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We show that a systematic analysis of multiple-scattering contributions in the quark model can explain
the detailed structure of the hadronic differential cross sections at high energies. As an extension of previous
work on multiple-scattering efkcts in the quark model, we 6t the high-energy di8erential cross sections for
nucleon-nucleon, nucleon-antinucleon, and pion-nucleon scattering, assuming simple forms for the quark-
quark scattering amplitudes and the baryon and meson form factors. Of the ten parameters involved, seven
are determined by measurements at forward or near-forward angles, leaving the entire wide-angle cross
sections to be 6tted by the remaining th«e parameters. Reasonably good its are obtained to the present data,
and calculations at higher t values which may become experimentally accessible in the near future are pre-
sented. The parameters found provide some information about the interactions of quarks (should they east)
at high energy and are used to calculate double-scattering corrections to total cross sections and the phase
of the nucleon-nucleon amplitude as a function of momentum transfer.

I. INTRODUCTIOÃ

I,THOUGH most of its results have alternative
derivations, the Donrelativistic quark modeP has

been quite successful in providing simple explanations
for the properties of hadrons and the nature of their
Hltcx'Rctlons. Among thc morc stllklDg results ls thc sct
of sum rules' ' relating meson-baryon and baryon-
baryon total cross sections, obtained using an "additive"
assumption for high-energy collisions. It has recently
been pointed oui, ' ~ however, that if the quark model

is taken seriously there must be corrections to these sum

rules from the multiple scattering of the quarks. In
this paper we wish to investigate the possibility that
the same multiple scattering might provide R simple

explanation fox' thc stI'uctUI'e scen in hadron-hadron

dl8ercntlal cross sections at high energy. ' "This posslbll™

ity immediately suggests itself when one considers the

very similar structure" seen in hadron-nucleus colli-

sions, structure which has been quite satisfactorily

'For a. recent review with a large number of references, see
R. H. Dalitz, D'66 Tokyo Sensrger I.ectmres fw, Theoretic. a/ Physics
(%. A. Benjamin, Inc, , New Vork, 1967), Vol. II, p. 56.

2 K. M. Levin and L. L. Frankfurt, Zh. Eksperim. i Teor. Fiz.
Pis'ma v Redaktsiyn, 2, 105 (1965) /English transL; Soviet
Phys. —JETP Letters 2, 65 (1965)].' H. J.Lipkin and F. Scheck, Phys. Rev. Letters 16, 71 (1966).

H. J. Lipkin, Phys. Rev. Letters 16, 1015 (1966).
~ J.J.J. Kokkedee and L. Van Hove, Nuovo Cimento 42, 711

I'1966).' V. Franco, Phys. Rev. Letters 18, 1159 (1967).
~ M. V. Barnhill, Phys. Rev. 163, 1735 (1967).' We shall refer to the "elementary" hadrons (e g nucleons and

pions) simply as hadrons. The "more elementary" strongly inter-
acting particles will be called quarks, the less elementary called
nuclei.

98ome preliminary results have been presented in D. R.
Harrington and A. Pagnamenta, Phys. Rev. Letters 18, 1147
(1967).

'0 Related work has been done by C. H. Woo, Phys. Rev. 150,
1372 (1966); see also A. DeloG, Nucl. Phys. 82, 597 (1967), who
considers ~E scattering with only the nucleon composite, and
E. Schrauner, Bull. Am. Phys. Soc. 13, 49 (1968), who considers
the po~nt-quark 4m'.t."E.Coleman, R. M. Heinz, O. E. Overseth, and D. E. Pellet,
Phys. Rev. Letters 16, 761 (1966); H. Palevsky, J. L. Friedes,
R. J. Sutter, G. %. Bennet, G. J. Igo, %. D. Simpson, G. C.
Phillips, D. M. Corley, N. S.WaB, R. L. Stems, and B.Gottschalk,
~Md. 18, 1200 I,'1967).

explained as due to multiple scattering on the constitu-
ent nucleons. "

It sccnls to bc gcncl'ally true both ln hRdI'on-nucleus
scattering, and {as we show below) in hadron-hadron
scattering in the quark model, that the {X+1)th-order
scattering amplitude is much smaller than the Eth-
ox'dcI' scRttcI'lng RD1plltudc ncRI thc forward direction,
but decreases more slowly with increasing momentum
transfer, eventually becoming the larger of the two.
One therefore expects, and in most cases Ands, the difkr-
ential cross section to be divided into regions of increas-
ingly gradual decrease, %1th perhaps some Rddltlonal
structure in the regions where the slope changes, due to
lntclfcI'cncc between two RInplltudcs.

