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The structure-dependent axial-vector form factor of charged-pion radiative decay, m+~ L++v+y, recently
investigated by Das, Mathur, and Okubo in the soft-pion limit (q ~ 0), has been reexamined in the frame-
work of the "hard pion" calculation due to Schnitzer and Weinberg. The result of our present calculation
has been compared with that of the previous authors and also with the presently available data.

ADIATIVE decay of charged pions, e.g., ++—+ 1+

+v+y, has been of considerable interest, ' as it
can provide us some information about the structure
of weak interactions. It proceeds via ordinary inner
bremsstrahlung (IB) and the structure-dependent (SD)
interactions (both vector and axial-vector can contrib-

ute). By means of the conserved-vector-current
hypothesis the structure-dependent vector (SDV) con-

tribution can be obtained. ' The structure-dependent
axial-vector (SDA) contribution has recently been

calculated by Das, Mathur, and Okubo' using current
commutation relations, partial conservation of axial-

vector current (PCAC), and. steinberg's sum rules.

However, they work in the soft-pion limit (q ~0).
In the present calculation we would like to avoid this

procedure and follow Schnitzer and steinberg, ' to
calculate the SDA contribution keeping the pion on

the mass shell. However, the SDA form factor obtained
in this way has an unknown parameter h (the same as
in Ref. 4). If we take o equaP to (—-,'), we 6nd that the
SDA form factor is reduced to half the value obtained.

by DMO. For a further check on our present analysis,
we eliminate this unknown parameter 5 by using the
electromagnetic form factor of the pion in the "hard-
pion" model calculation of Ref. 4. This enables us to
obtain the SDA form factor tt(o) in terms of the usual

spectral functions and the mean squared radius of the
charged pions, where v is the energy variable. It is
interesting to note that in our calculation we obtain
the v dependence of a(o), which may be checked by
studying the detailed energy spectra of photons and

leptons in sr+ ~ l++ v+y decay. The ratio of the SDA
form factor to the SDV form factor has been obtained
and compared with the experimental values obtained

by Depommier et ul. ' In a similar way the SDA form

' S. G. Brown and S. Bludman, Phys. Rev. 136, B116O (1964),
This paper contains earlier references to the relevant literature.' V. G. Vaks and B. L. IoGe, Nuovo Cimento 10, 342 (1958).

'T. Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters 19,
859 (1967). Henceforth this paper will be referred to as DMO.

H. J. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (1967).
~ With this value of 8, Schnitzer and Weinberg obtain consistent

decay widths for p ~~+x and AI —+ p+x. However, this value
of 8 should not be taken very seriously, in view of the large
uncertainties in the experimental data.

P. Depommier, J. Heintze, C. Rubbia, and V. Soergel, Phys.
Letters 7, 285 (1963).
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factor for E+—o l++ v+y can also be obtained follow-
ing Gupta and Vaishya. ~

The 2'-matrix element of sr+(g) —& f+(pi)+ v(pv)
+y(k) is given bye

teG—cosa / nt tttt„

!rs (44 qr p r')
4'7 (pi+. k) —mt

e„M„„/„+F„tt"&(pi) e„y„
2pi k

where

M„„=(2goV)"' de e +.

&&V V(i+Vs)""'(Pv), (I)

&P)
Mrs= Fe„!ft„,+ —Il,

iy (pi+k) —ntt
tt(t) (pi)p ~ V(I+v )v'"'(P ),

2pi. k

k
M sue, = ptt(p) eo! hop lr p

~ K. C. Gupta and J. S. Vaishya, Phys. Rev, 170, 1530 (1968).
8 We use notations similar to that in Ref. 3.
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x&ol T(&,™(*),LI', '(0)+&, '(O) j) I
',g& (2)

and l„=ttttti(pi)y„(1+74)vt"i(ps) is the lepton current.
~„denotes the polarization vector of the photon, and
F is the decay constant for sr+~l++v defined by

&oI~,"(o) I a&='F.~.(2«.)-"'. (3)

The T-matrix element can be written as a sum of three
terms, namely, the IB term, the SDA term, and the
SDV term, which are separately gauge-invariant, Thus

