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Doppler-Shifted Acoustic Cyclotron Resonance in Gallium*
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Argonne Nationa/ Laboratory, Argonne, I/linois

(Received 8 February, 1968)

The absorption of 260-MHz longitudinal sound waves in single crystals of gallium has been measured at
1.2' K for propagation along the (100$ axis. With the magnetic 6eld in the (001) and (010) planes, sharp
resonant peaks in the attenuation are observed over a large angular range centered on the propagation axis.
Two series of absorption maxima, degenerate in the (010) plane, are at tributed to a magnetoacoustic density-
of-states resonance of seventh-band electron orbits for which the differential area dA/dh, is an extremum.
The average drift velocity and cyclotron effective mass obtained from the Doppler splitting are compared
with corresponding parameters in the nearly free-electron approximation. Other resonances near the
L100j axis are identified with seventh- and eighth-band orbits and are correlated with dc size-effect mea-
surements. A Doppler-shifted open-orbit resonance for H~( L010j associated with the sixth-band hole surface
which permits open orbits in the $001j direction is described. The carrier drift along the sound propagation is
obtained from the separation of corresponding subharmonic peaks for &n.

I. INTRODUCTION

'HE study of resonant attenuation of ultrasonic
waves in the presence of a magnetic held has led

to significant advances in our understanding of the
Fermi surface (FS) of many of the pure metals and
semimetals. ' In the liquid-helium temperature range,
the absorption is primarily due to interaction of the
acoustic phonons with conduction electrons and is a
periodic function of

~ q~/~H~, where q is the propaga-
tion vector and H the magnetic held. The positions of
the attenuation maxima can be related to linear dimen-
sions, the gradient of the orbital area, or Gaussian
curvature of the FS at the limiting points, depending
upon the direction of q and the orientation of the mag-
netic Geld.

In the normal geometry, q J 8, the attenuation is a
relative maximum (or minimum) whenever the ex-
tremal orbit is exactly calipered by the sound wave,

q R=2nrt, provid-ed that q/)1, where l is the electronic
mean free path. The period of the transverse magneto-
acoustic effect (geometric resonance) is simply related
to the radius of the FS under the appropriate syrrimetry
conditions, ' and detailed studies have been useful in

mapping the extremal orbits in the principal planes in
many cases. If q H&0, geometric resonance may still
be observed, but the relationship between the harmonic
oscillations and the orbital parameters cannot be in-
verted without a detailed model. '

Of greater interest in the oblique geometry are the
sharp resonant peaks and edges due to Doppler-shifted
cyclotron resonance of the conduction electrons in the
applied magnetic field. These arise from poles in the
conductivity (see Sec. II) when the cyclotron frequency

*Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

t Present address: Department of Physics, Indiana University,
Bloomington, Ind.' A recent review of magnetoacoustic effects in metals has been
given by Normal Tepley, Proc. IEEE 55, 1586 (1965).

s J. B. Ketterson and R. W. Stark, Phys. Rev. 156, '748 (196'I).
' Y. Eckstein, in Proceetfirtgs of the Teeth Irtterlatiortat Confer

ence on Low-Temperatlre Physics, Moscow, 1066 (VINITI, Mos-
cow, 1967).

~, becomes equal to a submultiple of the effective sound
frequency, co,«= ~a~„and for closed orbits are con-
nected with the electron drift along the magnetic Geld

~(v)~ =(s,). In the frame of reference of the mov-
ing electron, the frequency of the acoustic distur-
bance is Doppler shifted to an effective value or, ff

=co(1+j (v)/s, ), where j is the unit propagation vector
and e, is the velocity of sound. ' In a typical metal, the
ratio (c,)/s, is about 10' which implies that the reso-
nance condition for II&10 kOe can be satisfied at
frequencies of the order of 100 MHz. Above the limiting
field H~ = (tom*c/e) (sp/v, ) cos8, which defines the funda-
mental absorption edge, where e~ is the limiting-point
Fermi velocity and cosa= j II, the electronic attenua-
tion drops sharply to zero since no electron on the FS
can absorb sound resonantly. For H&a~, Eckstein has
shown that the attenuation oscillates as the resonant
electrons simultaneously come into spatial (geometric)
resonance with the sound wave. '

When the FS is nonellipsoidal, resonant contributions
to the attenuation also come from nonlimiting orbits
for which there is a singularity in the density of states
with respect to m*(v, ).s The condition is equivalent to
de/dk, s=0, which corresponds to an extremum in the
function dA (k„E)/dk,= —2wma(v, )/h. The attenuation
peaks are true resonances with I.orentzian line shape
and width AH/H (d'or) ', independent of I, where r
is the bulk relaxation time. The density-of-states reso-
nance has been tentatively identified in antimony, ~

cadmium, ' aluminum, ' and rhenium, "but no systematic

4 When q J 8, the electron drift for closed orbits has no com-
ponent in the direction of g, and hence the acoustic cyclotron
resonances are not Doppler shifted. Transverse cyclotron reso-
nances have been observed only in gallium to date, because of the
stringent requirement cur»1 (see Sec. II).