In this paper we present a Inore quantitative dis-
cussion of multiple-scattering CGccts in the quark model
using the high-enex'gy multiple-scattering expansion
developed by Glaubcr. '3 We are, of course, hampered
by the absence of any direct information on the quark
quRI'k scRttcI'lng RIIlplltudc Rnd are folccd to guess its
properties from the shape of the near-forward diGeren-
tial cross sections, the total cross sections, and the ratio
of real to imaginary parts of the forward amplitudes for
hadron-hadron scattering. We attempt to minimize this
diTiculty by 6tting XS,XE, and xE scattering simul-
taneously~ 1cdUclng thc ratio of thc Dumber of fl cc
parameters to the amount of experimental information.
We 6nd that quite satisfactory its arc possible, Rnd in
thc process obtain some information about the inter-
action between quarks at high energy.

Wc begin with a brief derivation of the multiplc-
scattering expansion for the scattering of two composite
particles, obtaining the scattering amplitudes in terms
of quark-quark scattering amplitudes and the general-
ized form factors of the composite hadrons. This deriva-

' V. Franco and E. Coleman, Phys. Rev. Letters 17, 827
(1966);W. Czyz and L. Lesniak, Phys. Letters 248, 22/ (196'/);
R. H. Bassel and C. %1lklQ Phys. Rev. Letters 18 871 (1967)
H. K. Lee and H. McManus, ibid. 20, 337 (1968).

R. J. Glauber, Lee&res gN Theoretgca/ I'hysges gntersclence
Publishers, Inc. , New Vork, 1959),p. 315; see also the references
given in Ref. 12 and V. Franco and R. J. Glauber, Phys. Rev.
142, 1195 (1966).
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and is equivalent to (2i) 't exp(2ibi) —1j, where bi is
the phase shift for angular momentum i=pb, so that

exp (2ib;; )= 1+2';; (b;; )

Ke assume that each hadron can be reasonably well
described as a composite of quarks with nonrelativistic
internal motions. The eikonal method in potential
theory then suggests that for high energies and small
angles the complete phase shift for AB scattering is
simply the sum of the corresponding quark-quark phase
shifts:

b»(»' {r},{r'})=Z~" (b")

where, as shown in Fig. i,
(6)b;;"a= (b—ri+r;. ) aFIG. 1. Collision of two composite systems, showing the internal

coordinate ri and r and the relation between the impact param-
eters 1 and b;;. relates b, ,' to b, r;, and r;.. 1f, in analogy with (3), we

write for the full amplitude

(7)

tion is a straightforward application of the Glauber
method and is included here to introduce our notation
and to make clear the nature of the approximations Pgs(4) =x ' d'b exp(—i4 b)1'gs(b),
made. In Sec. III we assume simple forms for the quark-
quark amplitudes and the pion and nucleon form factors

then, using the internal wave functions to average over
and obtain fits to the experimental cross sections. The the positions of the quarks, we have
parameters found are used to estimate the corrections
to total cross sections in Sec. IV. We conclude with a
discussion of our results and suggest additional experi- I'~ii(b) = dr~driiP~ ({r;})Ps({r;.})
mental and theoretical tests for the quark model.

II. MVLTIPLE-SCATTERING EXPANSION

In the quark model the scattering of two hadrons
becomes the scattering of two composite systems, each
described by an internal wave function. Ke assume
that this can be accurately described by the eikonal
method, as developed by Glauber, " which has been
applied to elementary-particle nucleus scattering with
considerable success. " In this section we develop the
straightforward extension of this method to the scatter-
ing of two composite systems. The analysis would be
the same for nucleus-nucleus scattering but, for defjnite-
ness, we shall use the language of the quark model.

We consider the process

~(p)+&(—p) ~~ (p+&)+&(p—&), (1)

where the hadrons A and 8 are assumed to be composed
of n& and e& quarks, respectively, with internal wave
functions Pg({r})and fii({r'}).The amplitude for this
process will depend upon f;; (cL), the amplitude for the
scattering of the two free quarks i and i', for which we
chose the impact-parameter representation

)&F~s(b; {r;},{r,'})iP~({r;})Qadi({r;}), (8)

where, using (5) and (4),

Z vii'+2& 2 vii'Yjj'

+.. .+ (2)

nanna

i g +, (—9)
ii'

The prime on the sum in the second term in (9) indi-
cates that each product occurs only once, and that the
two factors are never the same. The terms in the expan-
sion correspond to single, double, --. , and n~n~th-
order scattering, the number of nth order scattering
terms being given, by the binomial coefficient

(" )
Kith our normalization for the scattering amplitude
~~a(~),

f;; (a)=s. ' d'b exp( ia b) y;—;.(b). (2) (d~fd~~)(~a) =~l r»(~) l
2 (10)

The function y, ;.(b) is given by the inverse transform a(AB) =4' Imps(0). (11)

Combining (7)—(9), and (2) we 6nd the following
expansion for Fz& in powers of the quark-quark
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scat tei lng amplitudes:

2i
&ga(&) =Q d'~I&'(& —&I)~~ '(&l)f" (&I)~s,*'(&I)+—2'

ii' 4g ii',jj'
d'hid'd, g5'(4 —CLI—LI)

