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The invariant reaction amplitudes for pseudoscalar mesons on spin-} fermions are calculated in fourth-
order perturbation theory. The masses of the incoming, outgoing, and internal lines of all the diagrams are
arbitrary, subject to some tacit restrictions about anomalous thresholds. The amplitudes for the self-energy,
vertex, and box graphs are calculated by dispersion-relation techniques. Formulas for absorptive parts and
double spectral functions are explicitly given, and the self-energy and vertex graphs have been renormalized.
The A amplitude for the box diagram is expressed as a single-variable dispersion relation plus a once-
subtracted double dispersion relation. Numerical as well as analytic methods were used to check the ex-

pressions obtained.

I. INTRODUCTION

N this paper, we present a calculation of reaction am-
plitudes for pseudoscalar mesons and spin-} fermions
in fourth-order perturbation theory. This work was
motivated by efforts to construct models for pion-
nucleon scattering which used as input not only second-
order, but also fourth-order, diagrams. We found to our
surprise that calculations of the fourth-order amplitudes
had never been published in the complete detail neces-
sary for numerical work, and we have tried to fill that
gap.

The earliest efforts to calculate fourth-order diagrams
were those of Ashkin, Simon, and Marshak.! They gave
analytic expressions for the self-energy, vertex, and box
diagrams of pion-nucleon pseudoscalar-meson theory in
the low-energy, or “Thomson” limit. Wyld? calculated
numerically the amplitudes for the fourth-order pion-
nucleon diagrams in the lowest power of the center-of-
mass momentum near the threshold scattering energy,
but he gave no analytic expressions. Schweber? briefly
treated the renormalization problem in pseudoscalar-
meson theory in a way analogous to that used in quan-
tum electrodynamics,* but he did not give final results.

Our purpose is to present the calculation of fourth-
order diagrams in more complete detail, explicit enough
to use in numerical computations. Instead of restricting
ourselves to pion-nucleon scattering, we consider more
general combinations of masses, both on internal and

* Supported in part by the U. S. Air Force Office of Scientific
Research, Office of Aerospace Research, under Grant Nos. 918-65
and 918-67, and under Grant No. AF EOAR 67-30, with the
European Office of Aerospace Research, U. S. Air Force.
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trons (Addison-Wesley Publishing Co., Inc., Reading, Mass.,
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external lines, so that we can treat reactions where the
final meson-baryon state is not the same as the initial
one.

Dispersion relations are the principal calculational
technique. We write the two invariant amplitudes for
meson-baryon reactions in dispersion-relation form and
calculate the absorptive parts by using the Cutkosky
rules.’~7 When we do this we make a tacit assumption
that the dispersion-relation form is valid even in certain
cases where anomalous thresholds exist. Criteria for this
are given by Mandelstam® and by Karplus, Sommer-
field, and Wichmann.®! We have not dealt with this
problem any further. Because of the dispersion-relation
form for the amplitude of a given diagram, we can
easily implement crossing symmetry for scattering reac-
tions, where the initial and final mesons are the same.
Even in the general unequal-mass case we have formal
relations between amplitudes of direct and crossed dia-
grams. The transformation from one type to the other is
straightforward, and we thus can halve the amount of
algebraic manipulation needed.

The fact of spin leads to some complications. When
the Dirac algebra is done, we have polynomial expres-
sions in the invariant variables replacing the simple con-
stants that occur for the case of scalar particles. The
renormalized self-energy and vertex amplitudes are ex-
pressed as single-variable dispersion relations, but the
box diagram amplitude is more complicated. In the
purely scalar case it would be described by a double dis-
persion relation. When spin-3 enters the picture, one of
the invariant amplitudes has to be written as the sum of
two terms, a double dispersion relation and an addi-

5 R. E. Cutkosky, J. Math. Phys. 1, 429 (1960).

¢ S. Mandelstam, Phys. Rev. 115, 1741 (1959).

7W. B. Rolnick, Phys. Rev. Letters 16, 544 (1966). This paper
notes mistakes of factors of 2 in the Cutkosky and Mandlestam
papers cited in Refs. 5 and 6.

8 R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys.
Rev. 114, 376 (1959).
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tional single-variable dispersion relation. The other
invariant amplitude has only the double-disper-
sion-relation term. This situation was mentioned by
Mandelstam.®

Our paper begins with a brief description in Sec. IT of
the kinematics and notation we use. We discuss the dis-
persion-relation approach in Sec. III, and devote the
rest of the paper to the calculation of the different types
of diagrams. We calculate the Born amplitudes in Sec.
IV, the self-energy amplitudes in Sec. V, the vertex
amplitudes in Sec. VI, and the box amplitudes in Sec.
VII. A brief comment on the accuracy of our results in
Sec. VIII concludes the paper.

II. KINEMATICS

The notation we use for the kinematics of meson-
baryon reactions generally follows that of Frautschi and
Walecka,!® although we use the Feynman rules and
Lorentz metric of Schweber.!! We have four-momenta p;
and %, for the incident baryon and meson, with masses
my and u1, respectively, and four-momenta p, and %, for
the outgoing baryon and meson, with masses 7, and
ue, respectively (cf. Fig. 1). Then

prtki=potka,

and we cell this the s channel. We define our invariants
in the usual way:

(2.1)

s=(p1tki)?,
t=(p1—p2)?,
u=(p1—ks)?,

(2.2)

with the relation
st ttu=my - mo 4 py > po®.