—kG cos8 m)m

K2 4ttokopivpMV4
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and The usual charged-pion form factor F+(k') is defined as

(~+ Pl ~.' '(o) l~+ q}=F+(k')(P+q).
Here p=q k; p=q k;—and a(I) and F(I) are the SDA =g, Ig,-is(k)I „(q p) (13)
and the SDV form factors, respectively. Flom this %'c scc that

Following Ref. 4, the matrix element

i(q'+m. s)
M ~=

pv J&4/~4&—ik x+sq. y

2

k' (1+b)g»sM p'
F+(k') = 1+

k'+M, '- 2F,'lf»'

{T(y ( ) ( ) g I(0) g g s( ))} (3)
DIfferenttatrng wltll respect to k alla rearranglngy

m„.~ =g; g„r~,,".(-p)~,-(k)I".„(P,q)

+(g;"F.pip'+ .)~," (k)1,(q,p), (6)

dF+(k')
b= — +2F,'

3Eg,4 3l,4

Afar,

4 dk' I 1,2 0

%'herc

I .,(P,q) = (F.M,IM»s/g, g&,)

Xf "o., M» '—(8.,P—s P.P,)—
+F. 'g»'~~, '(Ilf', ' ~» ')(&.sk' k-k.—)

—bg»sF s'il» '(h. ,q k —q„k.)j,
I;(q,P)=g, ' ~'(P+q)s

USIIlg It III Eq. (12), we ob'ta111

1 g»' g,' dF+(k') '

a(I) =b(I) —— — 2F-
F g, ' 3f,4 dk'

(16)

If we neglect terms of the order of res '/ill~, s, we get
(~) b(I'=0)=1 and Eq. (16) now compares well with the

low-energy-theorem result LEq. (22) of Ref. 3j of DMO.
Using Weinberg's sum rule (Eq. 9) and the current-

algebra result"

X(k'(Ps+qs)+ks(p' q'))— we have from Eq. (12)

(18)

+tig„gf sF s3fg-'(p q k q-p k) . (8)—

It should be pointed out that in obtaining Eqs. (7)
and (8), we have assumed chiral SU(2)XSU(2), cur-
rent algebra, PCAC, meson dominance, and smoothness
of proper vertices. Keinberg's fIrst sum rule'0

gg(3f~, s+F,s=gpsMp ' (9)

has also been utilized.
USIIlg k =0 III Eqs. (6)-(8) It ls s'tl'Mglltfol'ward 'to

obtaIn

e„M„„~l„= Fe„l,( (b„.+—q„P,/I )
+ I:»(~)~g~,'/F. '~~ 'j(ds —q.k /~)) (10)

b(v) =Mg, s/( rrs, s 2I +M»s) . —(11)—
Substituting this result

I Eq. (10)j in Eq. (1) and then
comparing it with Eq. (4), we obtain.

o(~)= —+(~)g~,'/F-3f ~,'. (12)
9 Here AIv (p) and h~»(k) are the covariant spin-1 parts of

the unrenoralized axial-vector and vector propagators, respec-
tively. Under the assumption of meson dominance, me have

S&,-(p) =g&,2(a„.+p„p./M &,2) (p~+SI&,2)-I

and a similar expression. for Av»(p)."S.Weinberg, Phys, Rev. Letters 18, 507 (1967).

This agrees with DMO's result when'~ b= —j..
Next, with the help of the conserved vector-current

hypothesis, thc SDV form factor can bc written' as
Lsee Eq. (8) of Ref. 3j

IF(—-,'~. ) I
=4(2 w..)t~s/. m. I,

where Tv 0 is the decay rate of xo~ 2y. Kcmayignore"
the I dependence of F(I). From Eqs. (18) and (19),
the ratio of the SDA to the SDV form factor, y, is
given by

I~I=- I /F l=06l~l,

where we have taken the lifetime" of the ~' as 0.89
+10 ~6 scc, and F from x'~ pv decay. If wc usc4
8= —0.5q wc gct

I&I=0.3,
which is half the value obtained by BMO. This is in

"K. Kamarabayashi and M. Suzu'ki, Phys. Rev. Letters 16,
255 (1966); Rlazuddin and FayyazucMln, Phys. Rev. 147, 1071
(1966); see also D. A. Germen, Phys. Rev. Letters 19, 770 (1967)."It may be pointed out that pion form factor E+(k') LKq.
{14)galso reduces to the p-dominant standard form factor when
me put 8= —1.