X~..;;(~1,~2)f;; (~I)f,; (~2)&..;; (~1,~2)+I —
i

Z'
;;r p

d'Zld'a, d'a, P(~—~I—a,—~,)

X&~„;a(&I,&2,&S)f;,'(&I)fy(&2) f~1 (&Ega„'; a (&I,&2,&8)+" . (12)

Here the functions 5 are generalized form factors for and isospin of the individual quarks were strictly
the hadrons, determined by their internal wave func- conserved.
'tlonS. FOI example)

IH. DIFFERENTIAL CROSS SECTIONS

+A, ijk(+I)+2)+8) dr@'8 ({ri})

X exp['—I', (AI r;+cLs r;+cLI rI,)]pg({r;}). (13)

Note, however, thati, j, and k need not be all diferent,
and, since i/i~ is an internal wave function,

eA

drg=D d'r;5' ng Ip-r;
~

s I ' )
(assuming all quark masses equal). A typical term in
(12) is represented graphically in Fig. 2.

Tile RppllcR'tloll of (12) 'to hadron-hadron scatte11ng
in the quark model will differ from its application to
nucleus-nucleus scattering mainly in that we have no
direct information on quark-quark scattering, whereas
nucleon-nucleon scattering has been studied extensively.
Ke shall have to attempt to guess the properties of
f;; (&) from the observed properties of hadron-hadron
scattering.

Note also that the above formulas are true only if
there is no spin or isospin Hip in quark-quark scattering.
They can be modified to include these effects, at least
approximately, and this would certainly be necessary in
order to treat such inelastic processes"" as m+E —+

p+h. lt seems likely, however, that the probabilities
for spin and isospin Qip a,re small at high energies and,
furthermore, we want to avoid introducing R large
number of parameters at this early stage. In the calcula-
tions below) we shall therefore proceed as if the spin

In this section we want to see whether the detailed
structure of the di8erential cross sections for hadron
collisions can be explained consistently by taking into
account multiple-scattering effects in the quark model
if, in the absence of any direct information, we make the
simplest assumptions for the forms of the quark-quark
scattering amplitudes and the form factors. To reduce
the ratio of the number of parameters to the amount
of experimental data we consider nucleon-nucleon (XÃ),
nucleon-antinucleon (SN), and pion-nucleon scattering
(mÃ) simultaneously.

Fol EE Rnd EE scattering we have s~ =Ã@=3, RIld
therefore nine erst-order, 36 second-order, and 84 third-
order terms in the expansion (12). For sX scattering
eg=2 and e~ ——3, giving six, 15, and 20 first-, second-,
and third-order terms, respectively. The nature of the
various terms contributing to a given order of scattering
can be quite different depending on the choice of values
for the duInIny indices 6', jj', and kk'. Among the triple-
scattering contributions to EÃ scattering, for example,
the choice f= j=k= 1 Rnd '5 = 1) j =2) k =3 corres-
ponds to one quark in A scattering successively from
each of the three quarks in 8, while i=i'=1, j=j'=2
and k=k'=3 corresponds to a process in which each
quark in A scatters from a diferent quark in B.

To clarify this point, and as an aid to keeping the

F 9, +f8 +'Il, + 6 +36 +36

+6 + ~ ~ 0
0 4

FIG. 2. Graphical representa-
tion of a double-scattering term
in the multiple-scattering ex-
pansion (11), with i=1) j=3,
i'=1', and j'=2'.

F„„g +)8 +9 . +CI +6 +18

»Y. I ssN' sic, s%"-

F„„=3,, +3, , +6, +3, +3, +3,

+3 +3 +6 +6 - +'t +)

'4 C. Itzykson and M. Jacob, Nuovo Cimento 48, 909 I',1967).
~5 J.L. Friar and J.S.Tre61, Quovo Cimento 49, 642 (1967).

Fzo. 3. Diagrams representing the multiple-scattering expan-
sions for the EE,XÃ, and ~E scattering amplitudes. The integers
indicate the number of equivalent terms of a given type.
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variables straight, we have introduced the graphs in
Fig. 3 to represent the ES, XS, and 7fE amplitudes.
Each circle in the upper line represents a quark in
hadron A, while the circles in the lower line correspond
to quarks in 8. The quarks and antiquarks are repre-
sented by open and solid circles, respectively. The
integer in front of each graph indicates the number of
equivalent terms of that type contributing to the total
amplitude. A line between two quarks indicates a
collision between them, transferring momentum 4;,

and is to be associated with a scattering amplitude f(A,)
(for quark-quark) or f(D,) (for quark-antiquark). The
particular version of the form factors S~ and S~ to be
used can be determined from the number of lines
attached to each quark and the corresponding momen-
tum transferred to it. Note that because backward
scattering is ignored no pair of quarks is connected more
than once.