In the center-of-mass system for the s channel, we let
W be the total energy. If we label the magnitudes of the
three-momenta for incident and final states by ¢; and
gz, we have

(2.3)

s=W?2,
gif= 15— (mitps)*][s— (mi—pu)*]/s, i=1,2. (24)
Also,

pl: (Pxo,th), P2= (P20yq2) ; (2 5)
ky=(kio, —q1), ko= (k20, — @), '
with
pio=3%(s+m>—p2)/\/s, (2.6)
kio= %(s—mi2+#i2)/\/sl i= 11 2. ’
The reaction angle ¢ is given by
t=my*+ma?—2p10ps0+2q1q2 cos?, 2.7

9S. Mandelstam, Phys. Rev. 112, 1344 (1958).
(1;068). C. Frautschi and J. D. Walecka, Phys. Rev. 120, 1486
ug,’s, Schweber, work cited in Ref. 3, pp. xiv, 478-479.
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Fi1G. 1. Meson-baryon reaction in the s channel.

We define the 7" matrix by
Sri=087iti(2m)*6(patka— pr—k1)
mime 1/2
x[——] wlu, (2.8)
4p10p20k10k20
and T is written in invariant form
T=4 (S,t,u)+%(k1+k2>B(S,t,u) .

We can write the reaction cross section in the center-of-
mass system as

(2.9)

dosi g2
____,=_’fl2, (2-10)
dQ 71
where
=X fit folo-po) (o p1) s (2.11)
and is related to T" by
1 (mumg)'/2
=Z}— ———i0sTu;. (2.12)
™

The functions f; and f; are related to 4 and B by
J1={[(protm1) (pootms) 1172/ (8 W)}

X{A+-[W—%(mi+m2)1B}, (2.13)
Se={L(pro—m1)(pao—m3) 1%/ (8xW)}
X{—A4+[W-+L(mi+ms)|B}. (2.14)

III. DISPERSION-RELATION METHODS

The diagrams which represent reactions of pseudo-
scalar mesons on spin-3 fermions are shown in Fig. 2.
When we look at the meson-baryon reactions we see two
major categories of graphs, the “direct” ones, labeled
by the letter D, and the ‘““crossed” ones, labeled by the
letter C. The amplitudes for the direct graphs can be
expressed in terms of the invariant variables s and ¢. The
amplitudes for the crossed graphs are formally the same
as those for the direct graphs upon replacing the variable
s by the variable # and interchanging masses of internal
and external lines. The details are given in the following
sections. '

The Born graphs, labeled BD and BC, have simple
amplitudes which are poles in the variables s and #, re-
spectively. The self-energy graphs, labeled SED and
SEC, and the vertex graphs, labeled VD1, VD2, and
VC1, VC2, have amplitudes which are expressible as



1666 7. .

. , N .
S e s — =
X , LIS
8D BC
N\ 7/ ~ o
3 A e s S
\\ Il R \\\
—_—— ——
SED SEC
N , N .
. S, -
N / «— S —p ff\
N ’ P ~
—————— G N—
VD! “vet

VD2 vez
B e
] - S —
BXD BXC

Fi1G. 2. Diagrams for meson-baryon reactions.

single-variable dispersion relations. The amplitudes
must be renormalized and the infinite parts absorbed
into the definition of the new coupling constants. This
procedure is well known for quantum electrodynamics,
and it is used here also. When we calculate the absorp-
tive part of either the self-energy or the vertex graph
and insert it into the dispersion relation, we auto-
matically have the correct real part of the amplitude.
All the finite parts of the amplitude are sorted out
correctly. This method was recently used by Chou and
Dresden!? in their calculation of amplitudes in quantum
electrodynamics. For the direct graphs the finite
amplitudes have the form

©  ImF(s’
F(s)=1/ ds'—————gil

T s'—s—1ie

(3.1)

and for the crossed graphs the finite amplitudes have the

N
~ .

\\k“p., kZ'u'Z,Y’/
N e

~ ’
Z

Py My Pyt Ky ymy Py m,

BD

~ -
LT T NG A PP
Cd \\\
4”’ \\\
Py My Pmky my Pym,
BC

Fi1G. 3. Notation for Born diagrams.

12T, T. Chou and M. Dresden, Rev. Mod. Phys. 39, 143 (1967).
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form
1 r©  ImF(x)
Flu)=- / 2 (3.2)
TSy, U—U—1ie

where F represents either the 4 or the B amplitude.