5 S. G. Eckstein, Phys. Letters 20, 144 |,'1966).' S. G. Eckstein, Phys. Rev. Letters 16, 611 (1966).' Y. Eckstein, Phys. Letters 20, 606 (1966).
8 L. Mackinnon, M. T. Taylor, and M. R. Daniel, Phil. Mag.

7, 523 (1962); L. Mackinnon and M. R. Daniel, Phys. Letters 1,
15'I (1962).' B. K. Jones, PhiL Mag. 9, 217 (1964).

» L. R. Testardi and R. R. Soden, Phys. Rev. 158, 581 (1967)
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angular correlation to a model FS has been made in
any case.

Previous magnetoacoustic measurements in gallium
of the geometric resonance oscillations" and acoustic
cyclotron resonance"" have been restricted. to the
normal geometry qJ H. In the present work, we have
measured the Doppler-shifted cyclotron peaks in the
oblique geometry with q~~L100] and H in the (001) and
(010) planes for 260 MHz longitudinal propagation. A
description of the experimental techniques (Sec. III)
follows a brief theoretical discussion in Sec. II. Section
IV is devoted to a description of the measurements
which are interpreted and compared with theoretical
nearly free-electron parameters in Sec. V.

II. THEORY

Magnetoacoustic resonance e6ects have been studied
in detail by Kaner et u/. " for strong deformation-
potential coupling of the sound wave to the conduction
electrons and by Eckstein' ' when the coupling is elec-
tromagnetic. According to Ref. 5, the diagonal elements
of the conductivity which appear in the absorption
coeflicient can be written quite generally in the form

cos8&1
~

m*= (ee/2mc) (H„+—H„),
v, H,++H„)

(~*)=
cos8 H + H„)—

In the transverse case q H = 0, Doppler-shifted cyclo-
tron resonance is only possible when the I S is open,
in which case the drift of the electrons in the magnetic
6eld again has a component (e,) in the propagation
direction. With the same approximations as before, the
condition for open-orbit resonance is

(1+(n,)/v, )toT=2z.n, N=al, +2, (5)

where T is the period of the open orbit. The position of
the resonance depends on the repeat distance ko along
the orbit as well as the drift velocity

From Eq. (2)
com*C

a+= (3)
ne e,

for propagation parallel (—) or antiparallel (+) to
the electron drift. Solving for m* and (e,),

F.(k„H)dk.
Re~„=R.eP, (1)

1+i (neo.r q(v)r —~r) which leads to

g
(l~e /('))

2w[e(e
(6)

in which the Bessel functions, which give rise to the
geometric resonance oscillations, are contained in the
real function P„(k„H).If the relaxation time r is large
and (n,) is positive, the condition for cyclotron reso-
nance is approximately

(2)

neglecting all nonresonant contributions to the summa-
tion over e. Below the absorption edge, the conductivity
is proportional to the number of electrons which satisfy
Eq. (2) and, hence, the main contribution to the inte-
gration over k, comes from orbits which correspond. to
a pole in the density of states with respect to m*(n, ).
Since dE/d(m*(e. ))= (dE/dk, )/Ld(no*(v, ))/dk, j, this is
equivalent to dry/dk, s=0. The width of the resonance
dc',/~, Lror(1+@, cos8/tt, )J ' is of order 10 '(ror) '
except when H is very nearly perpendicular to q, in
which case Aro, /ro. (Mr) '. When q(e,)r cos8))1, the
Geld at which the extremal orbit comes into resonance
with the sound wave depends on the sign of q (v).

