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®Experience shows that problems of this type are not unaffected, although the asymptotic oscillations of &

very sensitive to the detailed form of the closed-channel are not correctly represented.
function, provided that the regularity condition (Eq. B7) 29 ,

is satisfied. Infact, if all the coefficients (a,b,..., T. F. O'Malley, L. Rosenberg, and L. Spruch, Phys.
a, b....) in Eq. (B10) are omitted, the phase shifts are Rev. 125, 1300 (1962).
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Solutions of the Faddeev equations for Coulomb potentials are investigated. A method which
is of practical use for solving the Faddeev equations below the three-particle breakup thresh-
old is developed. As an example, the method is applied to the (e, H) system in which the H™
bound state and the lowest members of the resonances in both the singlet and the triplet J =0
series are calculated. The results are in good agreement with the experimental measure-
ments and previous calculations which used conventional methods.

I. INTRODUCTION tional methods is that the wave functions are calcu-
lated systematically along with the energy levels.
The nonrelativistic three-body problem with two- No trial wave function is needed in the computa-
body interactions has been formulated by Faddeev!»? tion. Although this paper only contains a few
in a way that allows straightforward computations, illustrative examples all dealing with the e-H
For short-range forces, the Faddeev equations problem, we believe that the Faddeev equation
have been applied successfully to a number of has a considerably wider range of applicability.
problems.3—3 It is the purpose of this paper to A brief account of this work was presented recently
show that the Faddeev equations are equally appli- at the Leningrad Conference,4
cable to atomic problems as long as the total energy In Sec. II, we give a simple derivation of the
is below the three-body breakup threshold - for Faddeev equation, and review the method of
example, the calculation of three-body bound reduction with respect to angular momentum, The
states and resonance energies and wave functions method of solution is presented in Sec. III and
below the ionization energy. The significant applied to the H™ problem in Sec, IV, A discus-
advantage of the Faddeev equation over conven- sion of possible extensions is givenin Sec, V.

1. THE FADDEEV EQUATIONS
A. Formal Derivation

The scattering matrix 7(s) for the three-particle system with two-body interactions is a solution of the
equation

T(s)=V+VGy(s)T(s), (2.1)
with sz:l. v, (v, =Vip), 2.2)
(2.3)

Go(s)=(s —Hy)™?,
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where the three particles are labeled by 7, j, and 2, and G,(s) is the free three-particle Green’s function,
The “off-shell” scattering matrix T;(s) arising from the two-body potential V; above is given by the
Lippmann-Schwinger equation

T;(s)=V,+ V,Go(s)T(s). (2.4)

Since V; acts only on two particles, the third particle is therefore left as a spectator in Eq. (2.4). Equa-
tion (2.4), in effect, is equivalent to the equation for two-particle scattering matrix; the presence of the
spectator particle gives rise to merely a shift in the energy scale.

Now we decompose the three-particle scattering matrix T'(s) into three components

T(s)= TW(s)+T @ (s)+T® (s), (2.5)

where T<i>(s)=vi+vico(s)T(s) . (2.6)

As it stands, Eq. (2.6) is a set of integral equations with each 7@’ coupled to all three operators
7 ), ji=1, 2 and 3, The main difference between these equations and the Faddeev equations is that,
in the latter each T(i) is only coupled to two T(7 )’s with j# i, and as a result, the kernel of the 1ntegral
equation is less singular, We give here a simple derivation of the Faddeev equations:
Define the expression

2-1s)-7,(6)- = 1,(5)6,(5)7s). 2.7
] *1

One can readily show by utilizing Egs. (2 4)—-(2. 6) that
3

@-=v.+ L v.e,rP - v~ VGT-Z VZGT(]) ZVGTGT() V.G (2.8)
¢ j=.ll j#i j#i

Smce V;G,(s) is not the identity operator, Eq. (2.8) implies that =0 for each i, We then obtain for
7@)(s) the equations

7Ws)=7,()+ T T,()G(s)T 7). i=1,2,3, 2.9)
]#l

which are the well-known Faddeev equations.! In the matrix form:

TM(s) T ,(s) 0 T,(s) Ty(s) T W)(s)
(T(z)(s) = To(s) | To(s) 0 T2(8)>Go(s) T(z)(s)>.
T® (s) Ty(s)) \Ta(s) Tuls) O T6)(s) 2. 10)

This is a coupled set of integral equations in five variables. Since no approximation is made on this
formal transformation, the solution of Eq. (2.10) yields 7, T and T ® whose sum is the exact
solution of the original equation (2., 1).