The box diagram is more complicated. If all particles
were scalar, we know that we can write the amplitude
as a double dispersion relation and obtain the spectral
function by well-known rules. In the case of spin, we
have not only a complicated numerator, but the disper-
sion relation for the 4 amplitude must be subtracted in
the s variable. The subtraction term is finite. We have
for the direct graph

1 ImA(s,t) 1
A(s,)y=— / Af—————+—(s5—s,)

7Jy, (—t—ie) w2
0 00 pA(S/ tl)
X / ds’ / dt’ : , (33)
81 ney (' —50)(s'—s—ie)(t' —t—1ie)
Lo p5(s'y)
B(s,t)=— / ds’ / dt’ . (34
w2/ @y (s'—s—ie)(t' —t—ie)

For the crossed graph, the general form is the same,
with # replacing s and some mass variables inter-
changed. The calculation of the double spectral func-
tions p4 and pp is done by standard application of the
Cutkosky rules. In order to separate explicitly the por-
tion of the box amplitude in the single-variable disper-
sion relation, we first calculate the absorptive part of
the diagram in the ¢ channel for fixed s. Then we evalu-
ate the expression at that unphysical value s=s, which
we have chosen as subtraction point, where the double
dispersion term automatically vanishes. This then gives
us ImA (s,,f).

For all diagrams, we have assumed that the disper-
sion-relation forms are valid. We have not generalized
to those cases where, because of the apparent arbitrari-
ness in the mass variables, we might have complex
singularities. Thus we have tacit restrictions upon our
mass variables. Our formulas apply, nevertheless, to
many physical systems, which have purely ‘“normal”
behavior.

IV. BORN DIAGRAMS

Using the notation for the Born diagrams listed in
Fig. 3, we have, according to our Feynman rules,

Fap=—a(po)ys[ (b1t kitms)/(s—ma?) Jysu(pr), (4.1)
Frc=—a(ps)ys[ (p1— kot-ms)/ (u—me®) Jysu(pr) . (4.2)
Reduction to standard form gives us, for the direct Born
graph,
App(s)=[ms—3(mit-ms)]/ (s—ma?),
Byp(s)=—1/(s—ms?),

4.3)
(4.4)
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and for the crossed Born graph
Ac(w)=[ms—3(mi+m2)]/(u—ms?),
BBc(u) = 1/(%— Msz) .

V. SELF-ENERGY DIAGRAMS

4.5)
4.6)

The self-energy diagrams, as shown in Fig. 4, are in-
finite and have to be renormalized. The calculation can
be divided into two parts: (A) obtaining an expression
for the invariant amplitudes in terms of the second-
order renormalized self-energy insertion; (B) calcula-
tion of the finite part of this self-energy insertion.

A. Expressions for Reaction Amplitudes
We have for the self-energy diagrams,

(pot-Rot-ms3)
Fsgp=—a(ps)ys—
S— M32
(prt+-Ratms)
XE(PZ‘sz)—‘—T-’Ysu(m) (5.1)
—m
and e
(P2’—k1+m3)
Fgpo=—u(ps)ys—————
u— M32
(01— kotms)
XEZ(pr— k) —————yu(pr), (5.2)
U—ms

where 2(p) is the finite part of the second-order self-
energy correction to the fermion propagator. We can
write 2(p) in the form

2(p)=—M)[T1(p*)+2T:(p) 10— M), (5.3)

where p is the four-momentum of the fermion line en-
tering the self-energy part and M is the mass of that
line. When we insert this form for 2(p) into the ampli-
tudes above and separate the invariant amplitudes, we
get

Asep($)=T1(s)—3(m1+m2)Ts(s),

Bsep(s)=—Tas), G4

and
Asgc(u)=T1(u)— 5 (mi+ms) Ta(u)
Bsec(u)=Ts(u).

The form of the functions 7 and T is the same for both

the direct and crossed self-energy diagrams. The only
change is the replacement of s by u.

(5.5)

B. Calculation of the Second-Order
Self-Energy Insertion

The second-order self-energy insertion in a fermion
line can be written (cf. Fig. 5) as

N fd% 1 p—ktMs
@0 " i -2

(5.6)
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Fi1c. 4. Notation for self-energy diagrams.

This has a linear divergence, but the renormalization is
done automatically through the dispersion relation. We
calculate the absorptive part of Z(p):

11
Im2(p)= YT

Xo(k*—u?)o[ (p—k)*—M,2].

d*k vs(p—k+M2)vs

(5.7

The easiest way to evaluate this is in a special coordi-
nate system, the center-of-mass system of the two vec-
tors k and p-%, so that
P = (? 0:0);
k= (kOJk))
P—k= (Po_koy _k)

S=p2=1702,

ko=%(s—M>+u))/\/s, (5.8)

Removing the § functions, we get an expression

tm(p)= f A0~ p+h+ M), (5.9)
? —647r2 s =2 ¥ )
where

h(s)=[s— (Mo4u)* ]V s— (M2—p)*]2. (5.10)

In order to do the angular integral, we expand & in com-
ponents. We have, for example,

/ k= dryoho— f %y -k.