The explicit expressions for the hadron-scattering
amplitudes are

2j
Il ~~(h) =

9 f(g)5~'(cL, 0,0)+ d—'laid'522(4 4i —42)f—(d i)f(As) I 185pp(4i»2, 0)+185~(4,0,0)5~(Xi»s,0)j
4x

2i 2

de,d Z,d a,P(~ ~, ~—, ~—,)f(~—,)f(a,)f(~,)I 65~'(~„»„»,)+365~{~,»„»,)5~(~,+~,»„0)
4x

+365~(4,+A,»,,0)5+(Ai»g+ck3, 0)+65+(4, ,0)0Sx(Ai»2»3))

+terms from fourth- and higher-order scattering, (14)

Fpp, (~)=~mr(~), with f(~')- f(~'),

2i
F ~(g) =3'(+)+f(Z) jS&(%,0,0)5„(6,0)+ d~Di—d'DP2(X —ck&—Ap)

x {3f(&i)f(&~)E~SN(&i»a0)+5~(»00)j5-(&i»~)+3D(~i)f(&s)+f(&i)f(&2)j5~(&i»2,0)5-(»0))
2$2

d'& d'& d'&P(& & & &—){3L—f(&—)f(& )f(& )+f(& )f(& )f(& )7
4x

&& LS~(&i»~»a)+2&(&i+&»3,0HS-(&i»2+&3)+I.f(&i)f(&~)f(&~)+f(&i)f(& )f(&~)j
XSN(+1»2»3)5~(+)0)) +

For convenience we use the notation

Sx(&i»~»s) =—&,i2s(&i»2»s)

zations for the scattering amplitudes and form factors.

(1)) Foi tile former we assume

5.(ski»2) =—5 i2(4i», ), (18)

where S~,i&3 and 5,, i2 are defined by (13).These form

factors must be completely symmetric under inter-

change of their arguments, and translational invarianee

requires that

5~(&i+rl»2+q»3+6) =5+(&i»2»s) (19)

5.(~+a»+q)=5. (~ ».) (20)

Note that (19) implies that the first triple-scattering
contribution to Il~~ in Fig. 3 has no 62 dependence if

f(h) is constant. Here each quark in eacli nucleon can

receive the same momentum transfer and thus the
nucleons can exchange arbitrarily large amounts of
momentum without breaking up.

In order to test the expressions (14)—(16) against the

available experimental data we must choose parametri-

5-(&i»2) = expL —-'.~.'(&i—&2)'j (23)

"This particular parametrization of the phase variation was
suggested to the authors by Dr. V. Franco (private communica-
tion).

f(~)=f(0)- (—', &'~') (21)

f(~)= f(o) em( —25'&'), (22)

and take b' and P as well as f(0) and f(0) to be complex
numbers. In previous work' vm found that it was

impossible to avoid an interference minimum in the
differential cross section and at the same time match
the phase for the forward proton-proton amplitude if
the phase of f(h) were constant. Giving b' and 6'
imaginary parts is perhaps the simplest way to allow

the phases of f(h) and f(h) to change with h.i6

For the pion and nucleon form factors we take the
expressions
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f(o)=fs+~fr, —
f(o)= fs+'fi

(26)

(2'I)

b'=—(b') s+~(b')I (28)

1I'= (&')II+~(5')r,—
c~ ) and &fr

Kc wish to emphasize that the parameters f(0), f(0),
b', and b' in general will be energy-dependent. Judging
from the behavior of hadron-hadron scattering, this
dependence becomes weaker as the energy increases,
but at present accessible energies cannot be ignored.
This limits us, in principle, to treating EE and EE
scattering at the same energy, and xE scattering at
some definite related energy. Unfortunately, there is no
convincing prescription relating the m.Ã energy to the

''I A. Mitra and R. Majumdar, Phys. Rev. 150, 1194 (1966).' D. H. Coward, H. DeStaebler, R. A. Early, J.Litt, A. Minten,
L. W. Mo, W. K. H. Panofsky, R. E. Taylor, M. Breidenbach,
J.I. Friedman, W. H. Kendall, P. N. Kirk, S. C. Barish, J. Mar,
and J. Pine, Phys. Rev. Letters 20, 292 (1968).

'9 It has been shown by R. E. Kreps and. J. J. de Swart, Phys.
Rev. 162, 1729 (1967) that antisymmetric wave functions exist
which can give such form factors."T.T. Wu and C. N. Yang, Phys. Rev. 13?, 8708 (1965);
T. T. Chou and C. N. Yang, in IJi'gh-Energy Physics and Xgclear
Strlc&re, edited by G. Alexander (North-Holland Publishing Co.,
Amsterdam, 1967).