' P. A. Bezuglyi) A. A. Galkin) and S. K. Zhevago) Zh.
Eksperim. i Teor. Fiz. 47, 825 (1964) fEnglish transl. : Soviet
Phys. —JETP 20, 552 (1965)g."Ii.W. Roberts, Phys. Rev. Letters 6, 453 (1961).

n Jacques Lewiner, Phys. Rev. Letters 19, 1037 (1967).
~4 E. A. Kaner, Zh. Eksperim. i Teor. Fiz. 38, 212 (1960)

fEnglish transl. : Soviet Phys. —JETP ll, 154 (1960)g; E. A.
Kaner, V. G. Peschanskii, and I. A. Privorotskii, ibid. 40, 214
(1961) fEnglish transl. :ibid 13, 147 (1961)g; K.. A. Kaner, ibid.
43, 216 (1962) fKnglish transl. :ibid 16, 154 (1963))..

ks ——(7rle/qch) (H„++H.),
H„~+H„)

&x =&s )H„,—H„i
(7)

for q(w. )r))1.
The resonance conditions Eqs. (2) and (5) can also

be obtained, from the conservation of energy and mo-
mentum in the electron-phonon interaction, in which
case the number of m appears as the difference in initial
and, Gnal Landau levels of the conduction electrons
quantized by the magnetic 6eld. Kotkin" has shown
that the selection rule for the absorption of longitudinal
phonons is e=rs, where r is an integer and the relevant
sheet of the FS is s-fold symmetric. The period of the
resonant oscillations obtained from Eq. (3) is

(1) es

~H) qm*c(v. ) cos8

"G. I. Kotkin, Zh. Eksperim. i Teor. Fiz. 41, 2gl (1961)
fKnglish transl. : Soviet Phys.—JETP 14, 210 (1962)$.

"Yu. V. Sharvin and V. F. Gantmakher) Pribory i Tekhnika
Eksperimenta 6, 165 (1963) fKnglish transl. : Instr. Exper. Tech.
6, 1169 (1963)).

III. EXPERIMENTAL DETAILS

Single crystals of the required orientation for acoustic
propagation along the L100) axis were obtained by
seeded growth from the melt" from material with less
than 1-ppm impurity content. The Plexiglas mold,
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which was spring loaded to allow for expansion of the
solid phase ( 3%), included end plates which had been
ground Qat and polished. Access to the cylindrical
cavity, 8 in. in diam and ~ in. long, was through four
~~-in. channels, one of which was drilled to accommo-
date a syringe used to fill the mold. The three overAow
channels were 6tted with simple conical relief valves
made of teQon to allow the excess liquid to escape. Be-
fore assembly, the internal surfaces of the mold were
given a light coating of silicone oil to facilitate removal
of the crystal. The seed, mounted on a goniometer head
and previously aligned with the axis of the mold by
x-ray diBraction, was brought into contact with the
liquid column protruding from the 61ling channel. The
low melting point (29.8'C) and long supercooling range
allowed the preparation of the crystal to be carried out
at room temperature. The four arms extending from the
lateral surface of the sample were removed by spark
erosion, but damage to the active volume of the sample
w'as minimal since the transducer area was only 4 in.
in diam and no further preparation of the end faces
was necessary.

The quartz transducers with 20-MHz fundamental
frequency, used for longitudinal propagation, were
bonded to the samples with Dow' Corning silicone oil of
20 000-centistoke viscosity. The specimen holder al-
lowed propagation in the plane of rotation of the mag-
netic 6eld so that any plane parallel to the wavevector

q could be measured simply by rotating the sample
within its mount.

Regulated magnetic 6elds within the range 0—10 kOe
were provided by a Harvey Wells 12-in. watercooled
magnet with control circuitry designed to give linear
and inverse time sweeps. '~ The magnetic 6eld readout
was obtained from a Bell BH-701 Hall probe operating
with 100-mA control current. The linearity in field was
better than rs% and the calibration was set at several
points by NMR.

Pulse-echo measurements of the ultrasonic attenua-
tion w'ere made primarily at 260 MHz with a repetition
rate of 100 Hz. The system, described in detail else-

where, "utilized a pulsed-cavity oscillator to provide up
to 1 kW rf pow'er to the transmitting transducer bonded
to the sample. The echo pulse was detected and then
gated and integrated and recorded directly as a function
of magnetic 6eld. Stub tuners were occasionally used to
improve the impedance match between the sample and
transmitter and receiver.

The velocity of sound for longitudinal propagation
along the L100$ axis, measured by the pulse-echo tech-
nique at 60 MHz, was found to be 4.24&(10' cm/sec
at 1.2'K in good agreement w'ith the value 4.17&10'
cm/sec obtained in Ref. 11 at liquid-hydrogen tempera-
ture. The sample length was corrected for thermal

"J.H. Ketterson and Y. Eclrstein, Rev. Sci. Instr. 37, 44
(1966).