The integral over the spatial part of k vanishes, leaving
only the first term. In our coordinate system, we have

k, u
’—""~~‘
Fic. 5. Second-order self- J," b
energy insertion in a fermion
line. P, M; p-k, M, P, M;
£ (p)
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p=vopo and when initial and final particle states are not identical
(cf. Fig. 6). Again we have to (a) exptress the invariant
= =1p(s—
vYoko="opo(ko/po)=3p(s—Mo2+4u?)/s. (5.11) 4 and B amplitudes in terms of the renormalized vertex
When we collect all terms together, we get functions, and (b) calculate the finite part of the vertex
functions.
) ImZ(p)=ImC(s)+p ImD(s) (5.12)
with h(s) A. Expressions for Reaction Amplitudes
ImC(s) =—mo—
mC(s) 167 i According to our Feynman rules we have
and
1 s+M2—u?h(s) Fypi=—1 Ri+m3)/(s—m3?
ImD(s)= ——— 2 h(s) (5.13) VD1 (p)vsL(prtFat+-m3)/( )] .
6T 2s $ X VL(Pl;kI)%(Pl) ) (61)

We equate the expressions of Eq. (5.12) to the imagi-
nary part of the expression in Eq. (5.3), and we obtain

1 h(s)

ImT;(s) =——
167 5(s— M2)?
X[(Mo—My)(s—MMo)+Mp?], (5.14)
1 h(s)
ImTo(s)=—o [— (=MD (s— Mo2—u?)

327 s2(s— M1?)?
—2(M o~ M1)*+2M %],

with k(s) given by Eq. (5.10). These are the spectral
functions for the single-variable dispersion relations,
and the real parts of the amplitude can be calculated
either analytically or numerically. With these results
we have obtained the invariant amplitudes for the self-
energy diagrams.

VI. VERTEX DIAGRAMS

The treatment of the vertex diagrams parallels that of
the self-energy diagrams. The results are algebraically
more complicated, and there are twice as many diagrams

sy Koy k1,uz e
N s
S 4
m ’/
Vl VD1
Py.my Py ki my P2, M,
AL ) kz,u,,/
\\ 4',
N
b JVR[ VD2
Py, Pyrky my P2,mM2
LA ’\’,,;‘,f kp My
o \\\
IV‘ D ve1
Py My Pk, ,m, P2 M,
// k
Ky My T 7 "
1 ~ - 2272
PBA
P <
e v vecz
Py ™ P;ky my P2, My

¥16. 6. Notation for vertex diagrams.

Fypa=—a(p2) V r(pa,ks)

XL (botFot-ma)/ (s—ms?) Jysu(pr), (6.2)
Fyci=—1(p2)ys[ (p1— ko-t-mz)/ (u—ms?) ]
XV i(pr, —k)u(ps), (6.3)
Fycy=—a(p2)Vr(p2, — k1)
X [(p2— krt-ma)/ (u—ms®) Jysu(ps), (6.4)

where Vg and V', are the finite parts of the second-order
vertex function. The arguments of Vg and Vy, are the
momenta of the two particles which are on the mass
shell, and the sign convention is shown in Fig. 7. The
remaining external line is always off the mass shell. For
a scattering process, where initial and final particle
states are the same, we have

Fvypi=Fvps,

(6.5)

Fvci1=Fvca.

For the more general case of a reaction where the initial
and final particle states are different, the choice of nota-
tion in Fig. 7 enables us to write the amplitudes for both
kinds of vertex graphs in terms of similar functions. We

S~

\\k: Hy
Pk, M, pek-K', M,
e
P, My K) 1y Pk, M,
Vv, (p,k)

pek, M,

Va(p k)

Fic. 7. Second-order vertex correction.
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can write

Vi(p,k)=rs(s—MHVi($)+ (p+k— M 4)ysV(s), (66)

VR(p,k)=75(s—M42) Vi(s)+vs(p+h—M)Va(s), (6.7)

where s=(p+%)? and V; and V, are invariant scalar

functions. Inserting this into our expressions for the F

amplitudes, we have for the direct graphs
Avp(s)=[—F(mitms)+ms]Vi(s)+V(s),
Bvp(s)=—V1(s),

while for the crossed graphs we get

Avo(u)=[—§(mit+mo)+ms]Vi(u)+Va(n),
Byc(u)=V1(u).

These expressions apply to both types of vertex graphs,
VD1 and VD2, VC1 and VC2. In the crossed vertex
graphs the only changes from the direct graphs are that
% replaces s and that the meson mass u; is interchanged
with the meson mass u; (an automatic fact when the
notation conventions of Fig. 7 are followed).

(6.8)

(6.9)

B. Calculation of the Second-Order
Vertex Insertion

Because of the choice of notation in Fig. 7, the vertex
functions V; and V', are used for all vertex graphs, re-
gardless of the position of the vertex correction. This
formal simplification means that we have much less
algebraic manipulation to do. Accordingly, we exhibit
the calculations for the diagram labeled VD1 in Fig.
6. The vertex functions for diagram VD2 are exactly
the same.

The vertex function needed is Vip(p,k), which is
written as

Vitpi=— [
BTN ATy
=K+ M,

X , (6.10)
=M

where W= p-k, while p and % are free-particle mo-
menta, and we assume a free-particle spinor #(p) at the
right of this operator expression. The logarithmic diver-
gence is automatically removed by the use of dispersion
relations. We can write the absorptive part in the
channel where s=(p+k)?> (Ms+us)? as follows, if
there are no anomalous thresholds:

11
ImVi(pk)=——— /d4k']\76(k'2—u22)
2 (2m)?

XL(W—k')2—M2]——-—— (6.11)
(k) —M?
with

N=ys(W—E'+Ms)ys(p—k+M2)ys. (6.12)
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Again the easiest way to evaluate this integral is in a
special coordinate system, the center-of-mass system of
¢ and k. We have

p=(pop),  po=3(s+Mi>—u?)/\/s,
k= (ko, —p), W=[)+k=(\/5,0),
Ip|2=%i[s— (M1t+p) s~ (M1—p1)*)/s.

