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general conditions (i), (ii), and (iii) (Sec. 2) hold, as
well as unitarity. Since Eqs. (19) imply that the two
amplitudes have equal moduli, the corresponding
angular distributions should be equal.

This conclusion contradicts Tornqvist s relation, and
therefore we conclude that the only possible way out
is that Eq. (I) is valid only in a part of the angular
interval. We are comforted by the fact that the phases
of the —,

' and ~ amplitudes constructed with the phe-
nomenological mX phase shifts do not satisfy the
Tom, vist relation. ' Of course, our conclusion was

V. Grecchi and G. Turchetti (private communication).

reached only for the spinless case, but we have little
doubt that the proof could be carried out also in the
physically interesting case.

ACKNOWLEDGMENTS

One of us (E.P.) would like to acknowledge an
interesting discussion with Dr. N. Tornqvist. We would

also like to thank Professor R. Newton for pointing out a
mistake in the original version of Eq. (12).This mistake,
while not affecting the result of the paper, implied an
over-all change in sign in Eq. (19a).

PH YS ICAL REVIEW VOLUME 173, NUM BER 5

Double Bootstrap of the y and f'
25 SEPTEM BER 1968

ALLEN E. EvERExr*

Department of Physics, Tufts University, Medford, Massachusetts

(Received 27 October 1967; revised manuscript received 3 June 1968)

We obtain a, "double bootstrap" of the p and f mesons, in which the input force consists of both p and f
exchange, and both particles are obtained as ouptut resonances, with corresponding input and output values
of masses and widths being equal to within about 1/&. The values obtained for the resonance parameters are
m, = 750 MeV, F,= 162 MeV, my = 1240 MeV, and Fy = 100 MeV, in reasonable agreement with experiment.
The p width is somewhat larger than most measured values, but much smaller than generally obtained in
bootstrap calculations in which only p exchange is included as an input force. Our calculations are carried
out using the equivalent-potential method, and are free of arbitrary parameters. The model yields a second
I=0, j=2 resonance, presumably to be associated with the f", and also a broad second P-wave resonance.
The latter may correspond to the p' Regge trajectory hypothesized in several Regge-pole analyses of high-
energy data, especially the polarization in xE charge exchange. The parameters of the predicted resonance
do not agree with those of any known resonance, but it might be diQicult to observe because of its width. The
output Regge trajectories predicted by the model are roughly linear. The p trajectory has a slope about half
the generally accepted experimental value of 1 BeV . We comment in passing that general considerations,
based only on the crossing matrix, make it somewhat difEcult to reconcile the latter value with the absence of
an I=0 D-wave resonance at an energy less than 1250 MeV.

A VIGOROUS attack has been made in recent years
on the problem of determining the parameters of

the p resonance in mw scattering by a "bootstrap" calcu-
lation, in which one 6rst assumes that the dominant
force producing the p is p exchange, and then seeks self-
consistent values for the mass and width. A variety of
such calculations have been published. ' ' One 6nds in

general that one can obtain the p from these calculations
at more or less the experimental value of the mass,
though in many of these calculations this is due to the
freedom one has to adjust a cutoff parameter which

enters because of the exchange of a vector particle.
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However, one invariably obtains a theoretical value for
the width which is much too large. Most searches for
solutions to this problem have tended in the direction
of including inelastic effects, either through the inclusion
of one or more inelastic channels explicitly in a multi-
channel calculation, or through the inclusion of an
inelasticity parameter in a one-channel calculation.
Examples are given in Ref. 2. While the inclusion of in-
elastic effects has tended to bring the theoretical and ex-
perimental widths into better agreement, the theoretical
values remain too large. ' It is possible that if one could
include further inelastic channels in a correct way, the
theoretical width would be further improved, though in
practice this will be very difFicult to do.

