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Properties of the generalized coherent states of the electromagnetic field, introduced by Titulaer and
Glauber, are investigated. It is shown that, in contradistinction to photon-counting measurements, the
average value of the electromagnetic field and the electron scattering amplitudes depend on the detailed

form of these states.

I. INTRODUCTION

ECENTLY Titulaer and Glauber! have found the

most general pure state of the electromagnetic

field which has full coherence according to Glauber’s
definition.? This state is of the form

in
¢*(6")" | vac),

¢y

[coh)= ek i o

n=0 gz

where (m) is the average number of photons in this
state, 8, form an arbitrary sequence of real numbers, and
o' is the creation operator of the photon in a state
characterized by the wave packet

V)= no) u@e s T nl=1. @

The term generalized coherent state will be used every-
where in this paper to denote states of form (1). Eigen-
states of annihilation operators, which are often called
coherent states, form a subset of the set of generalized
coherent states.

It was shown in Ref. 1 that “the difference between an
eigenstate of the annihilation operator and the more
general type of fully coherent state does not become
manifest in experiments, which can be described com-
pletely in terms of the correlation functions G, since
these functions are the same for both.” The purpose of
the present paper is to investigate the properties of
state (1). In order to exhibit the difference between this
general state and the eigenstate of the annihilation

1 U. M. Titulaer and R. J. Glauber, Phys. Rev. 145, 1041

(1966).
2R. J. Glauber, Phys. Rev. 130, 2529 (1963); 131, 2766 (1963).
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operator b, we compute the average field and discuss
the scattering of an electron in the electromagnetic
field.

II. GENERALIZED COHERENT STATE AS A
SUPERPOSITION OF EIGENSTATES
OF THE ANNIHILATION
OPERATOR

First, let us note that the generalized coherent state
(1) can always be represented as a continuous super-
position of the annihilation-operator eigenstates belong-
ing to the eigenvalues with the same modulus but
different phases.

h 1 21rd ‘ s (3)
lco >‘5;ﬁ o f(o)|eie(myr),
where
o (m)ir
|ese(mpn)=km 32 ——gine(@t)r[vac),  (4)
so that ”
blee(m) my=cie(my|ete(m).  (5)

The symbol f(¢) in Eq. (3) denotes a distribution given
by the generalized Fourier series.

f(g)= 3. e, ©

n=0

It follows from the theorem given by Schwartz® that
f(¢) is a distribution of the & type, i.e., the second

2 L. Schwartz, Méthodes M athématiques Pour Les Sciences
Physiques (Hermann & Cie, Paris, 1961), Chap. II, §4.
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derivative of a continuous function. In the special case
mentioned in Ref. 1, when 6,=(—1)"¢, the function
f(9) is a combination of two & functions:

Sfle)=cose 8(¢)+ising 8(p—m). (7

This is the simplest example of a generalized coherent
state, whose phases 6, fulfill the condition of periodicity.
In the general periodic case (6,4x=0, for every n) the
generalized coherent state (1) can be represented as a
discrete superposition of NV annihilation-operator eigen-
states belonging to equidistant eigenvalues e®*(m)!/?,
where

ar=0+Qrx/N)k, k=12, ---,N. (8)

The coherence condition now has the form of IV linear
inhomogeneous equations with nonvanishing determi-
nant for the IV coefficients ¢x of the superposition.

et ton=e™,

cleial_*_czeiaz_*_ e +0NeiaN= et s (9)
Clei(N“l)al+c2ei(N*‘1)az+ cee +CNe‘5(N‘—1)OtN= eiﬁN—l'

The inverse statement is also true. The necessary con-
dition for the coherence of the discrete superposition of
annihilation-operator eigenstates |e‘k(m)!/%) is the
condition (8) on the o’s. Under this choice of phases
ar, every set of coefficients cx(fo,01," * +,0n—1) solving
Egs. (9) with any set of 6, 0y, -+, 0x-1 leads to a
generalized coherent state.

In Secs. IIT and IV we shall consider only such dis-
crete superpositions of eigenstates, since these are the
only examples of generalized coherent states known to us
which may give matrix elements comparable in the
limit of high intensity (large (m)) with matrix elements
for eigenstates of annihilation operators.

III. AVERAGE FIELD

Let us consider the generalized coherent state

9= £ crlen ). (10)

We assume that the coefficients ¢, are chosen to fulfill
the coherence condition (9). The average value of the
electric field E(r,?),

E(l‘,t) = Z [vi(r:t)bi'*_v’i*(r;t)bifj ’ (11)
in the state |¢) is
GIEG)1$)= % [en|20m)22 Re[eiov(s)]

$E T ant(n i epl—(m(i—cmin)]
X [v(t,t) et v*(x,t)e~in].  (12)
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When the average number of photons (m) is very large,
the average value of field is approximately given by

(6| E(r,0) |<1!>>>*§1 lex|®
X (et (m) 2| B(e,) | efa(m)i%). (13)

Thus we see that in the limit of high intensity the inter-
ference terms are negligible and the average value of the
field (and, of course, of the potential) approaches the
statistical average as given by the density matrix

o= i’ |y | Hesormyi ], (14)

although the state |¢) can not be described by the
density matrix in the diagonal P representation.*

One can easily see also that the average field depends
strongly on the choice of phases 6, of the generalized
coherent state. The measurements of the average field
would distinguish, therefore, the general coherent state
from the eigenstate of an annihilation operator.