Removing the 6 functions and reducing some of the
matrix algebra by the relation

(6.13)

(p—M1)u(p)=0, (6.14)
we have
ImVo(p,k) L iy PPV :
k)=——— 'N——— (6.15
mV(p Tomt s I PRTYSYY (6.15)
where
ki =3(s—M >+ ua2)//'s, (6.16)
K [2=1(s— (Ms+u)*Js— Ms—p2)?)/s
and
N=N+N,,
Ni=—(W—-M Kk -
1 (W DYsLR+M—M1)], (617)

No=r K (M1—M+M;—M,)
+(M3—M4)(M2—M1)—'M22].

In order to evaluate the angular integral, we express &’
in components. We consider the set of v matrices
(Y1,v2y7s) formally as a fixed vector in, say, the xz plane
so that

y="(siny, 0, cosy),

6.18
k'=%'(sinf cos¢, sind sing, cosh), (6.18)

and we set p as the polar axis. The angular integral over
cos¢ is then trivial and we obtain the expression

ImVi(p,k)=(1/8m)(|K'| /+/5)I, (6.19)
where
b eitcos
I=/ dz
-1 c3tcaz
and
z=cosf,
a=— (W—M4)75[70/€o’+ (M2——M1)]
+')’5[’Yoko’<M1—M2+M3—M4)
+(Ma—M ) (M>—M1)— 7], (6.20)

ca=(W—M )yysyk' cosy—ysyk’
Xcosy(My—Mo+M;—M,),

c3=M 12— M > +-ps?—2poky’ ,

co=2|p| K|

We can reset these expressions in a more obviously co-
variant fashion by noting that

Yo=W(1/4/s) (6.21)

and
v cosy=(1/|p)y-p=(1/|p|)(—p+op0)
=1/|pD[=p+(po/Vs)W]. (6.22)
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The integral I is elementary and it is

ca [¢1 ¢2 63 cstcy
I=2—4|————|In .

C4 C4 C4 C4 C3—C4
After a long series of manipulations with y matrices, we

can write

ImVi(p,k)=[vs(s—M42) ImV(s)

(6.23)

+(W—M )vs ImVo(s)], (6.24)
where
Vas) 1 1
I N
i 167 |p|y/s
c3 71 1
X[Zaz-l-(ar—az——) 1nLJ———— , (6.25)
Ca s—M 2
() - [zb +<b b 63>1 L] (6.26)
I V = — D9 n , .
mVyals 167r Ipl\/s 2 1 £c4
and

’

ko
a1=\—/—[(s—-Mf)—-M4(M1—M2+M3_M4)]
’ — (M= M) (M s~ M ) —ps?,

k/
az——[—ﬁ(s—w)

el s
+(M1—M2+M3—M4)<M1+M4\%)], (6.27)

k ’
b= ——— (M1 Mot M)+ (M1~ M3),
\/'s

’

Po
g=— — —(My—My+M5) |,
b Ipl[ M1+\/S(M1 + 3)}

L=|(cs+ce)/(cs—ca)|

with all other expressions as defined in this section. The
functions ImV;(s) and ImVs(s) are the spectral func-

1
LITES Pykyek Ky By
P —————
m,
pye k' Amy m pz.k‘ BXD
—_—_——
Py, my L™ P2)M,
Ky By S ke
11 P - - 2: P2
I
1
Prkg ek @ BXC
Pk, my m, Pk, Mg
> P
1
P ™ Ky Ppim,

F16. 8. Notation for box diagrams.
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tions for the single-variable dispersion relations,
through which we may calculate the real parts. With
these results we have obtained the invariant amplitudes
for the vertex diagrams.

VII. BOX DIAGRAMS

As we mentioned in Sec. III, the amplitudes for the
box diagrams have two terms, one the double-disper-
sion-relation form, analogous to that in the scalar par-
ticle case obtained by Mandelstam,® and the other
a single-variable dispersion relation, needed because
the amplitude for the case of spin is not as convergent
at infinite momentum as the purely scalar one. We will
break up the calculation into two parts: (a) the double-
spectral function; and (b) the absorptive part of the
subtraction term.

According to the Feynman rules in the notation of
Fig. 8, we have

1 1 Dotk +ms
FBXD=-—1Z(P2)/d4k' Y5
(2m)* k'2—us?  (potk')2—ms?
DrtRi+-E AHma PR +ms
Xvs Y5 vsu(pr) (7.1)
(?1+k1+k’)2—m42 (p1+k’)2—m32
and
1 1 potE +ms
anc=——-ﬂ(P2)/d4k/ Y5
(2m)* k2= (pot-k')2—ms?
Pi—kot+R +ma Ptk +ms

ysu(pr). (7.2)

Xvys Y5
(pr—katk)2—med (pr+k)2—ms?

We can write the invariant amplitudes, by virtue of
simila.ity in formal structure, as

Apxp=A(s,t; p1,u2) , (73)
Brxp=B(s,t; p1,u2)
and
Apxc=A(u,t; usu1) (7.4)
Bpxc=—B(u,t; ua,m1),

where the only difference between crossed and direct
amplitudes is that # replaces s and u; and ue are
interchanged.

