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We perform a hootstrap calculation designed to study the vector-meson-baryon coupling constants. The
vector mesons appear as baryon-antibaryon bound states, due to vector- and pseudoscalar-meson exchanges,
so that the self-consistency between the couplings at the exchanges and the couplings that emerge at the
residues allows the VBB coupling constants (including d/f ratios) to be calculated. The problem is studied
both in the static model [no SU (3) self-consistent solutions exist] and in the relativistic case with pseudo-
scalar-meson exhange contributing an inhomogeneous driving term, where approximately self-consistent

solutions do exist.

I. INTRODUCTION

VER the past years, a number of bootstrap calcu-
lations have been performed. Originally, many
theorists had hoped that masses, coupling strengths,
perhaps quantum numbers, and possibly even the exis-
tence of the hadrons would emerge from a bootstrap
“program’’; it is clear that there has been little progress
in this direction. On the other hand, a number of boot-
strap calculations with somewhat more modest aims
have been partially successful in calculating coupling
constants and coupling-constant ratios and have shown
at least that the strong interactions are not inconsistent
with the bootstrap dynamics, if not entirely determined
by them.

We have performed a calculation that fits in this
last category. We have studied the vector mesons as
bound states of baryon-antibaryon pairs, mainly in
hopes of determining their coupling strengths to the
baryons, particularly the d/f ratios. Aside from their
intrinsic interest within the bootstrap program, these
couplings are interesting for two other reasons. First, it
is difficult to obtain experimental values for essentially
all of them, even the simplest coming only from com-
plicated analyses involving, for example, models of
electromagnetic form factors, so that a meaningful set
of theoretical values would be useful. Second, there is
no self-consistent static-model solution for these cou-
plings. The forces are attractive, and either using relativ-
istic kinematics (so that the solutions depend on mass
ratios) or adding inhomogeneous driving terms (such
as pseudoscalar exchange) is sufficient to give (approxi-
mately) self-consistent solutions. One might have ex-
pected that the elegance of the usual theory with pure
F-type charge coupling would reflect itself in a static-
model bootstrap solution of this sort. The absence of
the static-model solution is particularly interesting be-
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cause our full solutions are indeed generally consistent
with pure F-type charge coupling.

Conceptually, our calculation is simple. We consider
the BB elastic scattering amplitude in the neighborhood
of the vector-meson pole. We assume that the main con-
tributions to this amplitude come from the vector-meson
exchange itself and from pseudoscalar-meson exchange.
The positions of the vector-meson poles in the BB
amplitude and the residues there are thus given in
terms of themselves and the pseudoscalar parameters,
and they can be determined.

A number of other calculations relevant to these
couplings have been performed. Most recently, Ball and
Parkinson! have studied the p as a bound state or
resonance in a multichannel context and concluded that
about 409, of the p is NN; if the p is considered in any
single-channel context, therefore, NN is probably the
dominant channel. Carruthers and Krisch? have con-
sidered the amplitude for BB— V — PP, with a vector-
meson pole coupled to BB on one side and to two
pseudoscalars on the other. The driving forces are then
PB elastic scattering and can be taken as known, so
that one can obtain the VBB couplings. They thus ob-
tain them immediately in terms of the PB amplitudes
and the ¥V — PP width, whereas we have a self-con-
sistency condition to satisfy to determine our results.
Along still different lines, Ball, Scotti, and Wong? have
studied NNV scattering, using experimental data to de-
termine the parameters involved in the vector- and
pseudoscalar-meson exchanges. Then they used crossing
to determine the NN amplitudes and studied the meson
poles that resulted. Finally, Arnold* has studied the
NN meson bootstrap, exchanging s-wave mesons and
emphasizing the Regge cutoff of the high-energy
behavior.

In Sec. II, we present the details of the calculation of

17, Ball and M. Parkinson, Phys. Rev. 162, 1509 (1967).

2 P, Carrothers and J. P. Krisch (to be published).
( ;J.)S. Ball, A. Scotti, and D. Y. Wong, Phys. Rev. 142, 1000
1966).