A second possible effect which might contribute to
narrowing the theoretical resonance widths has been
suggested by Chew. 4 Chew works in the context of the
"new form of the strip approximation, " in which it is
assumed that the generalized potential (that part of
the amplitude not containing direct-channel poles) can

' G. F. Chew, Phys. Rev. 140, B1427 (1965).
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be represented by the high-lying Regge trajectories in
the crossed channels. ' He then shows that if the con-
tribution from isospin-0 exchange in the crossed
channels is represented by the I' and I" trajectories,
one obtains an effective long-range repulsion from the
exchange of I=O, j=0 pion pairs in addition to the
attraction due to p exchange; such a long-range repul-
sion would be expected to have the effect of narrowing
resonance widths. There are theoretical questions con-
cerning this attractive idea, however, arising from the
fact that one is representing the crossed-channel ab-
sorptive parts by a Regge formula including only the
I' and I" contributions even though one is far from
working at asymptotic values of s. In particular, as
Chew points out, the force from the exchange of systems
with 4p'~ t~ 16p,' (as usual, t is the c.m. energy squared
in the crossed channel; g is the pion mass) must be
attractive, as follows from crossed-channel unitarity, so
that the representation of the generalized potential
by the I' and I" contributions alone cannot be correct
for these values of $. For larger values of t, the 3 discon-
tinuities of the amplitude and of the generalized po™
tential need no longer have the same sign, and it is
possible that the net effect may be a repulsion, although
this has not yet been established.

It is the purpose of this paper to report on a simul-
taneous or "double bootstrap" calculation of the
parameters of the p and. f' mesons, which yields self-
consistent parameters for both particles in reasonable
agreement with experiment. The value obtained for the
p width, 161 MeV, is somewhat wider than most, but
not all, of the experimental measurements, while the
masses and the f' width are in agreement with the
experimental values. (The reader is referred to Ref. 6,
unless otherwise stated, for data on particles and reso-
nances used in this work. ) Our calculation also predicts
a second I=O, j=2 resonance, presumably to be
associated with the f" meson; the agreement with
experiment is not good, but this is not surprising in
view of the important contribution of other channels to
the f". We find, in addition, a broad second I=1,
I'-wave resonance, with a mass of 1455 MeV and width
of 280 MeV. This might be associated with the p', the
second trajectory with the quantum numbers of the p,
which has been hypothesized. in several Regge-pole
analyses of high-energy data, especially to account for
the existence of polarization in ~$ charge-exchange
scattering. ' The predicted p' parameters do not agree
with any presently known resonance, as a result either
of inadequacies in the approximations used in our
calculation, discussed below, or possibly of the difhculty
of observing such a broad resonance. We also obtain

~ G. F. Chew and C. K. Jones, Phys. Rev. DS, 8208 (1964).
6 A. Rosenfeld, N. Barash-Schmidt, A. Barbaro —Galtieri, L. R.

Price, P. Soding, C. G. Wohl, M. Roos, and W. J. Willis, Rev.
Mod. Phys. 40, 77 (1968).

'I H. Hogaasen and W. Fisher, Phys. Letters 22, 516 {1966);W.
Rarita and B. Schwarzchild, Phys. Rev. 162, 1378 (1967).

the approximate behavior of the Regge trajectories.
The p trajectory is qualitatively reasonable, although
probably too Aat, while it is dificult to draw conclusions
about the I=O trajectories because of uncertainty in
the experimental picture.

Ke have employed the equivalent potential method
developed by Balazs and further studied by Finkel-
stein. ' Balazs shows that one may obtain an exact solu-
tion for the mx scattering amplitude by solving the non-
relativistic Schrodinger equation

(P+O' —U)P(r) =0 (1)

with an appropriate local energy-dependent potential.
The exact construction of this potential requires an
iteration procedure which is as dificult as the exact
iterative solution for the amplitude. However, an ap-
proximate form for the potential, under the assumption
that p exchange is the only force which needs to be
considered, may be obtained. For the state with isospin
equal to 1 it is given by'

V(r,q') = —2 4P»I';„s'"(s+2q ')me "/mr. (2)

In Eq. (2), pii is the element of the i' crossing matrix
connecting two states of isotopic spin 1, s is the square
of the c.m. energy in the direct channel, m is the mass
of the p, and q„'=~m' —p,'. I';„ is the input reduced
width of the p in the crossed channel; in terms of F&, the
half-width in the energy-squared variable, it is given by
I'in = m«/gqr'

The equivalent potential method has two advantages
over the more conventional N/D technique. In the first
place, there is no arbitrary cutoff parameter. Secondly,
the Ã/D method underestimates the strength of an
attractive force, since it ignores the attractive con-
tributions to the left-hand cut coming from the higher-
order Born terms. In contrast, the use of the Schro-
dinger equation rather than the X/D procedure to en-
force unitarity is equivalent to carrying out the entire
Mandelstam iteration procedure, "although it is true
that only the 6rst step in the iteration is treated exactly.
Consequently, the resulting amplitude takes into
account, albeit in an approximate way, the attractive
contributions of the higher-order terms in the Born
series as well as of the erst term.

