

Incidentally, we note for future use that, for a
homogeneous system, (1) may be written in the
form
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dQ=dU~ U +-dG+Pav, (2)

where V is the volume, P is the pressure, and
=Mu is the total momentum of the moving
system.,

The relativistic case is less trivial for the fol-
lowing reasons,

(i) U cannot be decomposed in a kinetic energy
term and a term U° depending only on the internal
state.

(¢4) The rest mass M is not constant, since any
heat transfer d @ represents energy and therefore
mass, Similarly the work d4y done on expanding

decreases the rest mass.
(i3i) The transfer of heat and work between mov-

ing systems implies the transfer of mass and hence
of momentum,

3. EXTENSION OF THE THERMODYNAMIC SPACE

For simplicity we take as ourisystem a gas en-
closed in a box, When at rest, it has two thermo-
dynamic variables, the volume V ° and the pres-
sure P, Moreover, of the three components of a
we only consider the x-component, to be denoted
by #. The generalization to more variables is
obvious.

The thermodynamic space now has three dimen-
sions, corresponding to the variables V°, P, and
u.. In the plane # =0, the thermodynamic quanti-
ties U°, 7°, and S° are given as functions of V°
and P by the usual thermodynamics. Moreover,
two differential forms ¢A° and ¢ Q° in the vari-
ables V¢ and P are given, obeying

dQ°=dU°+aA°,

T°dS° =d Q°. @)
Our task is to extend the definition of these quanti-
ties to the domain? ~ 1<% < 1, in such a way that
the first and second law remain valid,

More precisely, by “extending the definition”
we mean defining three functions U(V°, P, u),
S(v°, P, u), and T(V°, P, u), and two differen-
tial forms ¢ @ and ¢ A in the same three variables
Vo, P, and u, such that

dQ=dU+dA, (4)
TdS =4 Q. (5)

For # =0, they should reduce to U°, S° 7°,and
d@°, dA°. Moreover, in irreversible processes,
§ should always increase.

4. EXTENSION OF THE FUNCTIONS U AND S

Let the system be at rest in a state (V°, P), Its
rest mass equals U° (when the arbitrary constant
in U° is chosén appropriately). In principle, the
system can be accelerated to any velocity at the
expense of mechanical work, without affecting the
internsl state of the system.3 The amount of
work required is

-aA, = dlUo/(1 - u?)¥2] =U°dy ,

where y =(1 -u2) T/ . If we now choose as a
natural extension?’ of the definition of internal en-

ergy
U(VO, Py u)szO(VO, P)> (6)
we have for pure accelerations

dU+d@A =0,

It follows that the first law remains valid if one
postulates that ¢ @ =0 for pure accelerations. That
is, the (as yet unknown) differential form d @ in
three variables contains no term with du, in agree-
ment with the physical interpretation of @ @ as heat
supplied to the system,

In order to maintain the second law in its cus-
tomary form (5) one must have

S (V°, P, u)/du=0, or S(V°, P, u)=S°(Ve, P),

Thus the entropy is independent of «, that is, the
entropy transforms as a scalar,% In the three-
dimensional thermodynamical space, the surfaces
S =constant are cylinders parallel to the # axis.

(Fig. 1).
5. EXTENSION OF T AND 80

So far we are still free to extend the definition of
temperature by choosing for T any positive func-
tion of V°, P, and u, or alternatively of V°, T°,
and #, provided that it reduces to 7° for #=0. The
second law (5) implies that one must then put

T(V°, T u
dQ:dQ°_L7%rL).
However, if dQ is to be an extensive quantity, the
ratio 7/T° cannot depend on V°, so that

T=TO%(Tu), dQ=d@°%(T°, u).

Here g(T%; u) is an arbitrary positive function,
subject only to the condition that g¢(7°, 0)=1. The

u

' [ S=const.
|

|

|

|

|

S = =P
ST

v°/

FIG. 1. The extended thermodynamic space.
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second law can tell no more about g.

For further information one has to return to the
first law, which one would like to maintain in the
form (4). On substituting the results obtained so
far, this becomes

£4Q°=YdU° +dA, (7)

where dA_,=dA-dA is the work done when the
system, moving with the veloc1ty u, expands.
Since such work is typically measured as the in-
crease of mechanical energy of a second system,
connected with the first one and moving with the
same velocity #, one has

ctAV=ydAV'°, (8)

Hence, if one chooses g to be equal to ¥, Eq. (7)
coincides with (3), so that indeed (4) is satisfied.
Thus, for this g, and only for this g, the first
law remains valid in the form (4).