4R. C. Arnold, Nuovo Cimento 37, 589 (1965).
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the pole terms and crossing matrices. Section III is
devoted to the various static-model calculations that
are relevant, and Sec. IV to the discussion of the full
calculation, including a summary of our results [Egs.
(4.12)7]. Section V surveys the effects of other channels
coupled to BB. Two Appendices are included to make
the text more readable.

II. KINEMATICS, SPACE-TIME SYMMETRIES,
AND INTERNAL COORDINATES

A. Kinematical Notation and Choice of Amplitude

We use (p,\) to denote baryon or antibaryon 4-mo-
mentum and helicity, with a metric such that p2=p?
— E2 (See Fig. 1.) Subscripts refer to isospin or SU(3)
indices. The S-matrix element for the transition BB <>
BB can be written

64 _— —
S o= by i(2m)" (p1+pa—ps Pofﬂ-‘,
’ (7I' '.ZEi)lﬂ

(2.1)

where (f,7) label final and initial states, normalized to
a ¢ function. The polarized differential cross section in
the c.m. system is given by

do/dQ=|F|%/(8m)%,

where & is a Lorentz scalar function of the scalar
invariants

=~ (prtp)=T2=4E2=dp2 42,
t=—(p1—ps)*=—2p*(1—cosb)
u=—(p1—ps)?= —2p*(14-cosb) ,
sti+u=4M2.
Here W, E, p, and 6 are, respectively, the total c.m.
energy, the c.m. energy and 3-momentum of a single
baryon, and the c.m. scattering angle. (Note that in
these conventions the s and ¢ channels describe BB
scattering, whereas the # channel describes BB scatter-
ing.) The following relations hold between & and the

amplitudes  and (A\sAs|$|A1\2) defined by Goldberger,
Grisaru, MacDowell, and Wong?:

EF= 4M2T= 167!'E<)\3)\4 l d) | )\1)\2> )

(2.2)

(2.3)

do
= |‘JI2= |<)\s)\4l¢l>\1>\2>|2- (2.4)
dQ  (8r)%s
Bilpi, A1) B, (py,Ay)
F1c. 1. BB kinematics.
Latin subscripts refer to
SU(3) coordinates.
Ej (stkg) .B-‘ (94.X4)

8 M. L. Goldberger, M. T. Grisaru, S. W. MacDowell, and D, Y.
Wong, Phys. Rev. 120, 2250 (1960).
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B. Partial-Wave Decomposition

Following the method of Jacob and Wick,® we con-
struct the partial-wave series and its inverse

(Aaha| | Mdo)= 2 27+ DOM|F7 s (w)
(2.5)

1

aha Wl)\l)\z)”—‘%/ dan () (Nsha] F| i),

-1

with the definitions A=X\;—\g, N'=X3—\4, and p= cosf.

The elastic unitarity condition (\1=2X3, Aa=2\4) on the
F7 amplitude is given by

ImF7(s)==(p/167E) | F7(s)|2, s>4M?. (2.6)

We shall use the amplitude 7'7=7/16, with respect

to which the elastic unitarity condition takes its con-
ventional form

Im77(s)=(p/E)| T7(s)|*. (2.7)

C. Symmetries and Angular Momentum

Parity and time-reversal invariance of the 7" matrix
imply, respectively,

Aaha| F7 | Aha) = (—Ng— A4 FI|—M—As), (2.8)

()\3)\4[ g7 l )\1)\2>= ()\1)\2] EF‘,I )\3)\4) . (29)

For identical-particle elastic scattering (e.g., pp—

pp) or for SU(2) or SU(3) eigenamplitudes, we can use

charge-conjugation invariance and Fermi statistics to

show that

<)\3>\4| g7 I )\1>\2>= ()\4)\3] g7 ‘ )\2)\1) . (210)

We are left with five independent helicity transitions’

among the possible 16 ((==|F7|£+)):
F/=(++[97|++),
Fl=(++[57|—-),
Fo'=(+—|5'|+-),
F=(+= 57— +),
Fol=(++|57|+—).

Linear combinations of these amplitudes represent
the orbital transitions

(2.11)

singlet J=l> J=1,

triplet J=l< J=1,
J=l+1oJ=I+1,
J=l—1eJ=]+1,
J=l—1eJ=1—1.