I.et us rewrite Eq. (2) in the form

V(r, g2) = —Vof(q2)e ™'/mr, (3)
where

f(q') =m(s+2q, ')/s'"(m'+2q, ') (4)

so that f(q,')=1. Finkelstein' obtained an approxi-
mately self-consistent solution by taking m= 750 MeV,
the experimental value, and F; =0.46, in contrast to
the experimental reduced width of about 0.17—0.21,
where the two numbers quoted correspond to taking

8 S. Mandelstam, Phys. Rev. 112, 1344 (1958).
9 R. Blankenbecler, M. L. Goldberger, N. N. Khuri, and S. B.

Treiman, Ann. Phys. (¹Y.) 10, 62 (1960).
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the experimental width of the p to be about 100 or
125 MeV, respectively; Balazs' had earlier obtained a
self-consistent solution with a set of parameters which
were similar but in somewhat worse agreement with
experiment. Finkelstein's parameters correspond to a
value of 227p, ' for Vf), while the values of Vo correspond-
ing to taking I';„ to be 0.17 and 0.21 are 83.4 and 104@',
respectively. The large value of I';„has nothing to do
with the requirement of self-consistency. It results
from the fact that a force of this general strength is
required in order to produce a I'-wave resonance. This
is evidenced by the results we obtained by repeating the
calculation with V0=104p,'. With this potential, the
value of the I=1, I'-wave phase shift at the energy of
the p is only about 9'. Even at double the energy of
the p, the phase shift has only just passed through 50'.
Thus it appears that the force due to the exchange of
a p with the correct physical parameters is not nearly
strong enough, at least in the effective-potential approxi-
mation, to reproduce a resonance as output in the direct
channel.

The foregoing suggests that additional attractive
forces may, perhaps, be important in producing the p.
The most obvious candidate for such a force is the ex-
change of the I=O, j=2 resonance (the f') with mass
1250 MeV and width of about 100 MeV. f' exchange
leads to a contribution to the potential in the I=1
state of the form

Vg(r)s) = —(VgoP2(x)//0. 772+s)e "'"/8.92r, (5)

where x= 1+2s/(m' —4). Written in the above way, Vy

reduces to —Vroe '""/8.92r at s=m'. For a purely
elastic f' of width 100 MeV, V~0 ——293 y'. One must, of
course, use the appropriate crossing matrix element,
Pyo= 3 rather than P» in computing Vro.

Before discussing the results of calculations employing
the potential of Eq. (5), we should point out one
theoretical objection which can be raised to it. Chew,
again using the assumption that the crossed-channel
absorptive part is correctly given by one or a few
leading Regge trajectories, has argued that the force
due to the exchange of higher angular momentum states
in the crossed channels will be very much reduced in
strength as compared with what one would expect for
the exchange of an elementary particle, because of the
presence of what he refers to as a form factor. This
means, essentially, that if the Regge representation is
correct, then the t discontinuity in the generalized po-
tential for large t must be repulsive and of such nature
as to strongly reduce the effective attraction due to the
exchange of higher partial waves in the crossed. channel
over what would be predicted from simply looking at
low-lying particles and resonances, i.e., at the nearby
singularities. If Chew's argument is correct, then Eq.
(5) overstates the strength of the f' exchange by about
an order of magnitude, and the f' exchange force is

negligible. As already noted, however, there are ques-

TABLE I. The input p and f'widths, r~ and ry, are given for
two self-consistent calculations of the p, together with the resulting
upper, lower, and total output widths for the p. In each case the
input and output p masses are equal to each other and to the
physical value of 750 MeV. The first line describes the results
reported here, in which the f exchange force given by Eq. (5),
with the f mass and width set equal to their physical value, is
included in addition to the p exchange potential of Eq. (3). For
comparison, the second line gives the self-consistent solution of
Finkelstein (Ref. 3) including p exchange alone. I'„and r~ are,
respectively, the energy intervals in which the predicted ~m
P-wave cross section falls to half its maximum value above and
below the resonance, and r=I' +1z. All quantities are given in
MeV. For self-consistency, r should equal r~.