A. Double-Spectral Function
For the direct box diagram we have
plsi)= [ @R = iDL (prt =]

X[ (prtkat k) 2~m@ o[ (p1+k)2—mg® XN (7.5)
and

N=a(po)ys(potk'+ms)ys(pr+ kit k' +ms)
X75@1+k’+m3)75u(P1) (7-6)
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by the usual application of Cutkosky’s rules. We can
write

p(S,t) = U(S,t)'ﬂ(?z)
X [N als,)+3(RitRo)Np(s,0) Ju(pr), (7.7)

where o(s,f) is the double spectral function for the
scalar particle case, and N 4(s,f) and Ng(s,f) contain the
spin-dependent parts. For completeness and correct
normalization we include formulas for o(s,?) as follows,
following MandelstamS$:

o (s,) = {32q19291v/sL k(2,21 8,210) ]/*}*
for (mstus)?<s<w and z,{z<®,

where ¢; and ¢; are the magnitudes of the incident and
final three-momenta in the s channel, as in Eq. (2.4),
and

(7.8)

qr*=3[s— (matus)*J[s— (ms—ps)*])/s, (7.9)
2= (1/2q:¢2)[ ¢124-g22+1— (1/4s)
X (my2—ma?—p®+pe?)*], (7.10)

g1 8= (1/2191)[g:*+qr*+ms>— (1/4s)

X (my?my?—p*—us?)?], (7.11)
zro= (1/2q2q1)[qo*+ qr2+ms>— (1/4s)
X (mo+mg—po*—ps»*], (7.12)
k(Z,ZIE,Zzo) =g2— ZZZIEZIo+Z[E2+Zzo2~‘ 1 s (7.13)
and
go=2rpgr0+ (2re*—1)"4(z10*—1)"%.  (7.14)
We will also call
B =0(s,)Na(spt),
pa(s,))=a(s,0)N 4(s,8) (7.15)

pB(S:t) = U(S)t)NB (S,t) .

The calculation of the numerator functions is strictly
algebraic. The four & functions completely determine the
intermediate four-momentum vector &’ and we can
write it as

k'= a1p1t+askitaspyt-aqr,

where 7 is a vector perpendicular to the hyperplane of
$1, k1, and ps. The vector 7 has two possible orientations
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relative to the hyperplane; this leads to a factor 2 which
has been taken into account in the definition of o(s,).
Otherwise, the vector 7 never enters the calculation. We
get the coefficients a1, as, a3 by taking scalar products
successively with p;, ki, and p. and solving the set of
three scalar equations. Let us define column vectors %,
X2, %3, %, of three components each by

r ,m12 5
F(s—mi*—u?) |,
(= 3(t=mi—my?)]
3(s—m1*—pu*))
X9 = .ulz )
\— %(u— m22——u12),

X1=

—%(t—"}"llz""l’ihz)1 (716)
ay= | —g(u—ma—p?) |,
L o J
([ 3 (ms®—my—pus?)
%= | —g(s—mi>+mg—m) | ,
L 5 (ms®—mo?—ps?)
and determinants
d= det(xl,xz,xs) N
d1= det(xc X9 x;;) ,
m (7.17)
do=det(®1,%,%3) ,
d3=det(x1,%s,%,) .
Our coefficients are, very simply,
a;=d,-/d, ’i=1, 2, 3. (718)

The reduction of the numerator is an elementary alge-
braic procedure which is tedious but offers no complica-
tions. We merely state the results. Let us define

hy= (my—mgz) (mo—ms) ,
ho=m1—ms—+mo—ms ’
he=3(ma—my) (ma—ms) , (7.19)
ha=3(ma—m) (m1—ms3) s

s = (s—my>— pu1®) — L (mo—m,) .

Then we can write

N a(s,8) =[5 (my4-ma)+ms -+ po®Lhat-ma— 5 (ma-ma) 1+ [miar+3 (ma— mi) as+msas]
X [hntmaha— (s—m4®) J+ai[mi*hot-mihs+ (mi—ms) s 14 asl us*ho+-mahs+ (ma—ms)hs]
+ as[ 5 (my—ma)yma(my+ms)+ (mo— ms) (S~u22)+m2h3] (7.20)

and
N(5,) = h1—ps*+[m1(a1— az) —maas]
X (—my+ms+ma—ms)
+(12[}l1+M4}l2— (S— M42)] . (721)

This completely defines the double-spectral function for
the direct box graph. For the crossed box graph we use

the same form but with # replacing s and masses u; and

e interchanged.

B. Subtraction Term

Because there is a part of the box diagram amplitude

A that is expressible only as a single-variable dispersion
relation in 4, we must calculate the absorptive part of
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P, K, m, Kyt In order to evaluate this integral we define
: > T 1= (1/2]p| | K'|)[2p1oke'— (m1?+maP—pus?) ],
p-K' ?l-"3 m, Y kK o= (1/2] k| | K| )[ = 2k1oko’ — (ma>— med+u?)], (7.28)
E . zl:ﬁ'éla .
Pyim, -p]*Pz*k’,ms Ky By 22=E-l%’,
F16. 9. Notation for calculation of subtraction part of box diagram.  so that
— k)= pug?=2 k' (=7
(pr— k') —pa?=2|p| |K'| (= 71t2), (7.29)

the amplitude in the ¢ channel, where s is the momentum
transfer variable. For this it is convenient to use a
slightly different notation, given by Fig. 9. Again we
will calculate for the direct box graph; the change for
the crossed box graph is as before.