6. THE THERMODYNAMICS OF OTT

We have thus rederived the transformation for-
mulas of Ott®

T=yT°, &Q°=vdqQO, 9)

The first law (4) can be written more explicitly as
dQ=dU- Udy +yPdV°, (10)

If one desires, one may express U°, V° and P
in terms of the quantities referring to the labora-
tory frame, U=y U° andV=V%y. The pressure
P is not changed by a Lorentz transformation, 7

It is possible to write (10) in a form similar to
(2). The momentum G of the system is y«U° and
one has '

wdG=yutdU° + Udy =yu2dUP° + uldG)*,

where (dG)* denotes the variation of G while the
rest mass U® is kept constant, Thus (10) may be
written

dQ=dU-y(dG)* +dAV.

The fact that one has to write (dG)* instead of dG
is the essential remark of Ott. It exhibits clearly
that any change in momentum due to the change in
rest mass should not be included in the accelera-
tion work dA Such changes of rest mass occur
when heat or work is exchanged with another sys-
tem,

7. THE THERMODYNAMICS OF PLANCK

The classical theory of Planck et al.® amounts
to taking g=1/y =(1-u?)/2, so that
T=T°(1-u?) V2, (11)

4Q=aQ°(1-u?) " =(1 -u2) “(ave+ PaV°). (12)

On the other hand, they chose to define the inter-

nal energy for u # 0 by
U(ve, P, u)=y(U°+u?PV©), (13)

instead of Ott’s definition (6).
mentum was defined by

Similarly the mo-

G(V°, P, u)=yu(U°+PVY), (14)
With these definitions, Eq. (12) may be written
aQ=dU-udG +PdV. (15)

The question is whether this is a reasonable ex-
tension of the first law to moving systems.

The essential difference with Ott is that one now
regards as the thermodynamic system the gas in the
box alone, and not the gas and box together. In
fact, U and G are the energy and momentum of
the gas molecules, They do not form a four-vec-
tor? because the gas alone is not a closed, self-
contained system, but is subject to forces exert-
ed by the walls, The walls of the box contain
stresses necessary to counterbalance the gas pres-
sure, In the rest frame these stresses do not
carry energy or momentum (provided that the walls
are rigid), but viewed froin a moving frame they
do. The reason is that the time components of the
four-dimensional stress tensor represent energy
and momentum density’®; these components are
zero in the rest frame, but become nonzero after a
Lorentz transformation. This gives rise to an en-
ergy and momentum of the walls. Hence one must
make a distinction between the & and G of the gas,
and the four-vector U and G of the total system.

It follows that the energy and momentum due to
the wall stresses are

U-U=-yu*PV°, G-G=~yuPV°
Variation of V® with constant # and P entails an
increase of the wall energy,

d(U-TU)==-yuPdVo=(y ~ '~ y)PdV°.
This is the difference between the term PdV
= y71PdV? in (15), and the term y PdV°in (10). The
term PdV represents the work done by the gas on
the wall plus surroundings, whereas P4V? is the
work done by the gas plus wall on surroundings. !

Nevertheless, (15) is not a satisfactory formu-
lation of the first law. One objection is that it only
applies to homogeneous systems (or to systems at
least having the same pressure throughout their
volume), inasmuch as the definitions (13) and (14)
are confined to that case. The other objection is
that, for other processes than a variation of V°,
the separate terms in (15) have no clear-cut phys-
ical meaning. For example, a pure acceleration
gives d Q=0 only by a clever cancellation of the
variations of all three terms. The term - udG is
not just the acceleration energy d¢Ay, since dG in-
volves a term with dU° and is therefore nonzero
when heat or work is exchanged at constant #. The
term PdV is not just the work done on expanding,
since dV involves a term with du and is therefore
nonzero when the system is accelerated with con-



298 N. G. VAN KAMPEN

stant V°,
Because of these objections to Planck’s formu-
lation, we now return to the choice (6) for the in-

ternal energy.

8. HOMOTACHIC AND HETEROTACHIC PROCESSES

-

So far only two kinds of processes have been con-
sidered: (i) exchange of heat and work between
syatems having the same velocity (which are the
processes of ordinary thermodynamics and will be
called “homotachic ”¢; and (i) processes in which
u varies adiabatically with constant V°, and P
(“pure accelerations”), They sufficed to define
the thermodynamic quantities in the whole thermo-
dynamic (V°, P, u) space, because any point in
that space can be reached from an arbitrary start-
ing point by a chai of such processes, Yet a num-
ber of “natural” but not logically compelling choices
had to be made.