r,
162
270

r&

100
0

93
155

68
115

161
270

tions concerning the validity of the Regge representa-
tion for the potential at nonasymptotic values of s.
In view of the argument which we have made as to the
possible importance of attractive forces in addition to
p exchange, we wish here to explore the consequences of
abandoning the Regge representation of the generalized
potential at the relevant values of s, and using Eq. (5)
as it stands. The rather reasonable results which we
shall obtain would seem to give additional justification
to this procedure.

We now consider the solution of the Schrodinger
equation with a potential given by the sum of the p-
and f'-exchange potentials of Eqs. (3) and (5). Taking
V0= 104 (henceforth we take p=1 unless otherwise
specified) corresponding to a p width of 125 MeV, and
Vgp

——293, we 6nd a resonance in the I=1, j=1 partial
wave at an energy of about 960 MeV with a width of
about 180 MeV. Thus, while the f' exchange potential
coupled with the exchange of a physical p is enough to
produce a I'-wave resonance, in contrast to the situa-
tion with physical p exchange alone, the quantitative
agreement with experiment is poor. To remedy the
situation, we increase the input p width until the output
p is produced at the proper mass, 750 MeV. It turns out
that this requires an input of 162 MeV, corresponding
to Vo = 135. The results are given in Table I, along
with, for comparison, those obtained by Finkelstein,
which were reproduced by our own program. It will be
seen that this is an exact bootstrap for the p in that
not only does the output mass equal the input, but the
output p width turns out to be 161 MeV, essentially
identical to the input width. While the p width obtained
in this calculation is somewhat wider than indicated in
the bulk of the experiments, the agreement is quite
good, and indeed some experimental groups have
obtained p widths in the vicinity of 160 MeV. 6 More-
over, the inclusion of inelastic eGects, which are totally
absent in this calculation, might be expected to further
decrease the theoretical value of the width.

It may be of use to indicate briefly the qualitative
reasons why the inclusion of f' exchange narrows the
theoretical value of the p width by more than 100 MeV.
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PE pf

1230
1680
2180
1455

120
700

TARSI-z II. The 6rst four columns give the output parameters of wave, we see that we have a double bootstrap in that
the remaining resonances, in addition to the p, in the ~~ system
wbich are predicted by tbe p pins /0 excbange rnodei oi Table 1 there is an output f whose parameters agree almost

up to masses of about 2.2 BeV. I, j, m, f, and 1',y are the pre- exactly with the input parameters, and hence with ex-
dicted isotopic spin, spin, mass, and width of the resonances. periment We also Qnd a second resonance which pre
The last two columns, ~np and I'„give the mass and width of the
corresponding resonance, if obtained, as given by pinketstein for sumably corresponds to the fs' Th. e latter has an ex-
the model in which only p exchange is included. All masses and perimental mass of 1500 MeV and width of about
widths are given in MeV. 80 MeV, so that the agreement of the model with ex-

periment is not particularly good in this case. This is
not surprising, since the f" is strongly coupled to
channels other than two pions, which are completely

1 3 160 a ignored in our calculation. The calculation using p ex-
1 1 280 b change alone yields a mass for the f' which is in eon-