By the Cutkosky rules, the absorptive part in the ¢
channel is

11
ImF(s,t)=+——— /d“k’N&(k""-—maz)
2 (27)?

X[ (K — pr1t+p2)2—ms? ][ (p1— k') *— s ]

X[(k1+-k)2—m ], (7.22)
where
N =a(pa)ys(k'— pr-+pat-ms)ys(R'+Ri+m.y)
X'ys(k'+m3)75u(p1). (723)

We will work in the center-of-mass system for the ¢
channel, where the kinematics are defined by

P1=(P107p)) kl: (km,k) ) (724)
po=(pao,0), ko= (k2o,k),

with
L= (p10— p20)*
and
|pl =40t (murtma) It (ma—ma)*/ 1,
k| 2= [t~ (urrtu2)?J0t— (1 —w2)* /2,
pro=3(+m>—m)/\/1,
p2= —3(t— my>+ms?)//t,
k1= —3(t+m*—n?)/V'1,
kao=3%(t—p1*+u?)/A/1.

We can remove the 8 functions to get

(7.25)

kl

1K
ImF,(s,t)=§;lr—2 7;

dQU'N

1

X (7.26)
(pi—k’)z—"ﬂaz (k1+kl)2-— ma?

with
ko =3 (t+m—ms®)/\/1,

(7.27)
| K| 2= [ t— (mas+ms) 11— (ms—ms)*]/t.

(k1+k’)2—m42= -2 [ kl l k’[ (72+22) .
The two denominators can be combined by the relation

(ab)“=/ dx [ax+b(1—x) T2

to give
1

128x* |p| k| [K'[+/t
XJ/dQ’/G dx

V=px—E(1—x)

ImF,(s,l) =

, (7.
[t ro(1—x)—V-E']? (7.50)

where

will be the polar axis about which we will integrate over
the angles of k’. In contrast to the purely scalar case, we
have a numerator which does depend on the angles of
K’. We can set up a special coordinate system, where vec-
tors p and k define the xz plane (cf. Fig. 10). We let the
three spatial ¥ matrices form an arbitrary vector

= (v1,72,72)

and
k= (a0,2) (7.31)
with
.= | k| sing,
k.=—|k| cosb,
and

k'= | K| (sinf’ cos¢’, sind’ sing’, cost’) ,

the coordinates taken relative to V. The magnitude of
k’ is fixed; we integrate over the angles. We can write
the numerator N in powers of the four-vector %' as
follows:

N=a(p)[ N1+ Nok'+ RN s+ 2(ky - VR Ju(pr)  (7.32)

F16. 10. Coordinate sys-
tem for calculation of
subtraction part of box X
diagram.

=}
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with

Ni=ms(pr1— patms)[ — (ms—ms)+ki]

- m/32(’}n3— m4) —m3’Ry »
No= (p1— potms)(ms—ms— R1)+m3?,
Ny=—ms(ky+ms).

(7.33)

Our next step is to substitute the coordinate representa-
tion for k’. By our choice of axes, only the numerator
contains terms in the angle ¢’. We interchange the order
of integration over # and €. The integration over ¢’ is
trivial and we obtain the following integrals in the vari-
able y=cosf’:

1 i(p2)
ImFy(s,t) =— ———
64 |p| | k| |k'|v/2

1

X / dxt (CoT o+-Colr+Col)u(py), (7.34)
0

where
1 yi
Ji=| dy———, for i=1,2,3 (7.35)
—1 (D-—[Vly)2
with
D=7-1x—l—rz(1——x)
and

Co=N1+Nzyoko'+voko'Na
+2k10ko *yo+v1k: K| 2,
Ci=—|K|(+Nays+vsNs
+2’Yokzko'+ Zvakloko') ’
C2= Ikll 2(273k,—‘}’1kz) .

(7.36)

Co= "'ms(ms—m4) (m3+m5)+m3(s—-m12-——y12)
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We can bring these expressions into a more obviously
covariant form by some manipulations. The first is to
note that

Yo="o(p10— p20)/v/t= (P1=12)//1.

The next is to define the four-vector analog of the three-
vector V as

V=>1/]pD)prx—(1/|kDkr(1—2).

This obviously contains V as the spatial part, and we
now have a 0-component

Vo= (p1o/|p|)2— (k1o/ | k| )(1—x).