The Faddeev equations can also be interpreted diagrammatically. Let us represent T, by the sum of
the diagrams as shown in Fig, 1 and similarly for 7, and 7,. For the 7’s with a superscript, we use the
symbols shown in Fig. 2. The Faddeev equations are then given by Fig. 3. One can easily see that the
iterative solution of the three equations in Fig. 3 using the equation in Fig. 1 reproduces all the diagrams
in perturbation theory. Our formal derivation given earlier simply shows that the Eqs. in Fig. 3 are
valid even if the perturbation series fails to converge. In the diagrammatic representation, it is physi-
cally evident that 7(¥ is that part of the full three-body 7 matrix where particles 2 and 3 undergo a
final-state interaction. Since 7; already represent a complete sequence of two-body interactions, each
T\t) can only couple to 77 ), j#1i. As mentioned earlier, this decoupling of 7 () from itself results in a
less singular kernel as compared to the original equation (2.6). This is due to the fact that each T; is
associated with a § function corresponding to the momentum conservation of the ith particle, and the
decoupling removes the repeated 5 functions.

B. Three-Body Kinematics

To reduce the Faddeev equations, a suitable set of basis variables must first be chosen, For this
purpose, the momentum representation is adgpted. Let the masses and asymptotic momenta of the three
particles be denoted by m,, m,, and mg, and k,, kz, and ka, respectively. An appropriate set of basis
variables may be constructed by taking certain combinations of the momenta in the center-of-mass sys-
tem of the three particles., For T, the suitable basis variables are the pair of independent momentum



204 BALL, CHEN, AND WONG 178

w7 Wi = 2

|
WSt = g +37 * It o

FIG. 1 Diagrams for the two-body scattering matrix _ +
T;. The wavy lines represent the two-particle poten— M - % % % + & M
tial V;.
. T, i/
(1 (2) (3) P P
FIG. 2 Symbols representing the three-body scatter - FIG. 3 Diagrammatical representation of the Faddeev
ing matrix T @ with a pair of particles undergoes a equations. The gap between two diagrams represents a

final-state interaction. a noninteracting three-body Green's function.

variables,3
p,= [m3E2 - mzﬁs] /[2m2m3(m2 +m3)] vz, g,= [mf(ﬁz +E3) - (m, +ma)E1] /[zmx(mz +m3)(m1 +My +m3)] vz (2.11)

and their conjugated pairs P,d, and P,d, which are obtained by a cyclic interchange of subscripts in Egs.

(2.11) are the appropriate sets for 7@ and T ®) respectively.
The nonrelativistic kinetic energy in the center-of-mass frame may be written in any pair of basis

variables;
Hy=p2+q,2=p% + 4,2 =p3® +45°. (2.12)
Consequently, the corresponding state vector |k,k,k)) may be represented in several equivalent forms

KKK, ) = 15,01), = 1P205)2 = Psds)s » (2.13)

where the extra subscript keeps track of the proper pair of basis variables.
These sets of basis momentum variables are linearly dependent on each other, The relations are

summarized below,

51 == 0D, = Biols = = @B + Bisls », Ty = Braly = @10y = = Bralls — 01 (2.14a)
By == D1+ Boydy = = 0agls — Bass » Tz == By — oy = BasDs — a5 (2. 14b)
Py == g, + Boolle = — gDy = Bayly, s = = Bz — 0555 = B uDy = g, (2. 14c)

(2.15)

= 1/2 =(1- g2 )12
where o [mimj/(mi +mk)(m]. +mk)] , Bz'y (1 af )
We will frequently interchange these basis momentum variables among different sets for convenience,

C. Separation of Angular Momentum

A separation of the angular momentum states in the Faddeev equations can be carried out using the
relative angular momentum of two particles, which is combined with the angular momentum of the third
particle in the over-all center-of-mass system.®!% In this decoupling scheme, the state vector [ﬁi,ai)i
may be expanded in terms of a set of orthonormal partial-wave states |p;Im;, ¢;Lmp); . Since the total
angular momentum J is conserved, we may in general consider the states to be diagonal in J. These

states are given by

1
|11;qJMlL)i=(-)L_Z—M(2J+1)a 2 (—Jlini nI,l‘ )Iplml,quL)i y (2.16)
mpm 1L
with |plm;,qLm ) . =Ylml (ﬁ)YLmL(&)lﬁ,ﬁ)z-, (2.17)

Fblmy, aLm ; 1p'U'myr,q’'Lim 1), = Pa)28( -p") 8g-q') ;70871 Gmlml’ amLmL’ ) (2.18)

where the Wigner 3j symbol is adopted for the Clebsch-Gordan coefficients,
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The Faddeev equations [Eqs. (2.9)] may be written in this representation as

‘I’a(Z) (pr'[_{r's ) = @a(l)(p; q, S) +% Z 2 j‘°° dp]a Lw dqu x](z)(an ijq]aj)[p]q]/(pjz +qj2 - S)]

0

o j#i

X\Paj(])( 5,4;,9), (2.19)

with \Iia(i)(p,q,S)si(pqalT(i)(s)iE;fczﬁs), 2. 20)
@a(")(p,q,s)si<pqalTi(s)|E1E2E3>, (2.21)
acj(i)(pqalqujaj) = {pqalT, (s)lquja.j , (2.22)

where for convenience the discrete quantum numbers (JMIL) are collectively denoted by a. The physical
interpretation of the equations is straightforward. The quantity ¥ . @@ (p;jqis) represents the contribution
to the three-particle scattering amplitude in which particles jand k(i #k # i) undergo final-state interac-
tion with relative angular momentum ;. The quantity @ai(i)( b; 4 s) represents the scattering amplitude
in which particle 7 acts as a spectator. The initial state which is denoted by Ik k.k,) is arbitrary. The
quantity p is proportional to the magnitude of the relative momentum between particles j and &, and the
quantity g is proportional to the magnitude of the momentum of particle 7 in the three-particle center-of-
mass frame, R