The BB system has parity (— ). We are interested
in JP=1" transitions, which restricts us to the coupled

(2.12)

¢ M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).
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triplet J=/=1 amplitudes, with I=0 (S wave) or /=2
(D wave). In terms of helicity states |JA;\s), we have®

PI])\1)\2>=(—)J1.]—)\1—)\2>, (2.13)
which allows the JP=1" states
WO+ D=1,

W+t =)= k).

Both are triplet states. Neither is an eigenstate of
orbital angular momentum.

The transformation between orbital angular momen-
tum JP=1" states (|S) and |D) for I=0 and I=2,
respectively) and the helicity states |;) is given by the

[EFSS EFSD:] 1[ 5:11‘}‘2522‘{"2\/7512
= 3 B
Fps Fpp "‘\/7511“ 512-‘-\/23:22

D. SU(3) and BB System

We use the Gell-Mann states” B;, V; and the Tar-
janne® F, D matrices. (See Appendix A, where commu-
tation relations, trace properties, and symmetry prop-
erties are tabulated.) Normalized singlet and octet states

are given by )
|0)=(1//8)8:;| BiB;),
|8,%)=(1/3/20)D:*| B:B;),
|8.%)=(i/7/12)F i*| B:B;).

With the phases of (2.17) the octet-meson annihila-
tion matrix has the form

L @aE (~a5)
[~<(—4\/5)fd 1272 )
The invariant couplings to unitary singlet and uni-
tary octet vector mesons are
£/i(47) 2= goGii*B:B;V i+ goB:BiVo.

The CG coefficient G;;* is Hermitian and allows for an
arbitrary mixture of symmetric and antisymmetric
coupling:

(2.17)

(2.18)

myi—s

(2.19)

Gi*(f)=—ifFy*+dDy*
= 2/ 24D
=2[(1— ) F*+aD*], (2.20)

where & and D are the usual F and D matrices of Gell-
Mann, and « is the Gell-Mann mixing parameter
(I1—a=f).

When the Lagrangian (2.19) is decomposed into
couplings among isospin multiplets, the pNN term is

_ 8/i(dm) r=geNiri Nipat- -, (2.21)

7M. Gell-Mann and Y. Ne’eman, The Eightfold Way (W. A.
Benjamin, Inc., New York, 1964). .

8 Pekka Tarjanne, Ann. Acad. Sci. Fennicae Ser. A VI, No.
105, 1 (1962). :
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SU(2) Clebsch-Gordan (CG) coefficient

21\
(]]zls | JJlessh): (“'—‘) (J]zllslzs,)
2J+1
X(sszlsls2512322> y

where, in this case, J=1, I=0 or 2, ,=0, J,=\—X\,,
S12=MA1, and ss,= —Ny. That is,
[Sy= D)+ /%) h2),
[Dy=— /%) )+ (/3) | ha) -

Writing Fi for orbital transitions and F ;7= (| 57| k;)
for helicity transitions, one has the result

(2.15)

—V2F 11— Fra+V2Fa0
J . (2.16)

2F11—2VIF 19+ Fao

and gs is identical to the conventionally quoted (un-
rationalized) p/NV coupling constant.

We now tabulate some useful SU(3) crossing coefii-
cients. Consider the diagrams of Fig. 2. When we calcu-
late such terms in SU(3) eigenamplitudes, the result
can be split into a CG part and a dynamical part. For
illustration, consider the octet exchange of Fig. 3(b) in
the symmetric octet amplitude:

(8°BB| F|8*BB)=[(3/160)D1*D;i*G 3™(Gm")* ]
X 47rg82123'y,,u1ﬁ27,.v4/(m2-— t)
[6/2—2d%]
X 4 gty oy ws/ (m2—1)
[CG part]X[dynamical part ]
= (87(|8%) X (Al F[Ash2) .

il

(2.22)

The CG content of various relevant exchange and an-
nihilation terms is tabulated in Table I. They are calcu-
lated in Appendix A. [These coefficients are merely
elements of the SU(3) 8 X8 crossing matrix, aside from
various normalization factors. ]

A
z

3
‘ ,\
X

Py

F1e. 2. Kinematics in the
c.m. system.