' siderably worse agreement with experiment and

greater than 2400 Mev.
"'"'"'"" ""' width which isy assuming a g

'+ energy dependence for
Using Finkelstein's &oten ial, we found nosecond I-wave resonance

in a search that extended up to 2200 Mev. 7

We obtain two other resonances which are also of
The input width required to produce a resonance at some interest. In the I=1, j=3 partial wave we find a
the correct mass is, of course, lowered just because of resonance at 2180 MeV, which is the j=3 recurrence of
the additional attractive force present. That the output the p trajectory. Experimentally, this is presumably to
width is also decreased is due to a combination of two be identihed with the g meson at 1630 MeV." Such
effects. In the first place, it appears that the resonance an identification yields a slope of about 1 BeV ' for
width is smaller when the resonance is pro«c«by the p trajectory as a function of s, which is consistent
a combination of p exchange and a shorter-range force with the value obtained in the negative-t region by
than when it is produced by either separately. We Gts to high-energy cross-section data, " while a j=3
verified this by an additional calculation. Ke ««recurrence at 2180 MeV corresponds to a slope of
Vo and m in the input potential at the values corre- roughly 0.5 BeV ', or about half the accepted experi-
sponding to the physical p, and then studied the eGect mental value.
of introducing a shorter-range force into the Schrodinger A.gain it is not surprising that, in view of its lack of
equation; ranges of 1/2tts and 1/3ttt were considered. inelasticity, the model should not be particularly good
We then found that, when the strength of the short- at these energies. Note, however, that it will be difficult
range force was adjusted to produce an output reso- for any theoretical calculation of a conventional nature
nance at 750 Mev, the width of the resonance was con- to fit the mass of the f' and simultaneously to yield
siderably narrower than the value of 270 MeV obtained a linear p trajectory passing through the g. The reason
when the resonance is produced by a stronger p exchange is simply that. such a trajectory passes through j= 2

force alone; the amount of this reduction in width was below the f' mass. On the other hand, the crossing
greater when the short-range force was chosen to have matrix is such that the p-exchange force (and that due
the smaller of the two ranges studied, i.e., (3tts) '. That to the exchange of any other I=1 system) is twice as
the reductionin widthisdue to theinterferencebetween strong, and the I=O exchange force has the same
the two potentials of different range is shown by the strength, in I=0 as in I=1 states. Thus one is led by
fact that when the p exchange force was set equal to general considerations to expect that there should be
zero, and the strength of the short-range force increased. an I=0 D-wave resonance at an energy less than that
to produce a 750-MeV resonance by itself, the resulting at which the p trajectory passes through j= 2. Perhaps
resonance was actually somewhat wider than when the relative ordering of the p and f' trajectories at j=2
produced by p exchange alone. Hence one expects a could be reversed by a large difference in the inelastic
resonance produced by a combination of p and f' ex- etfects in the two states, due, for example, to the fact
change to be narrower than one due only to a strong that one couples to the +co channel while the other does
p-exchange force. In addition to this effect, the output not. A.ny model, however, which depends primarily on
width is further reduced by the more rapid increase of the relative strengths of the exchange forces and in
the f'-exchange force with energy, which results from which the p trajectory is mainly coupled to the 2m

the f' having spin 2, so that Ps(x) appears in the po- channel will not be able to fit our present experimental
tential of Eq. (5); this helps to cause the phase shift to picture of the p and f' trajectories. The alternative to
rise more rapidly as a function of energy. a departure from a comparatively simple theoretical

We now turn to the predictions of our model «r picture is that our understanding of the experimental
other aspects of the xz system. Table II gives the
masses and widths of the remaining resonances pre- »D. Crenne]l. , P. Hough, G. KalbQeisch, K. Lai, J. Scarr, T.
dieted up to a mass in the vicinity of 2 BeV; the last Schumann, I. S&illicorn, R. Stand, M. Webster, P. Baumel, A.

two columns of the tab].e again give Finke]. stein's results c ma"' a"d R. L a, Phys. R v. L~tt~~s 18, 323 (1967).' W. Rarita, R. Riddell, Jr, , C. B. Chiu, and R. Phillips, Phys.
for comparison. Turning first to the I=O, j= 2 partial Rev. j.65, 1615 (1968).
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situation is incomplete. It could be that the slope of the
p trajectory for t)0 is less than believed. In this case,
the g meson would not be a recurrence of the p, but
perhaps the j=1 intercept of the hypothesized p'

trajectory. Our model also predicts the existence of a
p', as we shall discuss below, but suggests that it will
be too wide to be associated with the g. The only other
alternative would be the existence of a thus far un-
detected I=0 D-wave resonance at a mass less than that
of the f' Il su. ch a, resonance were suKciently narrow,
it might possibly have escaped detection just from
having a very small number of events under its peak in
effective-mass plots; one would expect a D-wave reso-
nance lying appreciably lower in energy than the f' to
be very narrow.