In the simplest case (7), the average field is

(6| E(r,1) | ¢)=cos(2¢){m)!/?2 Rev(r,l)

+sin(2¢)e %™ (m)1/22 Imv(r,t), (15a)

while
(m) 2| E(r,2) [ (m)' %)= (m)"1*2 Rev(r,Z). (15b)

For large (m), the average field in the state | ¢) is weaker
than in the state |{(m)"/2). The maximal attenuation
takes place for ¢=1%1r.

The measurement of the average field can be, in
principle, carried out with the help of classical test
particles.®

IV. SCATTERING OF ELECTRONS

We shall show now that in the case of quantum par-
ticles (e.g., electrons) moving in the electromagnetic
field in the generalized coherent state, certain new
effects appear. Measurements of cross sections in such
a process can also be used to distinguish between
various generalized coherent states.

Let us consider the scattering of an electron in the
generalized coherent state (10) of the electromagnetic
field without any change in the state of the field. The
scattering amplitude is given by the formula

A= ’|(coh|S|coh)[¥), (16)

where |¢) and |¢) are initial and final electron states.

4R. J. Glauber, Phys. Rev. Letters 10, 84 (1963); E. C. G.
Sudarshan, sbid. 10, 277 (1963); see also Ref. 2.

5 N. Bohr and L. Rosenfeld, Kgl. Danske Videnskab. Selskab,
Mat.-Fys. Medd. 12, No. 8 (1933).
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The scattering operator .S can be written in the form®
s=Tafesp] s sty 709 4e-70)]
Xexpl:i / drdt j(x,t) 'A(—)(r,t):l

Xexp[i/drdtj(r,t)-A<+>(r,t)j“ , ("N

where 7. denotes the chronological ordering of all
electron operators. We assume, for simplicity, that the
current operator j#(x) does not depend on the potential
operator A(r,/). We can now rewrite formula (16) in
the form

AU=(¢’]T31’expl:i/d4xd4y (%)
XD =7 0) [0 W), (19

where X(j) depends only on electron operators. When
the electromagnetic field is in the eigenstate |8) of the
annihilation operator, X has the form

sc<j>=exp[i [ drdt §(e)-(B|A ) lm]. (19)

For the generalized coherent state (10), X(3) is given by
the formula

*G)= X laf

Xexp{i(m)”z/drdl j(r,t)-2 Re[c"“’cv(r,t)]l

N N
+3 X cken*exp[— (m)(1— giok—ian)]
k=1 n=1; n>k

Xexp[i(m)llzfdr(it j(r,0) -e"“’v‘v(r,t)jl

X exp[i(m}”2 / drdt j(r,1) -e“""‘"v*(r,t)]. (20)
In the limit of high intensity, &(j) is given by the

8 R. P. Feynman, Phys. Rev. 84, 108 (1951).
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approximate formula
N
Sc(j)zk‘él lcx? expl:i f drdt 3(r,0)
emon) [ A) [etm) . (21)

The interference terms again tend to zero, with (m)
increasing to infinity. The electron, however, is not
moving in the average field as was the case for the anni-
hilation-operator eigenstate. The scattering amplitude
approaches the classical statistical average of the
amplitudes, one amplitude for each component of the
superposition (10).

V. SPECIAL EXAMPLE OF THE GENERALIZED
COHERENT STATE

To end our discussion, we will consider another
special example of the generalized coherent state,
denoted by |¢’), whose phases 6, do not fulfill the
periodicity condition. Namely, we put

0n+1_0n=n‘p- (22)
The average electric field in such a state is
(@'| E(x,)|¢")= exp[— (m)(1—cos) J(m)""*
X2 Re[v(r,t) exp(i{m) sing)]. (23)

If we chose p=m, the average field has the same shape
as in the case of |{(m)'/?) state but it is attenuated by
the factor exp(—2(m)).

(O |E(,0) | ¢") pmr=e~%Xm (m)1/22 Rev(r,t). (24)

One can say quite generally, that the average field
in the generalized coherent state has the maximal value
when the state is an eigenstate of an annihilation oper-
ator. This follows from the relation

(coh| E(r,2) | coh)=e=(m (m)'/?

X2 Re{v(r,) 3 ——eimi—to

n=0 7!

(25)

in which the maximal sum of the series is obtained when
the state vector is an eigenvector of the operator &.
The highest possible value of the average field is,
therefore, another characteristic feature of the eigen-
states of the annihilation operator, which distinguishes
them from the general class of coherent states.
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