The operator vs can be rewritten by noting that, with
the definition of V as polar axis, we have

(7.37)

(7.38)

73=Y‘V/}Vl =(— V+70V0)/IV|

=[=V+WVo/A)1—p) 1/ IV].  (7.39)

Finally,

Yikz= —Rityokio—vsk:= — kit (k1o/r/2) (p1—p2)
—(k/ |VDI=V+Vo/A/)(1—p2)]. (7.40)

The substitution of these expressions into the equations
for Co, C1, and C; and the subsequent algebraic manipu-
lation is long, tedious, but elementary. We state the
results below. In these expressions we have not yet con-
tracted any matrix operators into the free spinors. As
a simplification of notation we write

p=Ipl, k=|k|, ¥=|K|, V=|V|. (741)
We have, then,

+ (ko' /A/ D[ —ma(s—m1*— us®)+ (ma—ma)t—ms(u—mo— p1?) I+ (k'%./ pV ) xps
+ (p1—p2){ — mis(ms—ma)+ (ko' /A/8) [ (ms—ma) (mg+ms)+ ¢+ 12— us?) + 2k10ko’ ]
+ (B2/\/ 1) kso—kV o/ V I} R —ma(ms—ms)+ (ko' o/ 1)t—k'2— (B'%k./VE)(1—1x) ]

Ci= (k'/V){(/ p)[(ms—ms) (ms®— prp2) — ma(s—m1®—ps?)

+ (Rupr+-poko) [ —ma+ (ko' /7/8) (ms—m4)], (7.42)

+D1[ (ms—ma) (ms+ms) — (s—ma®— ps?)+2k0'kro ]+ ma2Ri+ Pk pr1+ (ms—ms) Ry ]
+L(1—2)/k][— (ms—ma) (s— mi*— 1)+ pa*(ms+ms)+u(D1—po) + ko[ — (ms—ms) (ma~+-ms)— 2ko' k1]

+ (ms—ma) (Rip1+p2k1) 14+ (Vo/A/ D) Ims(s—ma— i ?) —

(ms—ma)t-+ms(u—mo2— us?)

+ (p1—p2)[— (ma—ma) (ms~+ms) — (t-+p1?>— po®) — 2ko'k10]
— Rat— (ms—ms) (Raprtpoki) 1= 2k E(V /A/1) (D1—12)},  (7.43)

|5 L p)<3k Yoy )+k[1+
0= VPPI v 1— Do > 10 1

o)

(7.44)
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The final step in our calculation is to separate the parts
of the amplitudes Cy, Ci, C; into the invariant pieces.
We can write

Ci=Ait+3(kitky)B;,

In our case, we really do not need the amplitudes B;,
because the B amplitude is already described completely
by a double dispersion relation. Rather than rewrite the
amplitudes of Eqgs. (7.42)—(7.44) in invariant form, we
give a series of rules to extract them. The amplitudes
A; are obtained from the C; by replacing

i=0,1,2.  (745)

b1, on the right, by
P2, on the left, by
ky, by
kiprt ok, by —3(mi’—ms?),

whenever they occur in the expressions for Ci.
The integrals J; are elementary:

Jo=2/(D*—V?),
D 1 1

D—V
J1=2— +— In ,
VD=V V: D+V

2 D? D D-V
J2=—[1 } +—In :I
& D*—V2 vV D+V

my,
ma,

), (7.46)

(7.47)

If we write

TP (s, 1) = a(p2) [ImA (s,0)+ 3 ket ko)

XImB,(s,8) Ju(pr), (7.48)

then we have
1 1

ImA z(S ,t) =
64m pkE'\/L

1

X/ dx (AoJo+A1J1+A4Ts), (7.49)
)

which is in a form suitable for computational purposes.
When we use this expression for Im4,(s,#) for values of
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¢ greater than the physical threshold in the ¢ channel,
then s is the momentum transfer variable and must lie
within certain physically defined limits. For convenience
we can evaluate our direct box amplitude at

§o= = m1m2+ (’”'L2,U12+m1y22)/ (M1+1’I’L2) (750)
and our crossed box amplitude at
U= ——mmzz—{— (m1u12+m2;422)/(7n1+m2) . (751)

When ¢ is an energy variable, these points s, and #, lie
in the proper range of the momentum transfer vari-
ables, and our expressions for ITmA4 ,(s,,?) and ImA ,(u,,!)
are legitimate.

VIII. ACCURACY OF RESULTS

Because this work was intended for numerical compu-
tation, the procedure for checking the accuracy of the
formulas was both analytic and numerical. We chose the
sign conventions for the S matrix to make the sign of
the Born amplitude agree with the commonly accepted
one. The signs of amplitudes relative to the Born term
were checked by use of the unitarity condition. The
imaginary parts of fourth-order amplitudes, as com-
puted by Cutkosky’s rules, were also checked by uni-
tarity against the square of the Born term in pion-
nucleon scattering. The self-energy and vertex imagi-
nary amplitudes, which are algebraic expressions,
checked exactly, while the box imaginary amplitude,
which requires a single integration, checked against the
square of the Born term to a precision that suggested
correctness at least to order (u/m)% The real parts of
amplitudes were checked numerically against those of
Wyld? for pion-nucleon scattering at the threshold en-
ergy. They agreed very well. The crossed box amplitude
for the pion-nucleon case was computed by Feynman
parametric techniques®® at several energies. The results
agreed with the dispersion-relation approach used in
this paper. The combination of these numerical checks
with a careful reading of our formulas gives us con-
fidence in our results.

13 G. M. Hale, M.S. thesis, Physics Department, Texas A&M
University, 1967 (unpublished).