S~(~„~„~,) =exp( —'-, a P(&I—a,)
+(~.-~8)'+(~ -~)'j&, (24)

corresponding to Gauss~an wave functions. Equation
(24) arises from a completely symmetric spatial wave
function, while the standard version of the quark model
requires complete antisymmetry' and therefore a form
factor which takes negative values, This point has also
come up with regard to the electromagnetic form factor
of the nucleon F~(A).II In the quark model (leaving
Gilt lllcsscIltial compllcatioIls) wc llavc

F~(A) =F,(A)S~(A,0,0), (25)

where F,(A) is the electromagnetic form factor of the
quarks. Extensive experimental studies'8 have revealed
no zeros in F~(A) up to A'= 25 (GeV/c)', implying that
if Sz (A,0,0) has any zeros they must be at quite large
values of h." Although the extrapolation to three
variables is a bit risky, we believe that (24) is a reason-
able way of parametrizing S~ when the arguments are
Ilo't 'too 1RI'gc. Equa'tloIIS (14)—(16) sllow 'tlla't fol' sIIIR11

6 the differential cross sections go as S~, which in the
point-quark limit is equaP' to FN4.

With the above expressions for the amplitudes and
form factors, all the integrals involved in (14)—(16) can
be evaluated analytically (wc do not reproduce the
lengthy expressions here). The diifcrcntial cross sections
for XE, XE, and 7IE scattering are then determined
by j.0 real parameters:

n (AB)—=RCF~II (0)/ImF~ II (0)

and B'(AB) is def'med by

(31)

(dn/dLV) (AB) ~ expt —B'(AB)A2) (32)

for small rV. LThe experimental values for n(IrN) and
0(mN) are of essentially no use in fixing B, (b')I, and
(b')I, but are reasonably well fitted by the calculated
values. g If multiple-scattering effects were ignored, the
relations used would be simply

f(0)= (36Ir) '0 (NN) LI'+a(NN) 1,
f(0)=(36ir) Io(NN)/i+cr(NN) j,

2a~'+ (b') s ——B'(NN),

2u~'+ (5')II=B'(NN),

(33)

(34)

(35)

(36)

IIIr'+ gL. '+ (b')s+ (&')zj=B'(~N) . (37)

We begin with values determined by these relations
and correct iteratively for multiple-scattering effects,
typical corrections being of the order of 20%. The
differential cross sections are then calculated on an
electronic computer using complex arithmetic and are
compared arith experiment. Sy repeating this procedure
for Inany sets of values for F'., (b')I, and (5')I we deter-
mine which set gives the best over-all 6t to the experi-
mental data. We discuss below the problems associated
with 6tting the individual processes and present the
results.

A. Proton-Proton Scattering

Since there seem to be no convenient data spanning
a wide enough range of momentum transfer at a single
energy, we have used an analysis given by Krisch, 22

who has shown that most of the presently available
experimental points fall on a single curve when plotted
against P'P' sin'8(P = e/c), and when a reasonable adjust-
ment for the effects of the identity of the particles is
made. We have used this result to construct an "experi-
mental" plot of do/dh2 versus A2 (which we interpret
as PII= P' sin'|I) for PI,b= 15 GCV/c. This is the highest
momentum for which experimentally determined values

"A discussion of this point, with additional references, is con-
tained in Ref. 7.

» A. D. Kirsch, Phys. Rev. Letters 19, 1149 (1967). We have
used Kirsch's compilation of the pp data and refer to this reference
for the original sources.

NN, ÃN energy, although the former should presum-
ably be taken somewhat smaller than the latter. 2'

Our dtting procedure is roughly as follows: We Grst
choose trial values for

(b—') II/up/,

(b')I and (5')r. Once these are fixed, we determine the
remaining parameters from the experimental values for
0 (NN), 0 (NN), e(NN), a(NN), B'(NN), B'(NN), and
B'(s N), where
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FIG. 4. Fit of the model to the pp scattering data coHected and
analyzed m Ref. 2i. The experimental points reduced to p~,b= lS
GeV/c are represented by the verticaj error bars. The short-dashed
curve shows the inhuence of a, variation in Q')I, the long-dashed
curves thc inQuence of variation ln 8= (bm}gj Q~~. Thc solid curve
%'as drawn usjng thc paranMters gvcn xn thc text.

for o(pp), o.(pp), and g {pp) are available. For a given
and (bs)r we chooae the 1ematntng Parameters

reproduce's ss o(pp)=39 mb, Bs(pp)=10 (GeV/&) ',
andrr(pp) = —0.2. We had to take (b')r in theneighbor-
hood of —6.0 {GeV/c) ' or +12.0 (GeV/c) ' to elim
atc thc dip duc to IntcrfeI'cncc bctwccQ single Rnd

double scattering, and E. had to be taken in the neigh-
boxhood of I.2 to give the coxrcct magnitude in the
triple-scattering rcglon. Zhc weak-binding ox' polnt-
quark 1imit E.=0 glvcs R dlffcrcntiaI cross scctlon %'IIich

is very Sat and too large in the tripIe-scattexing region,
mhiIc thc strong-binding l~t 8= Oo gives differential
cross-section Gts which are too small at large 6'. Our
nmst sRtlsf RctoI'y OQc ls shovFQ ln Flg. 4. Thc paraxnctcrs
Used vie

fr=1.1 (GeV/c) ',
f~= —o 1g {GeV/c) '