B v ,B B B B B
>»vvww< Vg IIP
B B B

(a) (b) (c)

Wi
wi
wi

Fic. 3. Direct-channel pole term and Born
exchange amplitudes.
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Inspection of Table I yields the octet-pole matrix
(2.18) which has the form T;;= T';T;; that is, the residues
factor, T'i;, has only one nonvanishing eigenvalue, and
only one of the eigenphase shifts resonates, implying a
definite mixture of symmetric and antisymmetric cou-
pling, as we expect from (2.19). Complications arising
from the existence of two independent dynamical
couplings are discussed in a following section.

E. Dynamical Couplings and SU(3)
Coordinates Combined

The following phenomenological Lagrangians, when
applied in second-order perturbation theory, serve to
define the relationship between the coupling constants
and the residues at the pole corresponding to the particle
exchanged or produced in intermediate states:

(a) pseudoscalar octet coupling:

£/i(4m) 2= gy .G ii*(fp) BysBiPr=gn =N iriiysN jms
~+other terms; (2.23)
(b) vector-meson octet and singlet couplings—Dirac
(vector) interaction:
£/i(4m) V= gysGi*(fv)BevuBiV i
+gV0Bﬂ’uB1,V0";
(c) vector-meson octet and singlet couplings—Pauli
(tensor) interaction:
£/i(4m) V2= greGi* (fr)Bi(o,/2M) B;d, Vi
+gTQB¢(0'M,,/2M)B¢6“Vo" .

(2.24)

(2.25)

F. More about Couplings (a)~(c)

The single pseudoscalar coupling corresponds to the
single dynamical combination of BB pairs (1S¢) which
can form a JP=0" state. The two vector-meson cou-
plings (actually linear combinations of the ones written
down) correspond to the two dynamical combinations
of BB pairs (351,3D;) which can form a JP=1~ state.

The pseudoscalar coupling constant is well known
from the application of forward dispersion relations to
experimental data. The mixing parameter fp is the
subject of an SU(6) prediction (fp=0.4) and is an
output of the Martin and Wali SU(3) extension of the
Chew-Low model (fp=0.25).

The nucleon p-meson (Dirac) coupling constant is not
well known experimentally, but if one accepts the
Sakurai universal coupling of the p meson to the isospin
current, we have

L/i(4m) 2~ G N ry N +7X dum+ -
w?=(GG6)=1ign"=1,

where g,-?~3 is based on a p width of I'~150 MeV.
Phenomenological analyses suggest a somewhat stronger
coupling; for example, Ball, Scotti, and Wong? predict

']'Pur
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TasLE I. Some useful SU(3) crossing coefficients.
SU(3) Singlet
representation Direct pole Octet exchange exchange
1 8gve® [12/24-(20/3)d%Jgvs*  gvo’
8 <8  (20/3)d%vs’ [6/2—2d*Jgvs* gvo’
8,84 12 fgys? [6/*+(10/3)d*Tgvs*  gvo’
8,8 —(4/5)jdgvs (4/5) fdgvs 0
10 cee — (8/3)d%gys? gvo?
i0 —(8/3)d%ys’ gvo?
27 - [—4/+4drt !

gn,.2(Dirac)~~2.0, based on a phase-shift analysis of NV
data.

The vector-coupling SU(3) mixing parameter fy is
also not well known experimentally, but there are the-
oretical reasons for favoring fyr=1. If one infers the
couplings from a gauge principle, then one expects that
the SU(3) current, a part of which is Fi;*Bsy,B;, must
be coupled to the octet gauge field V* and we have the
fv=1 prediction. One can also demand photon-neutral
p-meson universality; then one must #ot have a pZ°A
Dirac coupling, or else the ‘“photonlike” p® would
couple to a neutral current. Such a coupling vanishes
only if fy=1.

The ratio ga,(Pauli)/gn,(Dirac)= grs/gvs= 3.7 is pre-
dicted by an electromagnetic form-factor analysis of the
nucleons if it is assumed that the isovector part is
dominated by the p meson. Note that the ratio of S/D
wave at the vector-meson pole is controlled by the
gr/gv ratio [at least in the case of SU (2)-invariant
NN couplings; SU(3) complications are discussed be-
low]. For pure S-wave p mesons coupling to nucleons,
we have

gT/gV= mV/ZMNz 2.4

(““S-wave dominance”). The remaining coupling con-
stants are relatively unknown.