8 J. B. Ketterson and Y. Kckstein, Phys. Rev. 140, A1355
(1965).

contraction according to the lattice parameters deter-
mined by Barrett" from x-ray diffraction.

IV. EXPERIMENTAL RESULTS

Measurements of the absorption of 260-MHz com-
pressional waves in a magnetic field were made in the
(001) and (010) planes on three single crystals whose
axes were aligned with the crystallographic L100)
direction to w'ithin 1'.'0 At this frequency, the sound
attenuation I'(H) was strongly field dependent in the
range 0—10 kOe, exhibiting resonant oscillations char-
acteristic of Doppler-shifted cyclotron resonance as
well as harmonic oscillations due to geometric resonance
for 8 j 0 and quantum oscillations independent of a&

for II &4 kOe. Due to the exceptionally long relaxation
time r and to the specific form of the FS, the resonant
maxima were extremely well dined and persisted for
very large values of 8= cos '(j 8), thus prompting the
following investigation. The attenuation I'(H) is plotted
as a function of H in Figs. 1—6.

In the parallel field case, H~~q, the attenuation, shown

in Fig. 1, exhibits a large number of resonant peaks,
roughly periodic in 1/H, which fall into four distinct
series with periods ranging from 0.100)&10—' Oe ' to
0.569)&10 ' Oe ' (see Table I). The linewidth hH in-

dicates that the mean free path / is greater than 1 cm,"
consistent w'ith the estimate given by Roberts" for
acoustic propagation along the L001) axis. At the
operating frequency, 260 MHz, this implies that q/ is
about 3500 and q/, is approximately 100, so that the
condition for geometric resonance, ql) 1, as well as the
required q/, &1 necessary for Doppler-shifted cyclotron
resonance, is well satisfied. The Doppler splitting

(H„+ H„)is a meas—ure of m*co, where m* is the ef-

fective cyclotron mass, whereas the mean position of
the upper and lower resonance, sr (H„~+H ), is directly
related to the product m*(s,) so that m* and (e,) can be
determined independently. The inverse relation between
the linewidth and sound frequency (Sec. II) was verified

by measuring I'(H) at 466 MHz with 8~~j.
At low fields, the attenuation is dominated by the n

resonance with f'undamental at 1.77 kOe. The velocity
(s,)=3.22&&10' cm/sec is about one-sixth the Fermi
velocity, ep, and m* is 0.25mo, where mo is the electron
rest mass. The n oscillations for 8~~jwere first noted by
Bezuglyi, Galkin, and Zhevago~ but their value of car

did not resolve the Doppler splitting so that only the
product me(s, )=7.4X10 " gem/sec could be deter-
mined. The present results for H]iq]it 100) are in good

"Quoted in J. C. Slater, G. F. Koster, and J. H. Wood, Phys.
Rev. 126, 1307 (1962).

"A preliminary report on this work appeared in Bull. Am.
Phys. Soc. 12, 332 (196'7).

~' l =vs r~2Iikrc/gehEj"P.A. Bezuglyi, A. A. Galkin, and S. E.Zhevago, Fiz. Tverd.
Tela 7, 480 (1965) )English transl. : Soviet Phys. —Solid State 7,
383 (1965)g.
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FxG. 1.Attenuation of 260-MHz
compressional graves in the longi-
tudinal configuration H()q))t 100j.
Doppler-shifted cyclotron-reso-
nance maxima corresponding to
periods n, P, y, and 8 are indicated
by reference markings above the
curve. The fundamental OF, reso-
nance is clipped because the pulse
height extends into the noise
background.

I

3
MAGNETIC FIELD (kOe)

Fn. 2. Splitting of the n reso-
nance in the (001) plane, e=S',
where 8=coa '(j FF).

0.0
I

1.0
t

l.5

MAGNET I C F I ELD (kOe)

I

2.0
'l

2.5 3.0

agreement, but extend the measurements to the oblique
geometry j"II&1.

The P resonance in Fig. 1 has basic period 0.188
&10 ' Oe ', corresponding to the dominant magneto-
resistance size-effect oscillations for H~~$1001 with d&/
dk, =i.322)&10 cm '. ' This period arises from ex-
tremal body orbits on the I.-centered butterQy in the
seventh band, closely associated with the similarly

'3 J. A. Munarin, J. A. Marcus, and P. E. Bloomheld, Phys.
Rev. 172, 718 (19%).

located cigar in the eighth band. According to the
selection rules given by Kotkin" for longitudinal waves,
the twofold symmetry of these orbits accounts for the
low amplitude of the fundamental resonance and strong
second snbharmonic (n = 2) at 2.680 kOe. These oscilla-
tions yield m*=0.65mo and drift velocity (v,)=3.77
&& 10r cm/sec.