Utilizing Eqgs. (2.16)-(2.18), we obtain for the kernel -’Kj(’) [defined in Eq. (2.22)] the expression

% @) (Ll =11 ( J1 L )( J U L )
3 (anli’jqjaj) =) E -M ml mL -M ml’ m

mm L’
ml,mL,
x [ abaq; ap;aq; BUT, (9)18,d;); 2T + 1)Y;ml(p,.)Y;;mL<qi)Y,,ml,(pj)
><YL,mL,(qj)° (2.23)

Since T; involves only two-body potential V; [see Eq. (2.4)], the matrix element i(ﬁ a1 T5(s) Ip; ‘c];)j in
Eq. (2.23) may be reduced to a two-particle matrix element, According to Egs. (2.3), (2. 12)1, and (2. 13),
we have

HBANT ) 1B Gj); =, (BTN T () Ip,0,); =0@ - B 1T (s - 415, (2.24)
with 8(q-g;) =29~ *6(¢* - ¢,°) 6(cos6] - cos 6], ) 6((00*1 - ¢q') , (2.25)
1

where ’.7‘1- is the two-particle scattering matrix in the Hilbert space of the two-particle states, We may
make use of the decomposition

BIT.(s )15,y == sky 3 (@1+1) Pr(cosber )t o poss — g?) 2.26
(BI1T,(s - ¢*)1B;) 2—.,,2‘l=0 +1) Flcos B8, "1 ®,0;35 -9%) )

where the scattering amplitude between particles j and 2 with angular momentum / is normalized accord-
ing to the equation
@) o
t,(p,p;p*)=e (sind))/p. (2.27)
Here p? is the two-body center-of-mass energy.
When Eqs. (2.24)-(2.26) are utilized, the kernel in the Faddeev equations may be written as®

@) 1 (@)
%, (pgalp.q;a)=]_ dcosbre A (0xx,0xx,00=)0(—q2t, ' (,p,;s-q? (2.28)
J 777 1 qjﬁ] aaj ﬁlﬁj azﬁj q]ﬁ] 71 t
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L+L'=1-1"11 1 1
: _(=) 3011 . 113 1 L J L J!
with A (65 5)= 167°Q21 + )78 1,8, 00 2
LI

P, q — = — —
37 mZmLmL, ml mL -m 0 mL, —mL,
XV (022,007 (624,007, ,— (6+4,0), (2.29)
lim, ﬁiﬁj Limy qiﬁj L'm 1, 4;b;

where 6g,5;, for example, is the angle between momentum variables d; and ﬁj. It should be noted that
these angzl[gs], are related through the relations between different sets of pair momentum variables [see
Eqs. (2.14)].

The above result was derived for any angular momentum state J of the three-particle system, For
convenience, we will consider explicitly only states corresponding to zero total angular momentum, For
this J =0 case, a=(00ll)=I, and Eq. (2.29) becomes

(_)l+l'

2 1 1
All' (eaj.p.j) :T(zz +1)2Q1 + l)zpl(cos Gaiﬁi)pl, (cosba ), (2.30)

4%
with piz = pj"’ + qj"’ -¢? and

[a;;%(a2 - ) +8,2(a* - 7))

co86s » = (i) —2 , (2.31)
4p; 208,500,
(8,22 +a.2q.2 - ¢?]
C0S0s 5 = (G —L— Y J (2.32)
.. 2a..8..0.q. ’
b, %P3y
where (3j) denotes that (12)=(23)=(31)=1 and (21)=(32)=(13)=-1,
Substituting Eq. (2.28) with A;;/ given by Eq. (2.30) back into Eq. (2.19), and integrating over the
angles, we obtain for the Faddeev equations
5 0,0,59-0 00,09+ T [“aqzf Vi app
j #1 l' =0 0 Li].
’ L
(=) +2[@1+1)(21" +1)]2 Py(cos eﬁiai)Plf (cos eﬁﬁj )
X 2 2 _
4”0‘1]61]‘1@)] +q]- s)
xt (i)(p D s—q?)¥ (i)(p q.,s), i=1,2,3 (2.33)
l y i’ ll j; ]" ’ &y
(2.34)

ith U,.=(a,.q,+9?/8,%, L, =(a.q,~qP/B:>.
with U, =(a,;¢;+90/8;*, Ly;=(0;;4;-aF/By