G. Reduced Amplitudes

In Appendix B, we write down the single-meson-
exchange and annihilation ‘“reduced” amplitude
(\s\g|F]|A\e), defined above, and their partial-wave
projection in J=1 defined in (2.5). For the partial-wave
amplitude, the rotation to an orbital basis defined by
(2.16) has also been performed. Note the relative sign
difference from what might be expected between the
exchange and annihilation terms; that is, the reduced
Dirac coupling exchange term is 4wgy2isysidyy s
X (my®—1)~1, whereas the annihilation term is —4wgy?
Xiyywdayti(myv?—s)~t. The reduced amplitude of
Appendix B, when combined with the crossing coeffici-
ents of Appendix A, yields the full amplitude in-
dicated in (2.22). There are some subtleties associated
with the cross-coupled vector-tensor terms in the SU(3)
octet channels, which we illustrate by calculating the
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vector-octet-exchange amplitude (8°Asha| F|8°A\2):
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(8‘9\3)\4 | F l 8‘)\1)\2>= %‘X (3/20)D,-,~’°D1m’°{47rgvnga"(fv)ij"(fv)day,,ulﬁzy,,v4/(m1;32— l)
+[4rgvsgrs/2M (mys2— 1) LG (fv)Gmi™(fr) 30 gt iDey a4 Git™(f1)Gmi™ (fv) sy ith 1020 1g5 %04 ]
47 g8’ Gu™(f1)Gmi™(fr)is0 wqtt1De0 inrvs/AM 2(mys®— ) }
=3(3/20) tr[ G*(fv)D*G"(fv) D¥I(Na\a|| Fvv|[Aidho)+-§(3/20) tr[ G*(fv) D*G™(fr)D¥]

X <>\3>\4“ qu'“>\1>\2>+%'(3/20) tr[G”(fT)DkG"(fT)DkJ<}\3>\4“ S:T.’I‘“AI)\Z) .

(2.26)

The subscripts V'V, T'T, and VT refer to vector coupling, tensor coupling, and mixed coupling. Use has been
made of the fact that tr[G*(fv)D*G*(fr)D¥]=tr[G*(fr)D*G"(fv)D¥]. The procedure is similar for the other
amplitudes comprising the 2)X2 octet-channel scattering matrix, and we have the octet—vector-meson exchange
contributions (i=1, symmetric amplitude; =2, antisymmetric)

6fvi—2dv?  4(\/5)fvdy

(8Aaha| T |8ido)= (4(\/5) fvdv 6fv?4(10/3)dv?

>gV82()\3)\4“€FVV”)\1)\2>

< 6fvfr—2dvdr 4(\/S)(fvdr+ frdv)/2 N
4(\/5)(de1'+de1!)/2 6foT+(10/3)dvdT )nggTs || Fyrl A he
6fri=2dr*  4(y/3)frdz
1 Nahdl|Frzlada) . (227
(4(\/5)de'1' 6f7'2+(10/3)d7|2>g Oahg|Frr|Ahe).  (2.27)

For singlet-vector-meson exchange we have the simpler result

10
(8Aaha|F |8 iha)= (0 1>{gv02<)\3)\4

It is easy to see how pseudoscalar-exchange terms are
included (replace fv by fp, gvs® by gn-%, and Fyy by
¥,). Finally, by using the partial-wave projections and
rotation to orbital basis of Appendix B, the complete
octet Born amplitudes may be put in the 4X4 matrix
form (8.4|F7=1|8;l’), with /=0 or 2, i=symmetric or
antisymmetric octet. Note that there are 10 indepen-
dent elements and that the matrix does not in general
decompose into a Kronecker product (which would
imply only six independent elements). That is,
(8°S| F|8°D)7= (8°D| F|8>S), except under special con-
ditions.®

The singlet amplitudes, which are 2)X2 in spin space
but one-dimensional in the SU(3) coordinates, are con-
structed in an analogous manner.

The vector-meson pole matrix, corresponding to the
(reduced) amplitudes (J=1) of Fig. 3(a), in the orbital-
angular-momentum basis, is given by

Rss Rsp> 8wM?

<zlswnz'>=(R

, (229

ps Rpp/myt—s

? H. Ruegg, Nuovo Cimento 41, 576 (1966).