() We chose to extend the definition of U by
writing (6) .

() We chose to maintain the first law in the

_form (4).

(#44) We chose to maintain the second law in the
form (5).

The task remains to show that these choices are
compatible with Kelvin’s principle for other pro-
cesses too. Such other processes are those which
involve a direct heat transfer between systems
wmoving with different velocities (“heterotachic pro-
cesses”). In this case, however, the momentum
transfer inherent in exchange of heat and work does
affect the velocities of the systems. Hence at
least part of this momentum transfer should be
counted as work dA4,,. This complication has been
analyzed by Ott, but we shall now propose a dif-
ferent formulation of relativistic thermodynamics,
in which this momentum transfer need not be taken
into account explicitly.

9. A THIRD FORMULATION OF RELATIVISTIC
THERMODYNAMICS

Let uy = (v ;7u) be the four-velocity of the sys-
tem, and Uy, =uy, U° be its energy-momentum four-
vector, Let K|, be the Minkowski force acting on
the system; if there are no other interactions, K
gives rise to a pure acceleration described by

dUu/d‘r= U°duu/d‘r=Ku, (16)
where 7 is the proper time of the system. Note
that* . « =1, and therefore

"
=0, 17
u, K, (17)

Let dAy), represent the mechanical energy and
momentum transferred to another system, for in-
stance, by expanding, We now write as the rela-
tivistic extension of the first law

dQU- =dUl~i +cTAp'

= -K a . 18
dUu “d7'+ AVu (18)
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The four-vector d @ defined by this equation will
be called the “thermal enevgy-momentum tvansfev.”
On the other hand, the “heat supply” will be de-
fined as the component of this four-vector along the
four-velocity,

quQN- =dQ°, (19)

As it is a scalar, it is identical to the heat supply
measured in the rest frame. The second law (5)
remains valid when T is defined as equal to the
temperature 7'° in the rest frame,

Thus we have obtained a different formulation
of relativistic thermodynamics, in which both ¢ @
and T are scalars.’® However, the first law is
now replaced with the covariant equation (18). This
equation does not give the heat supply d @° itself,
but instead gives the four-vector ¢Q,, from which

d Q° can be found according to (19). Alternatively
one may write directly
adQ=u dU +u, dA (20)

A

10. VERIFICATION FOR HOMOTACHIC
PROCESSES

When heat is transferred between two systems
having the same velocity, then in their common
rest frame the thermal energy transfer is ¢ @°,
and the thermal momentum transfer is zero. As
dQu is a four-vector, one must therefore have in
an arbitrary frame d‘Qu =uud’Q". Similarly, trans-
fer of mechanical work dAy° in the rest frame does
not entail momentum transfer, because, when the
gas expands, the force on the piston is always
balanced by an equal and opposite force, if the
expansion is to be reversible, Hence one also
has in an arbitrary frame dAy,, =u, ,dAy°,

Thus, if all exchange of heat and work takes
place homotachically, the general equation (18)
reduces to

- —_ 0
uudQ0 dU“ K“d7+u”d‘AV . (21)
This equation can be decomposed into two equa-
tions by separating the components parallel and
orthogonal to the four-vector uy. With the aid
of the identity

= o) = UY,
dUu d(uu ) duu+u”dU°

one finds for the component parallel to u

d’Q°=dU°+dAV°,

which is simply the first law for the system at
rest, The orthkogonal component yields

=U%u~K d
0 du u'r,

which is simply the equation of motion (16) for the
system as a whole,

This shows that, for homotachic processes and
pure accelerations, (18) reproduces the familiar
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results, The entropy is, according to Sec. 9,
given by dS =& Q°/T°, which is of course also the
familiar entropy.