The third set of resonant oscillations y with period
0.100&&10 ' Oe ' approximately rah(1/H)s is char-
acterized by large-amplitude second and fourth sub-
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Fro. 3.Theo. 1 resonance for 8=65'
in the (001) plane.

MAGNETIC FIELD (kOe)

Fxo. 4. Resonant oscillations in
the attenuation for q(jg100) and
8=30' in

„

the (010) plane, i|
=cos '(q H). The fundamental n
resonance and =2 p resonance
are limited by the noise back-
ground.

I

3
MAGNETIC FIELD (kOc)

harmonics at 5.075 and 2.515 kOe, respectively, and
weak but measurable third subharmonic resonance at
3.365 koe with amplitude down by a factor of 20. The
corresponding extremal orbits (see Sec. V) with mass
0.94mo and (e,)=4.90X10' cm/sec are nearly twofold
symmetric about the 6eld direction and are probably
closely related to the P orbits.

The sharp resonance lines at 1.860 and 1.955 kOe (8)
appear to be unrelated to other peaks in F(H) in Fig. 1,
but detailed measurement shows that a low-amplitude
second harmonic is present at 0,902 kOe, from which

the period 6 (1/H) s =0.526X 10 ' Oe ' is obtained. From
the fundamental resonance which is well resolved, the
effective carriers have (s,)= 1.60X 10' cm/sec with mass
m*=0.54nzs. The results for H~~L100) are summarized
in Table II.

When the 6.eld is tilted away from the symmetry
axis L100) towards the $010) direction, the n resonance
separates into lower and upper branches, n~ and o.s (see
Fig. 2). The short-period branch ns descends quite
rapidly with 8 (see Fig. 7) and vanishes at approxi-
mately 30' from the axis. The upper branch at, on the
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Fze. 5. Field dependence of the
attenuation for 8=4' in the (010)
plane showing the e resonant
oscillations.

I

MAGNETIC FIELD (kOe)

FIG. 6. Open orbit resonance for
q)[(100$ and H[fL010$. The un-
usual shape and low amplitude of
the fundamental resonance are
discussed in the text.

I

4 5
MAGNETIC FIELD (kOe)

other hand, strongly a6ects the attenuation over a con-
isderably broader range of 0, extending almost to the
I 010$ axis. The resonance peaks at 65' in Fig. 3 ride
upon a background of low-amplitude geometric and
quantum oscillations but are still well deGned. The plot
of period versus 0 is S-shaped with minimum curvature
at approximately 45'. The P, y, and 8 oscillations are
rather insensitive to orientation changes as seen from
Fig. 7 and are not well defined for values of 8 greater
than a few degrees.

In the (010) plane (see Fig. 8) the degeneracy of ~q

and o,2 is not lifted by tilting the Geld away from the
L100$ direction, indicating that the extremal orbits are
located in separate regions of the FS, either on distinct
but similar sheets, or on a single surface, in either case
related by mirror symmetry across the (010) plane.
The P oscillations are only weakly e-dependent, but are
well developed out to 35'. The period is maximal at 0'
with subsidiary minima at &20'. The attenuation for
30' in Fig. 4 shows that the P oscillations contain an
unusually large harmonic content, which indicates,
according to Ref. 15, that the extremal orbit is highly
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TABLE I. Doppler-shifted cyclotron resonance (H[(q~[$100$). I I I I I I I I I I I

Period
Subharmonic H, = ,'(P +—+B )

a (kOe)
II +—II„

(koe) 0,8

2
3
2

5
1
3

6
7
4
8
9
2
2

5
6
7
8
9

10

5.075
3,365
2.680
2.515
2.020
1.908
1.780
1.770
1.663
1.423
1.325
1.245
1.103
0.902
0.894
0.596
0.445
0.354
0.293
0.248
0.217
0.193
0.173

0.090
0.060
0.060
0.045

~ ~ ~

0.095

~ ~ ~

0.025
0.025

~ ~ ~

0.020
0.015
0.053
0.019
0.017
0.011
0.010
0.008

~ ~ ~

(s*)
h(1/H) (10' cm/ (dA/dk, ), ~ (dA/dk, )

Period (10~ Oe —1) m*/mo sec) (10' cm ') (10' cm ')