ThIs Is In the sanM splrlt as In Ref. 3.
"A. H. Rosenfeld et gl., Rev. Mod. Phys. 39, 1 (1967).
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reasonable agreement with one of the two solutions"
(&=0.4) obtained by Depommier et al. , and disfavors
strongly the other (7= —2.1).Further experiments with

"Experimentally (see Ref. 6) one measures the partial decay
rate d'8'sD (due to structure-dependent sects) integrated over
certain energy or angular intervals which depends on (2+y)~ and
(2 —y)' (see Ref. 1). Thus a single measurement of SD radiation
leads to an equation quadratic in p, which has two solutions,
namely, y=0.4 and —2.1. Here T ~2y=2.05)&10 "sec, and the
central value of the branching ratio F (~ ~ eve, E„E7&48MeV) j
F(m ~ pv) = (3.0&0.5)X10 8 have been used.

better statistics will be of considerable interest in

understanding the structure-dependent eGects in the
weak interactions.
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We consider the processes EX~EE and EZ -+ EZ. The superconvergent sum rules involving linear
combinations of forward elastic scattering amplitudes of these processes are set up and tested.

w HEN a scattering amplitude M(v, h2) for a pro-
cess B(p1)+E(q1)=B'(p2)+E'(q2) is odd under

crossing and is bounded asymptotically at least to the
extent of v j M(v)

~
(const, then it satisfies a supercon-

vergence relation' of the type

Im3II(v LV)dv=0,

where

v &Q= ,'=(s I),-~'—=], ~=2(p,+p,), Q=k(C, +C,).
We shall consider elastic meson-baryon scattering and
assume that Regge theory accounts for the high-energy
behavior of the scattering amplitudes. The forward
scattering amplitude is given by const&&~ &'~& as
v —+ ao, where n(0) is the intercept of the leading Regge
trajectory.

Costa and Zimerman' have pointed out that it is
possible to extend the domain of physical application of
(1) by making use of symmetry requirements arising
from SU(3) invariance on the high-energy Regge be-
havior of the amplitudes. One now considers a linear
combination of the amplitudes, while applying super-
convergence, and thereby include amplitudes which
would have been otherwise excluded by the require-
ments of superconvergence. In this paper we apply
a similar method to the processes ICS ~E'E and
EZ —& EZ.

'V. de Alfaro, S. Fubini, A. Rossetti, and G. Furlan, Phys.
Letters 21, 576 (1966}.

2 G. Costa and A. H. Zimerman, Xuovo Cimento 46, 198 (1966).

For the combinations of processes

(KÃ ~ KE)+ (EX—p K1V) (2)

the f's and g's are the coupling constants, and m is the
mass of the baryon. For p the n(0) is 0.5'7. Therefore,
the amplitudes A and J3 are clearly not superconvergent

(KZ ~KZ)+ (KZ ~ K'Z), (3)

we get contributions only from the p trajectory. The
invariant amplitude for elastic meson-baryon scattering
is given by

Tr;= g(p,)( A+iy QB)N—(p1), (4)

where I is the Dirac spinor, and 2 and 8 are scalar
functions depending only on the Mandelstam variables.
For each process considered separately, the amplitudes
behave as

—AKN
—'= C1(pg) fx —01x '+ j,

r 1—C (p~)a
—1[Xa—1 0 Xa—8+. . .j

where
x= —v/pg,

Cl («K/m)&g, KKpfpNN n(2f NN 4m—fpNN )j, —
C2= «z~g, KKn p f,NN 4m f,NN' j—
Here, v=a1(s —e), p, and q are the center-of-mass
momenta in the t channel, n is the trajectory parameter,
6g= RcR ~

2"+'1' (n+-', )E= -(n+2),
3v' m.I'(n+1)