It is clear that if tl(’)(p, P;;8 — ) is expanded in a sum of terms separable in p and p;, then the p depend-
ence of ¥; ¢)(p,q,s) becomes explicit (p does not appear in the kinematic functions or the limits of inte-
grations), and the coupled integral equations in two variables [Eq. (2.33)] can be reduced to equations of
one variable.19,22  We will consider the application of these equations to three-particle atomic systems
in which the interaction proceeds through two-body Coulomb potentials between each pair of particles,

III. THE METHOD OF SOLUTION
A. Eigenfunction Expansion for “Off-Shell” Amplitude

As mentioned before, the partial-wave Faddeev equations of two variables may be reduced to equations
of one variable if the “off-shell” two-body scatte '}ng amplitudes #; are represented in sums of separable
terms, In general, if the two-body potentials V; t) for a system are given, the two-body amplitude tl(Z
can be obtained from the solution of the Lippmann-Schwinger equation

tD0,0%8)=7,p 51411 [Zap 577, D0,0m1 0 57 BV 012 - B). (3.1)
Since the argument E is replaced by (s — ¢?) in the Faddeev equations, it is negative-definite provided the

three-particle energy s is below the three-particle threshold (s =0). For negative value{s of E, the
(p'"2 - E)~! term in Eq. (3.1) is nonsingular, and it is well known that the solution for #; %) can be expressed
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in terms of eigenfunctions of the homogeneous portion of Eq. (3.1).
The solution ¢n'l(1) of the homogeneous Lippmann-Schwinger equation and the corresponding eigenvalues
A7) are defined by

7, D Do, my=1=1 [ ap [0V D 070 - B0, D0, ), 3.2)

with the orthonormality property

ﬂ_lfo*oo dP"z P"¢nl(i)(ﬁ",E)¢ml(i)<P ",E)/(p"z - E) - 5nm . (3. 3)
Since ¢nl(i) constitutes a complete set, the two-body amplitude tl(i) can be expanded in the form
@y prmye > o @ @)
t, " (p,p ,E)—nzjocn, (6", B)9,;"(p,B). (3.4)
Substitution of (3.4) into Eq. (3.1) yields, with the help of Egs. (3.2) and (3.3),
@ o N @) @) @) @),
t,"(p,p";E) -EO Py EY L= BN 0, (b B, (b E). (3.5)

This is the desired representation for tl(i) in the sums of separable terms,
In momentum representation, the Coulomb potential is

v, 90,50 == (21,2 VT pp)Q, (8% 45"/ 200", 8.6)

where the @;’s are the Legendre functions of the second kind, u; is the reduced mass, and Z; is the
product of the chaz‘g)es (i.e.,Z; Zk) of the two particles. For this potential the e1genfunct1on ¢nl( and
the eigenvalue 2,;¢/ are both nown analytically.!®* We have

6,90, B =[N @'/ 0 - Y, [P+ E)/ (0 - B, n>1 (3.7
and Anl(i)(E) =-zu, % /=3, 3.8)
where n» > and the normalization constant is

N (E)= 24 3= 1= 1)1/ T+ 1+ 1)]7 11 (- B) & +3V/4 (3.9)

The Cyy — 1 *1(x)’s in Eq. (3.7) are the Gegenhauer polynomials'?

mz< Y
CLed ) -EmaBel) o or 1,1 -m; 1435 3(1-) - = ay(’“%m)(—"—g—l), 3. 10)
with a_y(l *Don) =[20m + 2L +7)m - v)/v(20 +27 + 1)]a(,)l, ‘:11)(m) , 3.11)

where the recursion relation for the a’s starts with
2. Vm) = (m +20)1/@1+ 1)1 m - 1)1 . (3.12)
B. Coupled Single-Variable Integral Equations
Utilizing the separable representation [Eq. (3.5)] for the off-shell two-particle amplitude, the p depen-

dence of ¥, &) (p, q,s) can now be made explicit. Let us return to the Faddeev equations for total J=0.
From Eq. (2.33), it 1s clear with the help of Eq. (3.5) that \Ill i)(p,q,s) can be expressed as

(Z)(P 4,s)= <I>( ®,q,9)+2, {k(’) (s-q?)/[1-2, (’)(s qz)]}¢(’) ®,s- qz)x(‘)(q,S) (3.13)
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Sub j:i(tuting Eq. (3.13) into Eq. (2.33), we obtain a set of coupled single-variable integral equations for
xn%/(q,s):

(i)(q,s) n(z)(q,s)+ E _L dq25cnl’il)l,(q,qj;s)xézlz(qj,s), i=1:2’3 (3‘14)
n' 15+ ’
1+1' 3
() Uz] 2( ) [(2l+1)(2l'+1)]2
i 00, B S et o) T Preostyg)
X¢nl(i)(p s- q2)¢§f)(pj,qj), (3.15)
141" '3
i (=) TP (@I +1)@1" +1)] pl(coseﬁ_qi)Pl,(cosoﬁq)
% ’,’l,l, (,4;35) =/ dp; )
4 L’l:j 7 4110:2][3”(1({) +q —S)[]. A Ill(s—qu)]

x 680, 5-en D -apedUp, -0, G.10)

Equations (3. 14) are the basic working equations. We will now examine their physical implications.