0.569
0.188
0.100
0.526

0.25
0.65
0.94
0.54

3.22
3.77
4.90
1.60

0.436
1.322
2.485
0.472

0.499
1.068
2.136
0.365

convoluted. This period was observed in the size-
dependent magnetoresistance oscillations which are peri-
odic directly in H with frequency F= ed/2z m*(s, )c cose,
where d is the thickness of the sample. "Since A(1/H)
=e)t/2s. m*(e,)c cose for the magnetoacoustic resonance,
we have (AH)(5(1/H))=)/d, where AH=1/F(H) is

TABLE II. Experimental parameters for H~~q~(L100$.

o 06
I
O

I~ 04
Cl

0.2—

pp I I I I I I I I I I I I I I

-604 -404 -204 04 HP 404 604

[oio]= [ioo] =[oio]

F&&. 7. Resonance periods in the (001) plane with q()[100j.

With H aligned with the L010] axis to within 1', it
was possible to observe a sharp resonance shovrn in
Fig. 6 due to open trajectories on the Fermi surface. 24

These resonances are of the type described, by Galkin,
Kaner, and Korolyukm in tin but are split due to the
1arge value of mr. The subharmonic resonances are
approximately periodic in 1/H with period h(1/H)
=0.155)(10 ' Oe '. From the position of the resonant
maxima, given in Table III, the repeat distance along
the open orbit ks is 1.60X10 cm ' which is within 3%%uq of
the Brillouin zone size measured in the [001)direction
according to the x-ray diffraction data of Barrett. "The
average drift velocity in the open-orbit direction (s,) is
0.32X10' cm/sec, roughly one-sixth the free-electron
Fermi velocity s,=he, /m*.

V. DISCUSSION

The Fermi surface of gallium has been subjected to
rather extensive investigation through measurements of

TABLE III. Open-orbit resonance (H[)$010$).

II +—H
(koe)

H =—,'(H ++PI ) H, (predicted)
(koe) {koe}

the period of the size effect. The agreement is within
the experimental error wherever the results are avail-
able for comparison. The e resonance, not observed in
the (001) plane, appears within the range 5' to 25' in
the (010) plane (see Fig. 5). The period is strongly
angle-dependent, rising sharply in an S-shaped curve
from 0.3 to 0.8 kOe ' within 10'.

FIG. 8. Resonance periods in the
(010) plane with q()L100$.

0.8

O.6'
I

O

o 04

CI
O.R—

0.095
0.030
0.025
0.025
0.030
0.020
0.020
0.020

3.228
2.135
1.598
1.283
1.065
0.910
0.795
0.710

6.646
3.323
2.215
1.661
1.329
1.108
0.949
0.831
0.738

pp, I I I I I I I

-204 04 2P
[ooi]= [ioo]—[ooi]

"J.A. Munarin and Y. Kckstein, Phys. Rev. Letters 19, 1426
(1967).

'5 A. A. Ga1kin, E.A. Kaner, and A. P. Korolyuk, Zh. Kksperim.
i Teor. Fiz. 39, 1517 (1960) /English transl. : Soviet Phys. —
JETP 12, 1055 (1961)g.



J. A. MUNARlN

the magnetoresistance, ' de Haas —van Alphen effect,"
radio-frequency size eBect, "dc size effect, ' and, most
recently, cyclotron resonance. " In view of this not in-
considerable eGort, it is perhaps surprising that the
details are still largely unknown and that no satisfactory
theoretical model exists. This seems to be due, princi-
pally, to the complexity of the surface which is further
complicated by magnetic-breakdown eGects, even in
comparatively low-magnetic fields. 30 In the nearly free-
electron (NFE) approximation the Fermi surface ex-
tends over the first nine Brillouin zones and consists of
a large number of sheets, many of which result from
small overlaps in the higher bands. A more realistic
model based on a band structure calculated by the
augmented-plane-wave (APW) method has recently
been given by Wood" but the relevance to the experi-
mental data has yet to be conclusively established.

The gallium lattice is base-centered orthorhombic
with eight atoms per cell. The primitive cell, however,
contains only four atoms, and due to the accidental
relationship between the lattice constants (c/u v3),
the Srillouin zone, shown in Fig. 9, is a nearly perfect
hexagonal prism. A consequence of this is that the NFE
Fermi surface shows pseudohexagonal symmetry about
the L100] axis. All FS measurements reported thus far
have failed to support this feature of the NFE model,
however, and are, in this respect, more in line with the
APW model, in which the pseudohexagonality is clearly
removed. Nevertheless, measurements of linear FS di-

mensions through the geometric-resonance oscillations
in the ultrasonic attenuation and the rf-size effect indi-
cate that certain seventh- and eighth-band electron
pockets are surprisingly free-electron-like. Since these
sheets of the FS are relevant to the following discussion,
we will interpret the data of Sec. III following this
model which has the advantage of simplicity and from
which orbital parameters may be readily calculated.