IgVV“)‘1)\2>+gV0gT0<>\3)\4”gVT”)\l)\»}+gT02’()\3>\4”§T1‘”)\1)\2> . (2.28)
with
Rss=(4/9)gv(14+27)+grv(2+7) T,
Rpp=(8/9)(1—)*(gv—2grv)?, (2.30)

Rsp= (4V2/9)(v—1)(gv—grv)
X [gv(142v)+grv(2+v)]=Rbps,
’YEE/M=mV/2M.

The pole matrix for SU(2) or SU(3) eigenamplitudes
(with the exception of the octet amplitudes) is a simple
multiple of (2.30) with appropriate identification of gy
and gr. Clearly, when gv/gr=v=mv/2M, the vector
mesons are pure .S wave at the pole; with gv/gr
= —y(2+7)/(1+2y), the vector mesons are pure D
wave at the pole. The residue matrix R;; has the form
R;;=GG;j, and the remarks at the end of Sec. IID
apply, with S/D mixture replacing F/D mixture.

In the SU(3) octet case, however, there is an interest-
ing complication. The vector-meson octet pole matrix
is

(85,7 |8,1'y= (84| R|8;1 )8 M/ (mv2—S), (2.31)
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(8:S|R|8°S)= (4/9)[dvgv(1+27)+drgry(2+7)1*(20/3),

(8°D|R|8°D)=(8/9)(1—)*(dvgv—drgry)*(20/3),

(8°D| R|8°S)=(20/3)(4vZ/9)(y—1)(dvgv—drgry)[dvgv(1+2v)+drgry(2+v)]= (85| R|8°D),

(82S| R|88)= 4/ frgv(1+2v)+ frgry(2+v)J2(12),

(82D|R|8°D)= (8/9)(1—1)*(fvgv— frgry)*(12),

(2.32)

(82D| R|828)=12(4v2/9)(y—1)(fvgv— frery) [ frgv(1+27)+ frgry(2+v)]= (8°S| R|8D),

(8:S| R|82S)=—(44/5)(4/9)[dvev(v+27)+drgry(2+v) I frav(14-27)+ frgey(2+7)],
(8:D|R|82D)=—4(v/5)(8/9)(1—)*(dvgv—drgry)(fvgv— frgr) ,
(8°D|R|828)=—4(/5)(4v2/9)(v—1)(dvgv—drgry)[ fregv(1+27)+ frgry(2+7)],

(85| R|8D) = —4(+/5)(4V2/9) (y— 1) (frgv— frer)[dvev(1+2v)+drgry(2+7)].

Note that (8°S|R|[82D)>~(8°D|R|82S), except in the special case fy= fr, when the residue matrix decomposes

into the Kronecker product
(20/3)a?

(84|R 8jl,)=<

FIEO=\ s
where {J|| F,!||’) is defined in (2.30). Each element of the
product can be diagonalized by independent similarity
transforms [one in the space of SU(3) coordinates, one
in orbital-angular-momentum space], and the full resi-
due matrix has a single nonvanishing eigenvalue whose
eigenvector corresponds to a definite mixture of sym-
metric and antisymmetric representations as well as a
definite mixture of S and D waves; that is, the eigen-
vector has the form

{a]|89)+3|8°)}® {c’|S wave)+8'| D wave)}.

In the general case (fy# fr), one can not specify a
single ratio of antisymmetric and symmetric coupling
which applies both to S and D waves. The Kronecker
decomposition is not possible, and the eigenvector
which diagonalizes (2.32) has the form

i l 8"S>+a2 l 8“D>+O£3]8"S>+0[4| 8'D) ,
with ay/as#as/aa.