Let us first -examine the singularities of the kernel X given by Eq. (2,16). For negative values of s,
two-particle bound states of the system (if they exist) play an important role in the analytic structure of
the kernel X, Denote the two-particle bound-state energy by — €. For each such two- particl<(= state,
there is a corresponding eigenvalue A which equals to unity at — €. The denominator 1 -, ¢/ i) (s - qz) in
the kernel then vanishes at ¢g®=s + € for s > - €, therefore creating a branch point for x,; ()(q, s)ats=-¢e,
Three-particle bound states can only occur below the branch points. The region between the lowest and
the next branch points is the energy region for purely elastic scattering of a particle by a two-particle
system in its ground state, A single inelastic process occurs above the second threshold, and so forth,
By solving the Faddeev equations, we can obtain bound-state and resonance energies and wave functions
below the three-particle breakup threshold.

Now if there is no two-particle bound state between any pair of particles in the three-particle system,
the behavior of the kernel X becomes less complicated, since in this case the kernel is pure real below
s=0, Again, Eqs. (3.14) can be solved in a straightforward manner for both the energies and wave
functions of any possible three-particle bound states.

It should be noted, however, that if the total energy s is positive (i.e., above the three-particle breakup
threshold), then there is a region 0 <¢?< s where the two-particle energy s — ¢2 is positive and the expansion
for the off-shell two-particle amplitude [Eq, (3.5)] in general fails to converge, The method discussed
above becomes unsuitable, This includes the problems of three-particle breakup such as, for example,
the ionization of hydrogen atoms by electron impact,

We remark here that, for the Coulomb interaction, the two-body 7T matrix #j(p,p’,E) is singular at
p2=E, p’2=E or p=p’ for all E. The first two regions are inaccessible below the three-partmle threshold
(1on1zat10n energy), because E is negative-definite while p and p’ are positive. The region p =p’ is
accessible but the kernel X e (g, 4; s) is already the result of an integration over p;2, Since the
singularity at p =p’ is only lo lnléamthmatm the kernel no longer contains such a logarlthmatlc singularity.
This, we believe, is the reason why the three particle atomic problem can be handled by the Faddeev
equations without further modification, as long as the total energy is below the three-particle breakup
threshold.

So far the initial states of the three-particle system are left unspecified. This is possible because the
kernel of the integral equation is independent of the initial state, and the energy spectrum of the three-
body system is determined entirely by the kernel, The specification of the initial state and the corre-
sponding inhomogeneous terms are, however, of importance for the wave function of the scattering
problem, We now show how this term may be calculated,

For a physical scattering process, one usually has an initial state consisting of two interacting sub-
systems; in the present case, a particle plus a two-particle subsystem in certain bound state. For
definiteness,we consider an 1n1t1a1 state consisting of particle 1 and a bound state of (2, 3) with energy
s, and a.ngular momentum [,, The corresponding inhomogeneous term takes the form [see Eqgs. (2.21),

@. 24), and (2, 26)]

& O(p,ays) = =ity D (b,po,s - 0,700 - ), (3.17)
(V]

qoz -*(S _so) ’”q
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where p, and g, are the p and g of the initial state, Since #; ¢V has a pole at s - g2=s,, %, W(p,q,s)
can be rewritten as 0 0

It : 4 152 Y Y (1) )
élo (p,q,s) . s - so) ,n.q[a(q s +s0)/)\nolo (so)(s 9o so)] ¢"olo (p, s°)¢nolo(p°’ so) , (3.18)

where )\’ is the derivative of A with respect to s.

Now multiply both sides of Eq. (2.33) by (s — g,2 ~ s,)/ qhn‘:fo (po, S,) and then take the limit g2 ~s - s,.
It is easily seen that all the inhomogeneous terms vanish except for ®; ) and that the wave function
of the initial (2,3) bound state ¢,, ; ‘V(p,,s,) is factored out of the equation, Substitution of &; M from
Eq. (3.18) into Eq. (3.15) gives &x explicit inhomogeneous term 7,;;’, Equation (3. 14) can néw be
solved by standard numerical methods., For s above the lowest branch point the kernel must be taken
as the limit of s approaching the real axis from above. One can either use numerical methods for
complex arithematics or the Fredholm reduction given by Noyes'® and by Kowalski,!®

C. Spin and Identical Particles
So far, we have not considered spin in this formulation of the Faddeev equations. For nonrelativistic

atomic problems, there is no spin-orbit coupling and the effect of the spin simply appears as a multi-
plicative factor in the kernel®:

(,7) (,9) S;+S;+5,+5) ) 118 8, S
xnl,n'l'(q’qj;s)-'Jcnls,n’l's'(q’qj;s’S°)=(_ 1) [2s+1)(2S +1)] Si SO s’
(,5)
X %oy w4958, (3.19)

where S, is the total spin of the three-particle system; S the spin of the pair (j,k); S’ the spin of the
pair (,i); S;, Sj, and Sy, the spins of the individual particles; and { } denotes the 6j symbol. Of course,
t(;le T-matrix elements x,; ¢) should now carry an additional spin index S denoting the spin of the pair

j k). ,

‘As for identical particles, the statistics require that the two-body partial wave T matrix ;@)(p,p";E, )
be identically zero for certain 7, In particular, for two spin-3 identical fermions, ¢ is zero for even
7if S=1and for odd ! if S =0. As long as all the two-body T-matrix elements satisfy the requirement
of statistics, the solution of the Faddeev equations also satisfies the statistic. The number of equations
is reduced because some of the kernels become equivalent.