The fifth, sixth, and seventh bands of the NFE
surface are shown in Figs. 10 and 11.The seventh band
consists of butterQy-shaped electron pockets centered at
L, M, E, and Z with a star-shaped surface at the center
of the zone F. The eighth-band surface includes cigar-
like electron pockets at the corresponding positions
within the zone, as well as a small, ribbed, Quted surface
at the center. The sixth-band hole surface is consider-
ably more complicated, and according to Reed and
Marcus" accounts for the open orbits observed in

N/
s g

M

= kb

kc

FIG. 9. Brillouin zone for gallium, with orthorhombic
axes k„kf„andk,.

magnetoresistance when the current and the magnetic
field both lie within the (001) plane. The pockets which
have been previously identihed are located at the point
I. in the two higher bands and are formed by overlap of
the Fermi sphere across the (120) crystal planes. These
surfaces contribute most of the resonance attenuation
described in the previous section and several of the
extremal effective mass branches observed by Moore'
as well.

The derivative dA/dk, is readily calculated for the
butterQy and cigar2' in the symmetry planes and is a
non-monotonic function of k, for nonzero 8, as show'n

in Fig. 12 for an angle of 20' measured from the L100)
axis in the (001) plane. The area of the cigar (a) de-
creases smoothly to zero as function of k, in the Geld
direction. The derivative dA/dk„on the other hand, has
an absolute minimum at 0.035 A ' which gives a single
resonant contribution to the absorption as discussed in
Sec. II. The butterQy surface illustrated in Fig. 13

"W. A. Reed and J. A. Marcus, Phys. Rev. 126, 1298 (1962)'
27 Albert Goldstein and Simon Foner, Phys. Rev. 146, 442

(1966)."D.M. Sparlin and D. S. Schreiber, in Proceedings of the Tenth
Internationul Conference on Lom-Temperature Physics, Cotlmbls,
Ohio, i%64, edited by J. G. Daunt, D. 0. Edwards, F. J. Milford,
and M. Yaqub (Plenum Press, Inc. , New York, 1965), Part 8,
p. 823.' Akira Fukumoto and M. %V. P. Strandberg, Phys. Rev. 155,
685 (1967).

~T. W. Moore, Phys. Rev. Letters 18, 310 (1967); snd (to
be published).

» John H. Wood, Phys. Rev. 146, 432 (1966).

FyG. 10. 3and-six hole surface for galhum accord&ng to the
nearly free-electron model Lafter Reed and Marcus (Ref. 26)].
With H in t 010$ direction, open orhits pass through the zone face
at the points P as indicated.
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BAND 7: ELECTRONS BAND 8:ELECTRONS

Fn. 13. L-centered butterfly
in band seven showing (a) body
orbits and (b) lobe orbits.

I

(a)

o
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FIG. 11.Band-seven and band-eight electron surface for gallium
in the nearly free-electron approximation. The seventh band sur-
face consists of butterflies" located at the lateral faces of the
zone and a star-shaped inner surface at F. The band-eight pockets
resemble "cigars" located at the same points as the butterflies
and a small ribbed surface at l.

supports body orbits (a) inside the saddle point as well

as lobe orbits (b) with H in the (001) plane. The de-
rivative is maximal at k,=0.04 A and has minima at
0.28 and 0.40 A ' on the lobes. When H lies in the (010)
plane, the lobe extremals are degenerate, which sug-

gest that they are associated with the 0. resonance.
Figure 14 confirms this identification by comparing the
average resonant period of the oscillations with the
value calculated from the NFE L-centered butterQy
in the two measuring planes (001) and (010). In the

(001) plane, the periods cross at the (1001 axis, al-

though some 10% higher than predicted. The upper
branch, corresponding to o.~, intersects the theoretical
curve at 51' while the lower, o.2, descends rapidly at
almost precisely the required rate. In the (010) plane,

the predicted extremals remain degenerate for arbitrary
|II due to the mirror symmetry of the Fermi surface
about the L010j axis and exhibit somewhat stronger
angular dependence than the experimental curve. For
&~~L100$, the experimental value of dA/dk, for the
extremal orbit, 0.436 A ', lies within 15% of the value
calculated from the NFE model, indicated in Table II.
Since differential properties such as (dA/dk, ) „are
more sensitive to small distortions in the Fermi surface
than, say, the extremal area which would be relevant to
measurements of the de Haas —van Alphen effect, this
agreement is satisfactory. The extremal orbits lie very
close to the tip of the butterQy in a region inQuenced
strongly by the Bragg reflection across the (120) plane.
The structure factor associated with this reQection
vanishes, which means that the band gap is zero in
first order.