11. APPLICATION TO HETEROTACHIC
PROCESSES

Suppose two systems, a and b, interact with
each_other, but with nothing else, Then Uu“
+Uyb is constant and ¢A % +dAy,” =0. “Hence

a b_
dQM +d‘Q“ =0. (22)

However, unless the systems have the same
velocity,

ae?+aqd <o,

When thermal enevgy and momentum ave trans-
ferred, the heat lost by one system is not necessari-
ly equal in amount to the heat gained by the other
system.** The reason is that the heat contents of
the transmitting agency (e.g. electromagnetic
waves) is not the same for all observers.’s For
they use different frames when decomposing the
thermal energy-momentum four-vector in energy
and momentum, ’

More precisely, let b emit radiation, which in
its rest frame has energy ¢, and is isotropic and
therefore carries no momentum. In this frame
dQ“b =(-¢; 0,0,0). In an arbitrary laboratory
frame

b b

d =— .
Qu u, 9

If this radiation is absorbed by a, one has accord-
ing to (22) and (19)

aQ “=u °q,

a a b
ag*- .
T @ =uyuyd

Note that ufﬁu#b =(1-u?)~"2 =y, where « is the
OCil

relative ve y of @ and b. It follows that
9% +d @’ =y - 1)g>0.

The increase in total entropy is

b
_a4qQ® 4@’ sy _ 1.
ds =55+ = (o 75) 4
a b a b

This is negative for T,°> y T30, but that is not a
paradox. It is not possible without the aid of
Maxwell’s demon to let radiation go from b to a,
without radiation from @ to ». For this reason
Ott was not justified in using the above example
to prove that his transformation formula (9) for
the temperature is the only one consistent with
Kelvin’s principle for heterotachic processes,®

12. THERMAL CONTACT BETWEEN MOVING
SYSTEMS

It is possible to further specify the example,
such that the exchange of thermal energy and
momentum can be calculated explicitly, Let two
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black bodies a and b be separated by a thin metal-
lic sheet (Fig. 2). With respect to the laboratory
frame, @ and b have velocities #% and ub parallel
to.the sheet, and the relative velocity of b with
respect to a is u = (u® - u®)/(1 - u%ud). Body a
fills the space between it and the sheet with biack-
body radiation; in the rest frame of a the energy
density p, is a universal function of the rest temper-
ature T,° Similarly the space between b and the
sheet is filled with blackbody radiation moving
with velocity ub. So far there is no interaction
between a and b,

Let a sn+all hole of area AA be opened in the
sheet during Af. The transmitted radiation will
be proportional to AAA¢#; since this is a scalar
it does not matter with respect to which frame
one measures AA and A¢. Also the velocity of
the sheet is irrelevant,

The radiation leaking from a to b can be compu-
ted in the rest frame of a to be 3p,AALS, It
carries no momentum component parallel to the
sheet, as is clear from symmetry,?” Thus one
has in the rest frame of a

a0 a0
dAVu =0, aU L= (
For brevity we absorb the factor §AAA¢Z in p,,
and obtain

- %paAAAt; 0,0,0).

0 a0
aQ “= =—(o; .
Qu dUM (pa, 0,0,0)

Transformation to the laboratory frame yields for
this process

__, a
dQu(a-b)— Uy Py

In addition, radiation leaks from b to @, yield-
ing a second contribution to the thermal energy-
momentum transfer

__, b
d’Qu(bwa)— uy Py

The total thermal energy-momentum transfer is
therefore

¢Q,"--aq,"-

a +ub
M Pa*™y Pp-

_u“

The heat supply to each system is, according to
(19),

b/// e — ub

AA
a
eI —

¥IG. 2. Direct energy-momentum transfer between

moving systems.
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aq==p,+,, 26" ==p, +1_.
Again one finds that their sum is not zero:
a@%+aql =(y- 1)(p,,+p,)> 0.

13. THE INCREASE OF ENTROPY

The variation of the total entropy is

b
aQ® ag y 1 y 1
dS="F5+ =(#5-73)p, + (7 5-773) P
T, "T,° (.rbo TaO)_a (Ta° Tb°) b
PP
1 1 a b
= |\lFo-773 |l,=p )+(r-1) (—+*~—>
(Ta Tb°> b "a T Ty

As p increases with 79, the first term is positive
unless T,°=Tp°. The second term is positive un-
less y = f , that is, unless the velocities are equal.
Thus we find that the entropy increases, unless
both bodies have the same tempevature and velo-
city. Exchange of radiation between bodies with
the same temperatures (in their respective rest
frames), but different velocities, is an irrever-
sible process. In other words, there is friction,
due to the momentum transfer inherent in the
transfer of radiation, as also mentioned by Ott.
Unless the two bodies are completely isolated
from each other, they will exchange radiation
and thereby approach equal temperature and
velocity. This equilibrium state can be found
from the condition of maximum entropy:

dS =0 when dUI-L =0. (23)

Indeed, this variational principle leads to

a a 0 b b 0
= T
das u, dU“ / 0ty dUM /Tb R
a b
U =dU au .
v, =dv,~+du,
In order that the first line vanish for all variations

for which the second line vanishes, one must have

a o__ b 0
u, /Ta =u, /Tb .