IV. APPLICATION TO THE (e,H) SYSTEM

It is well-known that for the (e, H) system, there exists only one three-particle bound state corresponding
to the ground S H— state, All the other three-particle states are unstable, They correspond to the resonant
states which may be generated in the laboratory in an electron-hydrogen (atom) scattering experiment,?0,2!
Theoretically it can be shown?2,2 that associated with each excited two-particle threshold (corresponding
to the excited states of H atom) there exist a number of resonances supported by a potential which asymp-
totically goes to zero primarily as »—2, Reasonably accurate determinations of the position and the width
of a few of the lower members of the resonances have been recently carried out both theoretically?*~2°
and experimentally 2! For the bound H™ state on the other hand, an accurate value for the H™ detachment
potential has been known for some time. A calculation of this singlet H™ state and the lowest members of
the resonances in both the singlet and the triplet J =0 series would therefore provide some insight into
the feasibility of the method outlined in Sec. IIIL

A. The !S H™ Bound State
Since the 1S H™ state has a zero total angular momentum (i.e., J=0), Eq. (3.4) may be used for the

calculation of this state. One can readily show for singlet spin multiplicity that the electron-proton inter-
action amplitudes for electrons 1 and 2 must satisfy the relation

X,0@,5) = (=) x,; @, 9), 4.1

and the electron-electron amplitude the relation

xnl(‘”(q,s) =0 for odd !, 4.2)
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Equation (4. 2) is simply the statement of the Pauli principle which excludes the possibility for two electrons
in the singlet spin state to have odd parity. Equation (4. 1) allows for the reduction of the coupled equations
[Eq. (3.14)] into a pair of coupled equations. The spin factor for the kernel is unity in this case,

We write Eq. (3. 14) in the matrix notation

x(a,8)=n(g,s)+ [~ dq?%(a, 45 9)(4;,5) , 4.3)

with  xT(g,s) x,M(q, 8), %@, ), %, V(g, ), ;¥ (¢, 8), %.V(g, ), X%.®(g,5),.. ], 4.4)
where each element xl‘i)(q, s) is a row with a dimension which equals the number of terms included in the
off-shell two-particle amplitude ;¥ [see Eq. (3.5)]. Equation (4,3) may be solved for x(s) by digitizing
the continuous variables g and 4j and inverting the matrix (7 - X )

x(s)=[1-%(s)]"*n(s). (4.5)
To calculate the bound H™ state, we need to determine the pole in the inverse operator [I- X(s)]~, The
pole may be located by locating the energy s at which the determinant of the I-X (s)matrix is zero.

For Coulomb interactions, the matrix elements in X may be obtained analytically since both the eigen-
functions ¢,,;;%’ and eigenvalues X,,;;) of the homogeneous Lippmann-Schwinger equation [Eq. (3.2)] are
known explicitly [see Eqs. (3.7) and (3.8)]. It can be shown that when these explicit expressions are
utilized with the help of Eq. (3. 10), all the integrals needed for the evaluation of the matrix element in X
can be expressed in terms of the basic integrals

[ (2g+qp dp;?

In(q,qz.;S)= (Zq-q, —————————(pizwiz_s)ml , (4.6)
where we have made use of the large disparity between the electron and proton masses (i.e., m,/m,
=m,/m, =0). These integrals satisfy the recursion relation

I =/ D0 = - 0" 1€ 0 - € - 1L /€ - 2], 1, 4.7
with §=(2q2+2qz.2—s) , §=2w/2—qqi , (4. 8)
where the recursion relation for the I’s starts with

4.9)

I, =4‘/§-qqi/[(2q2 +Zqi2 -s)p- 8q2q1-2] .

As discussed before, the three-particle bound states can only occur below the branch point correspond-
ing to the elastic threshold. In this energy region s <-1 Ry (- 13,605 eV), the matrix(/- %) is pure real.
After Egs. (4.1) and (4.2) are utilized in Eqs. (4.3), the resultant matrix integral equations are then
solved by matrix inversion [Eq. (4.5)]. By taking only the first term in the #‘ expansion [Eq. (3.5)],
we found that the H™ state appears at —1.0516 Ry below the three-particle breakup threshold. This corre-
sponds to a detachment potential of -0, 0516 Ry (i.e., 0,702 eV) for H™ in comparison with the accurate
value of — 0, 0555 Ry of Peheris.’® The agreement is most remarkable in view of the fact that only a single
1s term in the #;'*) expansion is used in the calculation, This then implies that all the remaining terms
contribute less than 7%. .