The effective mass, plotted in Fig. 15, seems to agree
in a qualitative way with the NFE model although
numerical agreement is as poor as 50%. Similar mass
behavior, observed by Moore" and by I.ewiner" in
cyclotron resonance, may also be associated with the
butterQy although the same extremal orbits are probably
not involved.
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Fro. 12. The orbital area and derivative dA/dk, for the 1.
centered butterfly and cigar in the (001) plane, 8=20'. (a) and
(c):cigar; (b) and (d): butterfly.

Fxc. 14. Comparison of experimental and theoretical Of resonance
period in (001) and (010) planes.
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The period P, identified from size-effect measure-
ments, is probably a composite term and corresponds
roughly ( 20'%%u~) to the minima near the equatorial
plane in bands 7 and 8 in Fig. 12. Although the present
measurements do not extend over a sufhcient range of
angle in the (001) plane to establish a definite corre-
spondence with the model Fermi surface, the size-effect
frequency data follows very dosely the functional de-

pendence calculated for the eighth-band extremal in the
Ob plane. "In this case the strong correlation arises from
the zero value of the structure factor for the (100)
plane that forms the hexagonal face of the zone. Koster32

has shown that the degeneracy is lifted, however, by
spin-orbit effects at all points on this face except along
the line XJU in Fig. 9. Therefore, the butterfly and the
cigar orbits make contact at only two points, and the
situation, taking into account spin-orbit coupling, is
as indicated in Fig. 16, which shows (schematically)
the extremal orbits for H~~(100j. The de Haas —van
Alphen measurements of Goldstein and Foner indicate
magnetic breakdown across the (100) face of the Bril-

.X

FIG. 16. ButterQy and cigar
cross section in the plane of
the (100) zone face (sche-
matic). Contact between the
band-seven surface (A) and the
band-eight surface (8) is main-
tained along the line XL.

X

II~ G. F. Koster, Phys. Rev. 126, 2044 (1962).
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FIG. 15. Cyclotron effective mass associated with o. resonance
orbits in the (001) and (010) planes.

louin zone and it seems likely that at low 6elds, break-
down would occur principally on the line XRL. In this
case, conditions for magnetic breakdown would bc most
favorable with the field oriented near the t 100j axis,
and the period y may be evidence that this supposition
is correct. h(1/H)~ is nearly one-half the P period,
corresponding to a single traverse of the electron about
the butterfiy and the cigar. Equation (2) becomes, ap-
Proximately, iI. (e)+&0= srmro„which gives resonance
oscillation with nearly one-half the basic period. The
sum period has also been observed in the size-e8ect
measurements for e approximately 0' in the (001)plane.

The open-orbit resonance observed for H~~$0101 is
also suggestive of magnetic breakdown at relatively low
fields. According to Reed and Marcus, "only the zone-6
FS (see Fig. 10) supports open trajectories parallel to
the L001j direction in the nearly free-electron model
with H in the (001) plane. These orbits, for H~~L0101,
show'n in Fig. 17, cross the Brillouin-zone boundary at
the points I' in a noncentral plane and are strongly
convoluted, as expected from the large number of sub-

{8)

FIG. 17. Open trajectories supported by the band-six hole sur-
face in the nearly-free-electron approximation for H~)L100], (A),
and closed breakdown orbit, (8).

harmonics. The unusually low' amplitude and shape of
the fundamental resonance at approximately 6.4 kOe
may indicate that the open trajectory breaks down in
closed orbit (B) shown in Fig. 17. The structure factor
associated with Bragg reAection at the points X across
the (011) plane is identically zero so that the energy
gap is zero in first order. If the fundamental resonance
is assumed to lie above the breakdown field, the (hole)
carrier may follow the free-electron sphere across the
Bragg plane along the zone-5 surface, in which case
resonant absorption would not be possible. This ques-
tion can be resolved by measurements at lower acoustic
frequencies, which would shift the fundamental reso-
nance line down into the region below the breakdown
field, .
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