(b')g=3 25 {GeV/c). ',
(b')r ——6.0 {GeVjc)—',

Pro. 5. The di8erential cross sections obtained from single (1),
double (2), and triple g} scattering terms taken separately.

resulting CI'oss scctIOQ of FIg. 4 Is donllnatcd &st by
the single-, then in turn by the double- and triplc-
scRttcx'jQg terms. Thc phase of thc proton"pI'oton
scattering RIDplltude Rs glvcn by 'thc Rbovc sct of param-
eters is shown in Fig. 6. It also rcQects the contribu-
tions from the individual amplitudes. The initia1 slope
of approximately —5.0 (GeV/c) ' liat tens out consider-
ably Rs the higher tcIms take ovex', Note thRt DIUItiplc-
scattering analysis of pd scattering seem to require a
similar dependence of the phase of the AE RDIplitude
on 6', Rt least at low momentuln transfer. 26

VVc should perhaps rexnind the reader here that our
calcuIRtlons IgnoI'c foux'th- and higher-order scattering~
and thRt, thcI'cfolc, oux' cUI'vcs should Qot bc taken too

-10

u~s=2. 7 (GeV/c) '.
Flgux'c 5 ShovFS thc contributions- to thc deferential

cross section froln the single-, double-, and triple-
scattcring RmpIitudcs alone, indicating clearly bow the

d W. Galbraith, E. W. Jmkins, T. F. Kycia, B. A. Leontic,
R. M. Phillips and A. L. Read, Phys. Rev. 138, 89I3 (1965}."K.J. Foley, R. S. Gilmore, S. J. Lindenbaum, W. A. Love,
S. Ozaki, K. H. Willen, R. Yamada, and L. C. L. Yuan, Phys.
Rev. I etters 15, 45 (1965},"K, J. Foley, R. S. Jones, S. J. Lindenbaum, W. A. Love,
S. Ozaki, E. D. Platner, C. A. Quarles, and E. H. Willen, Phys.
Rev. Letters 19, 857 (1967).
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Pr I.GA/Cl

FIG. 6, Phase of the EX scattering arnpHtude as a function of
pL~, calculated using the parameters given in the text.

~'G. W. Bennett, J. L. Friedes, H. Palevsky, R. J. Sutter,
G. J. Igo, W. D. Simpson, G. C. Phillips, R. L. Stearns, and
D. M. Corley, Phys. Rev. Letters 19, 387 (j.967); and V. Franco
(private communication).
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seriously at the highest momentum transfers shown.
The qualitative features (in particular the dependence
on the parameters) should be valid, however.

B. Proton-Antiproton Scattering

Unfortunately, no large-angle data are available at
15 GeV/c, so we begin by testing our double- and triple-
scattering contributions at lower energies where such
data are available. We keep cia

' fixed at 2.7 (GeV/c) ',
the value which we found to give a good fit to the pp
differential cross section. The parameters fs, fz, and
(b') s are chosen to fit o (pp), 8'(pp), and n (pp), respect-
ively, at the appropriate energy. This leaves only (b')z
with which to Qt the shape of the differential cross
section away from the forward direction. The most
satisfactory fit at pi,h

——3.66 GeV/c" is shown in Fig.
7. It is obtained with

fz=2.40 (GeV/c) ',
fs= —0.53 (GeV/c) ',

(b')x=5. 1 (GeV/c) ',
and

(b')z —1.——0 (GeU/c) '.
We also present a calculation for pi„h=6.0 GeV/c,

where we use the experimental values o(pp) =50 mb,

n(pp) = —0.05, and 8'(pp) = 9.0 (GeV/c) '. We 6nd

fz 1.59 (GeV/——c) ',
fs = —0.21 (GeV/c)-',

(52)p=4.9 (GeV/c) ',
and use

(5'),=o.o.
We have not quite enough data to fix (b')z at 15 GeV/c
in this way. If we use a value which allows a satisfactory
fit to the ~rp data, we predict the wide-angle differential
cross section shown as the dashed curve in Fig. 7, which
is obtained with

fr=1.4 (GeV/c) ',
fit= —0.47 (GeV/c) '

(b')s ——1.59 (GeV/c) ',
and

(b2)z= —3.0 (GeV/c) 2.

Note that the antishrinkage which is barely noticeable
in the forward peak becomes very large in the triple-
scattering region.