To demonstrate that all the remaining terms in the #;*’ expansion contribute less than 7% is, however,
a somewhat difficult task. The expansion converges in an oscillatory manner and involves large cancel-
lations. For example, the addition of the 2s term pushes the H™ state up very close to the elastic thresh-
old. The 2s term effect is cancelled by the 3s term. The net result due to the inclusion of the 2s and 3s
terms is to move the H— state down to — 1,061 Ry. On the other hand, the addition of 2p and 3p terms
would lower further the H— state to — 1, 064 Ry, and the addition of a 34 and 4s terms then pushes the H™
state up to — 1,063 Ry. It is clear from the numerical result that the oscillations become smaller for
higher terms in the #;*) expansion, However, our results seem to converge to a value lower than the
accepted value. This is probably due to systematic errors in our numerical calculations, We will return
to the convergence problem in Sec. V. Perhaps it is worthwhile to note that there is a substantial con-
tinuum component in each term of the tl‘“ expansion because this is a Stermian function expansion, so
that the symbols 1s, 2s, 2p, etc. should be interpreted accordingly.

Recently, a calculation of the H™ bound state has been carried out by Vesselova.3! In this calculation the
two-body interaction amplitude between the electrons #;‘®) was taken to be zero, As a test of our program
we have considered the tl‘3’= 0 case and obtained, as expected, an energy spectrum which is simply the
superposition of two sets of hydrogenic levels,
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B. The Resonant H™ States

As the total energy s of the system moves above the elastic threshold, we encounter the electron-hydro-
gen scattering problem. The corresponding matrix (I— X) now becomes complex and contains branch
points arising from bound states of H atom, These branch points must be treated properly in solving
Eq. (4.3) for resonant states and in calculating the complex poles in (I- X)~!, As an example, we will
determine the two lowest J=0 resonances with singlet and triplet spin states in the elastic region, We
choose this example for simplicity since in the elastic energy region the branch point of concern is re-
duced to just the one associated with the ground hydrogen state.

For the calculation of the singlet J=0 resonances, one may again solve Eq. (4.3) numerically, Due to
the presence of the branch points, it is difficult to maintain a desired accuracy by the standard numerical
method of complex integration. However, the accuracy may be significantly improved by the Fredholm
reduction method!8:1® in which the branch points are removed from the matrix to be inverted. For the
present problem, the only branch point of concern is that associated with the ground H state in x,‘*(q, s)
[Eq. (4.4)]. We will now show how such a method may be adopted for the present problem.

Write for x(g,s) the expression

X(g,s)=uls)r(g,s) (4.10)
where u(s) = x(Vs,, s) and
T ¥s)=Lr, Vg, ), 7P, 0, 7, DTg,5), v Big,0), v, WDg,5), 2,8(q,9),...] (4.11)

where s,=s+1, u(s,) is a scalar function, and the 'T‘l(i’(q,s)’s are columns with elements T,;%(q, s).
For the purpose of calculating resonance poles, we may replace Eq. (4.3) by

w(s)r (g, 8)= K100 (g, V5o, 8) +uls) [ da;s(a, 4;,5)7 (@), 5) ' (4.12)

where we have replaced 7(g, s)[see Eq. (4.3)] by &,,'"(q, s,; ) since poles in x(s) are independent of the
inhomogeneous term 7(g, s)[see Eq. (4.5)]. The symbol X ,(* stands for X;q,;(1,%) where i, », and I
are the suppressed indices of . This quantity ,,(*(q,s,;s) in Eq. (4.12) is’chosen to make the kernel
of the integral equation for T nonsingular at g2=s,. By definition of u, T,,‘(Vs,,s) is normalized to
unity. Solving Eq. (4.12) for u(s) at ¢®=s,, we obtain

_ptt? .o/ o (,5) } (4)
u(s) = -’K_!m,m (Vs,, VE;,S)/(I _j,%z?,lf‘) dqu Klo,nl (\fso,qj,s) Tl (qJ.,s)) . (4.13)
n>l1

Substitution of #(s) from Eq. (4.13) back into Eq. (4.12) yields

o ® D Vsois) (Dt '
dg;? {%(g,q;38) - =0 —D2020 B\ 77 (Voo,q 58} T (g;,5). (4.14)
+[ 9 {_ q q] s RO (5, Vo 8) 10 S0, 9 s)}_ a; s

10,10

(23]
xléii;(‘/s_o: ‘]Eo§s)

Now, the kernel does not have a pole at ¢;2=s,, and Eq. (4. 14) contains no branch point for s <- 0. 25 Ry.
It may be solved in a straightforward manner for T(g,s). Having obtained T (g, s), #(s) can be calculated
by evaluating the principal part integral in Eq. (4.13), and the poles of u(s) are then poles of ¥.