III. STATIC-MODEL SOLUTIONS

The “‘static”’-model solution in the context of ND!
dispersion calculations has come to refer to any set of
assumptions which result in a single-pole approximation
to the left-hand “exchange” cut, reducing the N D!
equations (when a linear approximation is made to the
D function) to algebraic relations between coupling
constants which may or may not have real solutions.
The set of assumptions usually includes elastic unitarity
appropriate to low-energy scattering with bound or
resonant states close to threshold—the region in which
a potential theory is apt to be valid. A notable example
of such a model is the Chew-Low reciprocal bootstrap
of the V and N* in Nw scattering (where the nucleon
recoil is neglected—hence the term ‘‘static’”). In this
approximation, the crossing matrix—a matrix of prod-

—4(\/5)fd

(2.33)
12/

>®<lnsrp*ul'>,

ucts of CG coefficients expressing the effect in the s
channel of exchange amplitudes in the ¢ or # channel—
essentially determines the solution. The existence of
self-consistent V and V* states in the Chew-Low model,
for example, is equivalent to the statement, as will be
shown below for a special case, that the relevant crossing
matrix has a unit eigenvalue whose eigenvector has all
positive components, to within a common multiplica-
tive phase.

In the full BB scattering problem, which includes
both Dirac and Pauli couplings for the vector meson as
well as pseudoscalar exchange, the static model cannot
be formulated in its usual form, and simple results,
dependent only on the crossing matrices, do not exist.
Nonetheless, as Wong!® has shown, the truncated
problem of S-wave NV scattering (with Dirac coupling
only to the p and w mesons) does possess a solution of
the type described above and perhaps provides at least
an indication of what to expect in the larger problem.

With an S-wave elastic NV isospin eigenamplitude
T{D(s) with I=0, 1 normalized so that

TO(s)= '@ singD(s) p~(s),
p(s)=p/E,

the elastic unitarity condition (8 real for s> physical
threshold) reads

Im[TWD(s)r=—p/E, s>4M?2,

with M the nucleon mass and s=4p?+4M2?=4E2 (p and
E, respectively, are the c.m. momentum and energy of
a single nucleon).

With the Lagrangian

L=1i(4m) 2 ,nNy NV +i(4m)2g,uN 2y N- V2, (3.2)
where V,* and V,* represents the isotopic-scalar and
0 D. Y. Wong (unpublished).

3.1)
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isotopic-vector Hermitian vector-meson fields, the ex-
change contributions are given, in .S wave and with the
indicated isospin, by

BO(s) 1 3\/8.’G(s,s?)
(o) ogem) 6

BM(s) 1 —1/\g*G(s,u?)
where G(s,u?), the dynamical content of the diagram,

is calculated in Sec. IT and Appendix B and is given by

G(s,12) = (1/18p2)[ (4p2+ 5M2+4M E)Qo+ 124201
+2(p2—2M E+-2M*)Q:],

where p is the meson mass and Q= Q;(1+u2/2p?) is the
Legendre polynomial of the second kind. We then have

(3.4)

BD=Y" X11.grG(s,ur?), 3.5)
T

with Xrr the so-called ‘“crossing” matrix.

Next, assume that u? and M2 are large compared with
$?, and expand G(s,u?) in powers of (1+4u?/2p?)~1; the
desired pole approximation to the Born amplitude is
then

2M2 2M?

s—AM2+-2ur? stsp

G(s,ur®)= (3.6)

The approximation is a low-energy assumption, appro-
priate to bound states near threshold, i.e., to massive
vector mesons with u~2M. For vector mesons of this
mass, the residue matrix is pure S-wave (this is shown
in a succeeding section), and the exchange contributions
in the D-wave and S-D transitions are strongly damped
due to the assumption p2/M*K1.

Substituting (3.3) in the usual equation for N and
using the approximation (3.6) yield

1 p ImBI(s")DX(s")ds’
N®(s)=— / -
wJL s'—s
1 2M2gr\D(s")ds’
= Z Im(X[p \
)L I s’+szf/ s’—s

(3.7)
XIIIZA/[zngDI(-— Sp)

I s+s7
T®(s)=N(s)/DX(s),
X[[:ZMzgpzDI(—Sp)

1
T (5)= .
) DI(s) %: s+sr

b

Guided by the N= static theory, approximate the D
functions by linear functions of s in the bound-state
region. Because of the assumption that the p and w
are bound states, D@ (ue?) and D®(u;?) must be set

KANE AND W. F.
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equal to zero, yielding
DO(s)=Colue*—s),

3.8
D(l)(s):C1(u12-“S) . ( )
As s— us? the amplitudes are given by
Xir2M2gr? Cr(ur*+s1)
TO(5)=%
r s+sr Crlur*—s)
Xrr2M2g?
-y — (3.9
I MI2—S

