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Radiative Pion Capture and the Pion-Nucleus Vertex Function*
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We use the Kroll-Ruderman theorem and the elementary-particle treatment of the nucleus to calculate
s-wave capture rate of pions by He3 and Li6. The results are compared with previous estimates and experi-
ment. We also use the observed Panofsky ratio to study the ~He'H' vertex function.

I. INTRODUCTION

l 'HK Kroll™Ruderman' theorem relates the transi-
tion matrix element for the photoproduction of

pions from nucleons near threshold to the nucleon-to-
nucleon matrix element of the axial-vector hadron weak
current in the limit m /mp —+ 0 (m„and mp being the
pion and nucleon masses). Recent derivations' have
simplified the proof considerably.

The theorem has been generalized to nuclear systems
and applied to photoproduction of pions from He', '4
3" and 0".' The nuclei involved are treated as
elementary particles' so that the corresponding axial-
vector matrix elements are calculated in a model-
independent way.

In Sec. II we apply the method to the s-wave capture
of pions by He' and Li'. Capture by He' has also been
discussed by Ericson and Figureau. 4 We compare our
results with experiment and previous theoretical
estimates. The +He'H' vertex function is discussed in
Sec. III.

II. CAPTURE RATES

A. Calculation

V/e can write the Kroll-Ruderman theorem for the
lowest-order s-wave amplitude for the process s +E; +-
Xr+y in the form' '
&~., ~l j-'-'(0) l~')

(4n.)"'e
e, '"'&ivy

l
~p' '(0)

l &a), (1)

where m, a (=0.95), and j,( )(0) are, respectively,
the mass, the decay coupling constant, and the source
of the pion Geld. e„&"~ is the photon polarization vector
and A„( )(0) is the axial-vector hadron weak current.
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The corrections to Eq. (1) are of order m /m, where m

is the nuclear mass ( 5% for He', 2.5% for Li'). If
we use the elementary-particle description of nuclei,
the matrix elements of the axial-vector current can be
written as

&H'l~. ' '(0) IHe')
=a(H') [7„yg~(q' He' H3)

+ (i2m/m ')q„y~Fp(q', He' ~ H')]u(He'), (2a)

&He'lA„&-&(0) lLi')
=v2'ra[t„F g (q' Li' ~He')

+(g q/m, ')q„Fp(q', Li ~He')j, (2b)

q.= (Pr P~). —

where e(Ã) is a Dirac spinor and f„is spin-1 polarization
vector. F~(q'; E;&-+Xr) and Fp(q', X;+-+ Eq) are the
nlclecr axial-vector and induced pseudoscalar form
factors which in this treatment contain the complexity
of the nuclear structure. The pions are mostly captured
from the s orbit4 and can be treated as if they were at
rest. In this approximation the momentum transfer

l q l
is equal to the momentum of the photon l

k l, and
the Fp terms in Eq. (2) do not contribute.

From Eqs. (1) and (2) we obtain the transition rates

Z(gr +He'~ H'+y)

2u F,„/ m Z30.3m 3

C(He')
a.'m 'Em+8, m m

&&[Fg(q'; He'+-+ H')J', (3a)

E~=136 MeV, q'= —m '+2m E~=0.95m ',
X(m +Li ~ He +y)

E~ m Z'n'm '
C(Li')

3a.'m. ' m+8, (1+m.im)

g [F~(q2 Lie ~ He6) j' (3b)

E~= 134 MeV q'= —m~'+2m~A~= 0.92m~~,

where the nonpoint character of the charge distribution
of the nucleus gives rise to a correction factor C(E;).

We now determine the numerical value of 1 ~
X (q' He' &-+ H') and Fg (q'; Li'+-& He') from the
appropriate experimental data without using a nuclear
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model. Prom Eq. (2) we can relate Fz(0;¹~Fr)
to the ft value for the corresponding P decay;

ft(H'~ He'+e +y)
2g' ln2

(4)
G'tlP{1+3LF~(0;He'+-+ H')]'}

fk(He' ~Li'+e +P)

G'm, 'sLF (0; Li'+-+ He')]'

where G= 10 '/m~'. Inserting the experimental ft
values, ft(H3 +He'+—e-+r)=1137 sec and ft(He'~
Li'+e +r) =808 sec, gives7