Unlike the case for the bound state, retaining only the 1s term in the #;%’ expansion [Eq. (3.5)] fails to
give any resonance, A resonance pole is found when either the 2s or the 2p term is included in the tl(“
expansion, This is expected since the H™ resonances are closed-channel resonances?? lying very close
to the excitation threshold. The positions of the pole obtained in the 1s-2s and 1s-2p expansions are at
—0.286 and — 0.291 Ry below the three-particle breakup threshold, respectively. The position of the
lowest H™ resonance in the J=0 singlet series has been found to be at — 0.2973 Ry both experimentally?!
and theoretically.?2—2° This seems to indicate that neither the 2s nor the 2p term alone is sufficiently
attractive to lower the pole to — 0.2973 Ry. From these results one may also conclude that the 2p term
is more attractive than the 2s term,

The combined effect of the 2s and 2p terms, on the other hand, is much too attractive. The pole is
lowered in the 1s-2s-2p approximation to — 0,326 Ry. It requires the 3s term to push the pole up to
—-0.3004 Ry. The addition of the 3p and 3d terms move the pole further up to — 0.298 Ry, which is closer
to the value of — 0, 2973 Ry calculated in the closed-coupling approximation with correlated wave functions.
Though there is a definite indication of convergence towards the value of — 0.2973 Ry, the convergence is
again oscillatory and not rapid. It is perhaps worthwhile to emphasize that the present calculation is
term-by-term exact. No variational or stationary parameters were used in the calculation.

The calculated width for the lowest J=0 singlet resonance in the 1s-2s-2p-3s approximation is 0. 0025
Ry (0. 034 eV) which is in reasonable agreement with previous calculations.?,25,28,2 The measured width
for this resonance is 0,043 eV.2! In Fig. 4 the profile of the elastic scattering cross section in the neigh-
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FIG. 4 Energy dependence of the singlet J =0 elastic
scattering cross section in the neighborhood of the
resonance in the 1s-2s-2p-3s approximation.
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borhood of the J=0 singlet resonance is given. It is seen that the interference between direct and reso-
nance scattering is important, Due to the absence of other channels, the cross section actually dips
through zero at s =-0,2997 Ry.

For the triplet case, the electron-proton interaction amplitudes for electrons 1 and 2 must satisfy,
instead of Eq. (4.1), the relation

X, 0@,9)=( 1y @G,s), (4.15)

and the electron-electron interaction must satisfy, instead of Eq. (4.2), the relation

anm (g,s)=0, for evenl, (4. 16)

Equation (4. 16) is again the statement of the Pauli principle which excludes the possibility for two elec-
trons in the triplet spin state to have even parity, Equation (4. 15) allows for the reduction of Eq. (3.14)
into a different pair of coupled equations for the triplet case, The spin factor for the kernel is again
unity.

The behavior of the solution for the triplet case is similar in nature to the singlet case. We obtain in
the 1s-2s-2p-3s-3p approximation a resonance pole at ~ 0,257 Ry below the three-particle breakup thresh-
old with a width of ~2x10~% Ry (2.72x 10~ eV) which are in reasonable agreement with the previously

calculated values,25,29

V. CONCLUDING REMARKS

The method presented in Sec. III provides a practical way of solving the Faddeev equation for Coulomb
potentials below three-particle breakup threshold., It is seen, from the example in Sec. IV, that by re-
taining only a few leading terms in the series a reasonably accurate value is obtained. The interesting
problem is then to investigate the convergence of the remaining terms in the series. This is, however,
a somewhat difficult task, since, as was pointed out in Sec, IV, the expansion converges in an oscillatory
manner and involves large cancellations. The net sum of all the terms, considered as a whole, consti-
tutes, nevertheless, a small correction. It is then feasible that a perturbation scheme in which the sum
of the contribution of the remaining terms is treated as a perturbation may be developed. In this con-
cluding section, we outline such a perturbative scheme.

Let us consider the problem of determining the poles in the inverse operator in Eq. (4.5) by examining
the energy dependence of the determinant Det {I - ¥(s)}. We can partition the matrix as

I-%(s)=B+8=B{I+B~'8}, (5.1)

where B is a square matrix consisting of elements obtained in a truncated expansion including the leading
terms in the series and & is the remainder, Utilizing the relation between the determinant and the trace

of the logarithm of the corresponding matrix,
DetA =exp{ Tr(lnA4)}, (5.2)

we have
Det{l - %(s)}=DetB exp{Tr[In(1 +B ~*8)]} =DetB{1+TrB~*8 - ; Tr(B~*8B~*8) +---}. (5.3)
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Defining C=B"!, we have

(osyoegfe B o B E B & B
Det{I — X(s)t=DetB|1 + € C €, € =% €, €
- a=m+1 *? g=18=1y=m+1 ap By va a=m+1 A=m+1 Aaod
n
5 o yard, 6.9
a=m+1

where ¢€;; and c¢;; are the elements of matrices 8 and C respectively, # is the order of the matrix while
m is the order of the submatrix corresponding to the truncated expansion. This then provides a systematic

way of investigating the convergence problem,
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