Finally, we note from Table II that an additional
I=1, j=1 resonance is predicted at a mass of 1455
MeV and with a width of 280 MeV. As we have men-
tioned, there are theoretical arguments in favor of the
existence of a p' Regge trajectory. 7 Possible candidates
for the erst resonance on such a trajectory are the 8

meson at 965 MeV, or the g, although the experimental
data in Ref. 10 somewhat favor spin 3 for the latter
particle. The mass of the p' predicted by our calculation
does not coincide with that of any known experimental
possibility. It is not clear whether this is because the
theory is substantially in error as regards the mass
of the p', if indeed such a particle exists, or whether the
predicted resonance is simply so broad that it has not
been observed. The question of the existence of a p'

serves to distinguish this calculation from that of
Finkelstein based on p exchange alone; we found that
the latter predicts no j=1 resonance other than the p,
at least up to a mass of 2200 MeV.

Table III summarizes the information about the
Regge trajectories predicted by the model. It will be
observed that the p trajectory is close to being linear;
its average slope is the same to within about 20% in the
intervals 1&j&2 and 2& j&3.We have already noted
that the predicted slope is about half the accepted ex-
perimental value. The f trajectory is, like the p, linear
to within about 20%. The f' trajectory is roughly
parallel to it in the region between j=2 and j=3; its
j=1 intercept is below threshold and is therefore not
obtainable with the present version of the program
that we were using. One can assume that the f" tra-
jectory remains approximately linear and parallel to
the f" in order to obtain a rough estimate ot its value
at s=0; as shown in the table, the resulting value is

TABLE III. Summary of the predicted properties, in the p plus
f' exchange model, of the three Regge trajectories passing
through the particles indicated in column 1. 0.1„.

' and o.23' are the
average values, in BeV ', of the real parts of the trajectory slopes
dn/ds in the intervals 1~j~2 and 2~ j~3, respectively; n(0) is
the value of the trajectory, as estimated by linear extrapolation,
at s=0.

Trajectory

P
fp
f0'

0.53
~ ~ ~

0.57

0.42
0.47
0.43

().7
1.1a
0.36

' As explained in the text, the value of s for which c (s) =1 is below
threshold and cannot be obtained with our program. n(0) is obtained by
extrapolating from j=2 using the value at~' for the f" trajectory, and
hence is less reliable than the estimates of «x(0) for the other trajectories.

close to 1, which would suggest that the f' lies on the
Pomeranchuk trajectory. It is by no means clear that
this should be taken seriously, however. If the model
underestimates the slope of the p trajectory, it may
well do the same thing for the f', thus meaning that
the latter has an intercept less than 1 and should be
associated with the P' trajectory. The values obtained
for the slopes and intercepts of the P and P' from
scattering data" are both inconsistent with the f"; the
slope of the former is too small (and there is speculation
that it may even be zero), while that of the latter is too
large to pass through the f'

The trajectories obtained by Finkelstein with p ex-
change only are roughly comparable to those obtained
here. The former are slightly less linear and have more
tendency to flatten out, so that the higher recurrences
are found at larger masses; these recurrences are
probably quite sensitive to inelastic effects, so that it
is not clear that either calculation is very relevant.

In conclusion, then, we have found that it is possible,
in the effective-potential approximation, to obtain a
double bootstrap of the p and f' The result. ing theo-
retical values of the masses and widths are, on the
whole, in good agreement with experiment. In par-
ticular, the predicted p width, though still somewhat
wider than the bulk of the measured values, is much less

than what has generally been obtained in theoretical
calculations, suggesting that the inclusion of f' exchange

may be important in understanding the p quantitatively.
We note again the absence of inelastic effects in our
calculation; their inclusion would be expected to further
narrow the p width. The possibility of obtaining a double

bootstrap, and the quality of the resulting agreement
with experiment, seems to us to be encouraging.