~ F„(O;He3~ Ha)
~
=1.22, (6a)

(F,(0 Li ~He)(-2.26. (6b)

The momentum-transfer dependence of the form factors
can be obtained' from elastic t,'-He', e-H', ' and inelastic
e-Li' "scattering data, and at the value of q' approp-
riate to capture we 6ndli

kF&(q'=095m 'He'~IV)1'
=0.587LFg(0 He'+-& H')]' (7a)

LF, (~'=0.92~.~; Lis ~ He~)]2
=0.208EF&(0; Li' ~ He')7. {7b)

Prom Eqs (3) (6) and (7) we then obtain"

X(s +He'-+H'+y)=2. 32X10"sec ', (8a)

X(s-+Li'-+ He'+7) =1.65X10"sec '. (8b)

We can also calculate' the rate X (y +Li' ~He'+ v)
from the same experimental data used, in estimating
X(s. +Li'-+He'+y) in Eq. (Sb). In this case,

q'= —m„'+2m„E„=0.91 m„',

PF~{q'=0 91m ' He'~ Li')]'
=0.39|F,(0;He~~Li6)]~, (9)

from which one finds

X(y +Li' —& He'+u) =1.33X10' sec '. (10)

~The value of Eq. (6b) is twice the value given in Ref. 8.
This is due to the di8erent normalization used for the nuclei.
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and their experimental data on muon capture to obtain

X (s. +Li' ~He'+y) = (2.0 0.2+")X10"sec-'. (13)

However, from the electron-scattering data alone, i.e.,
from Eqs. {7b) and (9), one can see that the experi-
memta/ value of the coefficient in Eq. (12) is 0.535
rather than 0.44. This wouM change the value of Eq.
(13) to (2.44 0.24~49)X10" sec '. As already men-
tioned, the disagreement between this value and our
result, Kq. (Sb), may be attributed to the discrepancy
between the electron-scattering data and the muon-
capture data. Combining the capture rate X(s +Li'-+
He'+y) and the observed, branching ratio"

X{s- +Li' —& He'+y)
=0.010+0.001,

X(~-+ Li'),...) (14)

we can 6nd the total capture rate X(vr++Li') t.„g which
is approximately equal to the width I'-~, of the 1s orbit
of the pion. The results
I"~,=0.159 keV

from X(vr +Ll ~He +r)=2 44X10 sec
I'g, =0.107 keV (15)

from X(s +Li' —+He'+y)=1. 65X10"sec ',

are both consistent with a recent measurement, "
I'g, =0.15+0.05 keV.

III. m-NUCLEUS VERTEX FUNCTION

Although X(s +He'-+ H'+y) has not been directly
measured, the Panofsky ratio, which is defined as

F=X(s +He'-+ H'+s')/X(s +He' —+ H'+y),

"J.P. Deutsch ef a/. , Phys. Letters 268, 315 (1968).
'4 P. P. Divakaran, Phys. Rev. 139, B387 (1965).
"A. Fujii and D. J. Hall, Nucl. Phys. 32, 102 (1962)."R.J. Harris, Jr., W. B. Shuler, M. Eckhause, R. T. Siegel,

and R. E. Welsh, Phys. Rev. Letters 20, 505 (1968).

B. Discussion

Deutsch et a/."measured. the p,-capture rate of Lie
and found

X(y, +Li'-+He'+v)= (1.6 O.r3~'33)X10' sec '. (11)

This disagrees with our result in Kq. (10) and would
seem to indicate that there is a discrepancy between
the electron-scattering data" " and the muon-capture
data. "More experiments might clarify this point.

The rates X(s.-+He'-+ H'+y) and) (s
—+Li'-+ He'

+y) have not been directly measured. In the He' case,
impulse-approximation calculations have given values
ranging from 097&10" sec ''4 to 832X10" sec ' "
and on the basis of a treatment similar to ours Ericson
and Figureau4 made an estimate of 3.46&10"sec '.