C. Pion-Proton Scattering

Having found these sets of parameters 6tting pp and

pp scattering at 15 GeV/c, we can use them to calculate
the sp differential cross section. The only remaining
free parameters are a ' Lwhich is chosen to fit the for-
ward slope 8'(n.p) "jand (5')z, the latter is free only to

''f W. M. Katz, B. Forman, and T. Ferbel, Phys. Rev. Letters
19, 265 (1967l.
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FIG. 7. The pp differential cross section as a function of pp.
The solid curve has been 6tted to the data {solid circles) at
p&,q=3.66 GeV/c. The heavy dashed line shows a calculation for
pg,h=6.0 GeV/c with {b')y ——0. The light dashed curve is the
prediction for p~,b=15 GeV/c using (5')I= —3.0 (GeV/c) '.

the extent that we lack wide-angle pp data. The
question immediately arises of what harp energy we

should try to Gt, and, as noted above, there seems to be
no unambiguous answer (although it presumably must
be less than 15 GeV/c). Fortunately 8'(irN) is almost
energy-independent above 4.0 GeV/c, and gives u, ' 4.5
(GeV/c) ' with only a very weak dependence on (b')z.
Taking (52)z= —3.0 (GeV/c) ' gives the differential
cross section shown in Fig. 7, along with some experi-
mental data at 2.5, 2.0, 6.0,2' and 8 GeV/c. "The plot
indicates a secondary dip above pi2=2.0 (GeV/c)'.
These values also predict a total cross section o(pp)
=31.0 mb, which is slightly too large.

Our calculations also seem to 6t reasonably well some
preliminary data for high ~t~ values at 6.0 and 8.0
GeV/c. "

'8 C. T. CoKn, N. Dikmen, L. Ettlinger, D. Meyer, A. Saulys,
K. Terwilliger, and D. Williams, Phys. Rev. Letters 15, 838 (1966);
17, 458 (1966); D. D. Allen, G. P. Fisher, G. Godden, J. P.
Kopelman, L. Marshall, and R. Sears, Phys. Letters 21, 468
(1966).

'9 J. Orear, R. Rubinstein, D. B. Scarl, D. H. White, A. D.
Krisch, W. R. Frisken, A. L. Read, and H. Ruderman, Phys. Rev.
Letters 15, 309 (1965)."F. C. Peterson, J.Orear, D. P. Owen, A. L. Read, D. G. Ryan,
D. H. White, A. Ashmore, C. J. S. Damerell, W. R. Pris/en, g,nd
R. Rubinstein, Bull. Am. Phys. Soc. 12, 1050 (1967}„

IV. TOTAL CROSS SECTIONS

If multiple-scattering eGects are ignored, the quark
model predicts a number of "additive" or linear sum
rules for total cross sections. Multiple scattering pro-
duces corrections to each total cross section and there-
fore to the sum rules. "These corrections appear as a
byproduct of our differential cross-section Gts; we have
only to use the optical theorem (3) and calculate F~zz(0)
using the parameters found. Since our parameters are
not necessarily unique, we record here the formulas for
the total cross sections with our parametrization includ-
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and
a (XJV) =48 mb —9 mb =39 mb

o(EX)=63 m. b —13 mb=50 mb, (42)

ing all double-scattering corrections (the triple-scatter-
ing corrections are generally no more than 1%):

a (XX)=36m fr+47r Reef(0))'
)& t 18(2b'+6arr') '+18(2b'+3ag) 'j (38)

o (NX) = 367rfr+47r Reef(0)]2
)&$18(25'+6a~') '+18(25'+3apP) 'j (39)

o(aN) =12~(fr+fr)
+4 Re[6f(0)f(Q) (b +P+2rr +3aN ) '

y 3Lf(Q)y (2y+ 3 err&)

+3'(0)]&(252+3rrrr )
+3f(o)f(o) (b'+t '+2a-') 'l.

gn the above formulas (f(0)j', f(0)f(0), and ff(0)j'
are close to being purely negative real numbers, and
b2 and $' have nonzero imaginary parts. The latter
generally decrease the magnitude of the double-scatter-
ing corrections by increasing the magnitude of the
denominators and by changing the phase of the double-
scattering amplitudes.

For our 15-GeV/c parameters, writing the results as
the sum of single- and double-scattering contributions,
we have

10-

10-

5
10

'I 2 2 2
P, IGev/c]

V. DISCUSSION

FIG. 8. Differential cross section for qi-p scattering as a function
of pp. The data are for qi- p at 2.5 GeV/g (open triangles), at
3.0 GeV/c (squares), at 6.0 GeV/e (solid triangles) and at 8.0
GeV/c (solid circles); for ql-+p at 8.0 GeV/c {open circles). The
curve is the prediction of the model with a taken to fit the initial
slope, {b')I=3.0 (GeV/c) ', and the remaining parameters taken
from pp and pp data at 15 GeV/c. It predicts a second dip above
pg'= 2.0 {GeV/c)'.

while for the corresponding xX energy

a (7r~) =37.7 mb —6.0 mb =31.7 mb,

double scattering corrections reducing the first-
order total cross sections by about 20%" Our values
for a(&&) and o(EcV) are take. n from experiment at
about 15 GeV/c, while a (mÃ) is calculated using the
parameters which 6t these 15-GeV/c EcV and SV data.
The value of 31.7 mb indicates that either the 7'
energy corresponding to 15 GeV/c laboratory momen-
tum is very low, in the neighborhood of 3 or 4 GeV/c,
or that our total cross-section results are in error by a
few millibarns, perhaps because we have ignored cor-
rections such as spin and isospin dependence.