From this one finds easily the equilibrium condition

PSS a_ b
Ta -Tb s u“ —uu

Note that the supplementary condition in (23) states
that S has to be maximized for fixed total energy
and total momentum. If one keeps the momentum
of each system separately fixed, one finds only one
equilibrium condition

1 1
7 0[1- )2 = 7,01 - )2 (24)
This result has been used!® as an argument in favor

of the classical transformation formula (11), How-
ever, keeping the separate momenta fixed not only
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ignores the fact that momentum is transferred, it
is not even a relativistically invariant condition.
Nor is the resulting equilibrium condition (24).

14. ADDITIONAL REMARKS

A slightly modified way of expressing the same
thermodynamic formulas is the following. For
each system define a four-vector B =u /T°. Having
written the first law in the covariant form (18), one
may then write the second law in the invariant form

as =ﬁud'Qu . (25)

Thus the concept of heat supply and its transforma-
tion properties is completely eliminated, although
the physical results are the same,

Although this paper is concerned with macroscopic
thermodynamics, a final remark on the connection
with statistical mechanics should be made., For an
ideal gas in equilibrium the number of particles per
unit volume in a momentum range d3p° is given in
the rest frame by the Boltzmann distribution

fo(p°) =const. e‘eo/To, (26)
1
where € =[m?+({°?] % is the energy in the rest
frame. If the gas moves with a velocity § with
respect to the laboratory frame, the distribution
observed in the laboratory is obtained by expressing
(26) in the transformed variables,®

76) =757 =const. expl- roty—e] » (27

=const. exp[-—uupu/T"] (28)

=const. exp[- Bupu] , (29)

where p,, is the energy-momentum four-vector of a
particle, It is easily seen that a similar remark
applies to Bose and Fermi statistics.

Equation (27) has been used?® as an argument in
favor of the classical transformation formula (11),
It should be emphasized, however, that absolute
temperature is a thermodynamic concept, defined
by the second law, Only when thermodynamics
does not uniquely determine the relativistic exten-
sion of temperature is one free to make that choice
that is most convenient in statistical mechanics.

We have shown that the choice made by Planck
et al. is limited to homogeneous systems and leads
to an awkward formulation of the first law. Ott’s
choice is satisfactory for homotachic processes and
pure accelerations, but its application to hetero-
tachic processes is complicated by the necessity of
taking the guiding forces into account. The simplest
choice is to define the temperature as a scalar,
T=T°, provided that one replaces the first law by
the covariant Eq. (18) and distinguishes between
thermal energy-momentum transfer and heat. This
choice is also clearly favored by the statistical
formula (28). An equivalent, but slightly more
streamlined formulism consists in eliminating the
concept of heat altogether, using the second law
in the form (25), and using (29) for the statistical
distribution,
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The nielting curve of He® has been measured to 12 m°K in order to see whether the
exchange interaction has caused the solid entropy to fall below its completely disordered

value of RIn2.

For 12 m°K £ T <600 m°K, the melting curve data are described by

P=29.107+0.25537()%— 0,057 00(#)%+0. 016 25()* atm, where 100 = T— 299, 028 and T is

the absolute temperature in m°K. The data points fit this equation with an rms deviation

of 0,06 atm. Using this information and previous results for the liquid and solid molar
volumes and the liquid entropy, the Clausius-Clapeyron relation shows that Sg,j;9=R In2+16%
for 12 m°K <7 <320 m°K. This places an upper limit of 3 m°K on the magnitude of the
exchange interaction in solid He® for molar volumes along the melting curve. The He®
melting curve was measured between 12 m°K and 300 m°K and found to have a slope of

0+0.007 atm/°K.
INTRODUCTION

The melting curve of any material provides in-
formation which relates thermodynamic properties
of the liquid and solid phases along the curve. This
is a consequence of the Clausius-Clapeyron equa-
tion

(dP/dT) _ .= aS/AV, (1)

where P is absolute pressure, 7T is absolute tem-
perature, melt indicates that both phases are in
equilibrium, AS is the difference in entropy be-
tween the two phases, and AV is the difference in