Deutsch et ul. combined. the relation'3

$F&(if=0.92et ~ He'~Lie)]2
=0.44LF, (q~=0.91~ s Hee~Li6)]2 (»)
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has an observed value of 2.28~0.18.'~ Treating the
nuclei as elementary particles, we can calculate the
rate X(sr +Hes-s Hs+sre) in terms of the scattering
lengths. The result is

8sr Pe m
X(sr +He~ ~H +sr )=—

( (rrys —os]s( 1+
g f0' f@

xc(Be') ( ), (lsl

where el~2 and g3~2 are the ~ -He scattering lengths in
states of isotopic spin —,

' and s and pe(=36.9 MCV) is
the momentum of the outgoing sre. From Eqs. (3a)
an(i (16),

are known to be negligible. 4 VVc thus Gnd from Eqs.
(6a), {18),an(l (19)

~ f(—m ', srHesHs)
~
=1.13,

which Inay be compared. with the nucleon value~

i f( m—.'; srep) i
=1.43. (21)

Using the nuclear Goldberger-Trciman relations' "
F~(0;N;~Nz) =a.f(0; rrN;Nf)

a f(—m;—srN /VS)E{0;SN;Nr), (22)

and Eqs. (20) and (21), we find

I@(0;~ p)((=0.87,

iZ(0 ~HC Hs)
i
=1 14

ms (ut(s —us(s~
x

[F~(q'= 0.95m. '; Hc'~ Hs)gs

=59ms
~

uygs asgs(

Rnd using thc cxperiIQcntal VRluc of P we obtalD

~
at/s —osfs( =0.196/ms. {18)

Ig. the dispersion-theory treatment of the Goldberger-
Treiman relation, the results of Eq. (23) would imply
that while the sign of the contribution of states, other
than the dominaj1t single-pion pole, is negative for the
Ã-p system, 1't 18 pos1'ttvc fol' 'tile H -Hc systc111.

It is generally expected" that while f(—m ' srN Nf)
'wiH vRly consldclably floxQ nucleus to nucleus slncc lt
contains much information on nuclear structure,
K(0; srN~f) will vary very smoothly. If we assume a
relation of the form

Z'(0; srNP'I) =2""X(0;srlp), (24)
The relation. between the physical mHC'H' coupling

constant f(—m '; sr He'H') and the scattering lengths
is given in Ref. j.9 as

[f( m'; sr H—e'H') j'—assr(1+m /m)
X [F~(0; Hc ~H )j ( ur(s —asgs ), (19)

prov18cd that Imcyy2= IIQc@2=0. IIl gcDcI'Rl, w-X;
scattering lengths are complex, but for the He'-H'
systcIn the imaginary parts of thc SCRttcI'lng lcDgths

'~0. A. Ze.imidoroga et al., Zh. Eksperim, i Teor. Fiz. 48, 12@
(1965) )English transL: Soviet Phys. —JETP 21, 848 (1965)g."The corresponding value for the s=p scat termg ss [ usgs —usga j

=(0.259&0.090)/m, as reported by J. Hamilton and W. S.
Woolcock, Rev. Mod. Phys. 35, 737 (1963).

"H. Primakoff, High Erlergy I'hysics end ENckar Strlctgre,
edited by G. Alexander (North-Holland Publishing Co., Amster-
dam, 1967}.

~ See, for example, Ref. 18.

where A is the mass number of the nucleus g;, the values
of Eq. (23) 1nlply tllat B 4 Tllls—18 .tlot vcly 111co11818-

tent vrith the value e—6, which has been suggested on
the basis of a nuclear Adler-%eissberger relation. "

"See remarks after Eqs. (19b) and (42b) in Ref. 19.
n A generalization of the Adler-Weisberger sum rule LS. Adler,

Phys. Rev. j.40, 3736 (1965)," W. I. Weisberger, iNd, 143, 1302
(1965)g to nuclear systems yields the following relation t'see
Kq. (36c) in Ref. 19$:
s(0; sr,Arr)=LE(0; sr', Xy)ass(( —sa '; sr,Xy),

m.2 "dZ.(Z.~—m.~)&12

XPr ((1',8;sr, lily) —o (qs; 8;sr+,Ny) j
The left-hand side of the above relation is related to the s -induced
nuclear reaction cross sections LS. Adler, Phys. Rev. 145, 1144
(1966)g so that it is proportional to A. On the other hand,
4(—m '; x,Ey) involves the m+ —Ey total cross sections, which
are proportional to A. 'I3. Thus one expects E(0.xE;Sj) to be
proportional to A~'6.