Finally, we record the quark-quark and quark-anti-
quark total cross sections from the 15-GeV/c param-
eters:

o (qq) =4~fr=5.4mb
and

a (qq) =4orfr = 7.0 mb.

As we would expect from comparing the EE and ~E
total cross sections, a (qq) is somewhat larger than o (qq),
presumably because of the large number of annihilation
channels.

»Although his original estimates (Ref. 6) were somewhat
larger, corrections of about this size are now also found by V.
Franco (private communication).

By assuming that nucleons, antinucleons, and pions
are composed of three quarks, three antiquarks, and a
quark-antiquark pair, respectively, and including con-
tributions from single, double, and triple scattering,
we have been able to obtain rather satisfactory fits to
the pp, pp, and m.p difFerential cross sections over a
wide range of momentum transfer. Our formulas contain
ten free parameters, but seven of these can be deter-
mined from the total cross sections, the ratio of real to
imaginary part of the forward amplitudes, and the
initial slopes of the differentiaL cross sections. The
complete structures of the three differential cross sec-
tions away from the forward direction are therefore
Gtted and predicted by three parameters. A glance at
»gs. 4, 7, and 8 should convince the reader that this is
not a trivial result.

In view of the very hypothetical character of quarks,
the lack of some crucial experimental data, and the
simplifying approximations we have made, we have not
attempted a systematic search for the best possible set
of parameters. The parameters given in Sec. III provide
reasonably good its to the available data, but we do
not guarantee that another set giving comparable, or
even better, 6ts to the data cannot be found, especially
if higher-order scattering is included. Furthermore, we
be1ieve that it would be premature to say that our 6ts
exclude composite hadrons with more than three con-
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stituents. The following conclusions, however, seem
fairly unambiguous:

(1) It is consistent to assume that near the forward
direction single scattering dominates, since with the
parameters determined under this assumption the
multiple-scattering corrections are of the order of 20%%uo.

(2) To avoid a sharp dip in the pp differential cross
section the phase of the qq amplitude must vary quite
rapidly with momentum transfer. This produces a
corresponding rapid variation in the phase of the pp
amplitude, roughly consistent with values found in
analyses of pd scattering.

(3) If the nucleon is composed of three quarks the
"loose-binding" or "point-quark" limit (i.e., a~'&&

~
b'~ )

is not consistent with experiment in the triple-scattering
region. In this limit our theory would predict a Qat,
nearly energy-independent differential cross section for
6') 4.0 (GeV/c)', in contradiction with experiment.

(4) Although the case is not quite as strong as above,
it seems dificult to have a large enough triple-scattering
cross section in the opposite ' tight-binding" limit,
~b'~&&a~' An int.ermediate situation seems to be re-
quired in order to 6t the differential cross section for
high momentum transfer.

While a detailed analysis of the differential cross
sections may well be the most promising way to con-
vince us of the existence of the quarks, the present
results do not prove, of course, that the quark model is
correct. There are many alternative explanations" for
the structure in the differential cross sections but most
of these other models address themselves to a single
structural detail. Our general conclusion is that the
quark model with multiple scattering provides a very

"R. Serber, Rev. Mod. Phys. 36, 649 (1964); L. Van Hove,
ibid. 36, 655 t'1964); J. J. J. Kokkedee and L. Van Hove, Xuovo
Cimento 42, 711 (1966), Phys. Letters 258. 228 (1967); Nucl.
Phys. 81, 169 (1967);A. D. Krisch, Phys. Rev. 135, 81456 (1964);
H. D. I. Abarbanel, S. D. Drell, and I". J. Gilman, Phys. Rev.
Letters 20, 280 (1968); also, see Ref. 20.

simple explanation for the structure of high-energy
differential cross sections, and thus far we have run into
no serious contradictions with experiment. If further
work proves as successful, the quark model must at
least be regarded as a very convenient device for corre-
lating a large amount of experimental information.

Extensions of these ideas are fairly obvious. The
most direct, of course, would be the calculation of the
mw cross section using the parameters determined above.
We have not done this in this paper because of the
complete absence of direct experimental information.
Of more immediate interest, the effects of spin- and
isospin-Rip amplitudes should be investigated to see if
they might effect the shape of the elastic differential
cross sections, and to see if they can consistently explain
single- and double-Rip inelastic processes such as

and
~ p~ p'+e

m p~ ~++6

These processes should also be studied experimentally,
especially at large momentum transfers. Returning to
elastic scattering, we should like to make a special plea
here for data covering a wide range of momentum
transfer at a single high energy. Care should be taken to
cover the region of the breaks carefully, and to ascertain
that small-angle and large-angle measurements have
consistent normalization by using overlapping regions.
With these experimental data the quark model could be
tested more rigorously and the parameters determined
more precisely.
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