To be self-consistent, these pole terms must be equal to
those calculated from the Lagrangian (3.2):

T, 0 =2¢rG(s)/ (urP—s),
with @ given by
G(s)= (4M2/18)(1+2E/M)*=2M?2,

(3.10)

(3.11)

with the same approximation made above (E~M).
Combining (3.9) and (3.10), the self-consistency con-
dition is

g12=z XII'gI'2, XII'=<
I/

N e
[

>. 3.12)

(X is the conventionally quoted crossing matrix, cor-
responding to a normalization in which there is unit
CG coefficient at the vertex arising from the various
possible exchanges within an isospin multiplet.)

The self-consistency condition (3.12) states that the
coupling constants squared must be an eigenvector of
the crossing matrix belonging to the eigenvalue unity.
Additionally, for the coupling constants to be all real,
the ratio of any two components of the eigenvector
must be positive. Such a solution indeed exists for the
NN crossing matrix in (3.12), which implies

goNN?/ gonn?=3. (3.13)

Before discussing this result, let us see in what sense
static-model solutions of this type persist in the Pagels
approximation,’!? in which the left-hand cut is not
replaced by a pole and in which the linear approximation
to the D function is unnecessary. The self-consistency
condition in each of the independent isospin channels
now reads

Bl(a,ur®)(a—p1®) =4M*g*. (3.14)
Writing

Bl(a,ur®)=23, X'II'G((Z,,;J.I/Z)gt'2 (3.14)
T

results in

23 XirgrGlaur?) (a—ur)=4M?%g2.  (3.15)
II

11 Heinz Pagels, Phys. Rev. 140, B1599 (1965).
12 See our discussion of the N/D solution below.
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If the additional assumption is now made that the w
and p are mass-degenerate, then

G(a;uI 2)
2M?

(e—1?) X Xirgr?=gr?, (3.16)
I/

which must be true for all 1. The statement here is that
a self-consistent solution exists if the inverse of
[G(a,u?)/2M?](a— u?)=N\"11s an eigenvalue of the cross-
ing matrix; that is,

Xg2=)g2, (3.17)
where A need not be unity, and where the scale of cou-
pling strengths is now fixed by the vanishing of the D
function. N\ must still be positive (which excludes the
other, negative eigenvalue of X) in order for the cou-
pling strengths given by (3.14) to be real, and the re-
quirement for all positive eigenvector components (to
within the phase) still persists to ensure that all the
coupling constants are real.

Since, in this case, the only positive eigenvalue is
unity, (3.17) implies

(a—u)Glapu®)=2M",

which is satisfied (with a~6M2) for u~2M.

Wong notes that g2wN/g%N=3 corresponds to a
pure F-type coupling in SU(3).

Note, however, that the Wong result predicts pure
F-type coupling only if the w is regarded as the ws; if,
on the other hand, one regards the w as the physical w
and accepts the results of the mixing theory, then

<::)=<; —iX:)’ al4p2=1.  (3.18)

Adding an SU(3) singlet coupling to the Lagrangian

L£/i(4m)12= go‘%“BW,‘Bi, (3.19)
it is clear that the Wong result is equivalent to
8%/ 8.2=[3V3(4f—1)Bgn+agi]?gn?=3. (3.20)

The pure F type-coupling prediction is demanded,
therefore, only in the limit of zero mixing angle (a=0).

Further doubt is cast on the validity of this result by
the companion static-model bootstraps 5% exchanging
p and w, and 22 exchanging p and w, and a hypothetical
I=2 vector meson. The method outlined in the equa-
tions leading up to (3.12) works equally well for these
particles. The interaction is the same; only the CG co-
efficients, that is, the crossing matrices, change. For
Z¥ interaction, even the crossing matrix is the same,
yielding the result

gzo*/gzs"=3=(1+2/)*/3(1-2f)*.  (3.21)

VECTOR-MESON-BARYON COUPLING CONSTANTS
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The equation has two roots, f=1 and f=%. [At this
point, let us note that the analogous equation for the
Wong result

gno’/gn=3=3(1—4/)? (3.22)
also has two roots, f=1 and f=—3%.]
The £Z crossing matrix is given by
1/3 1 53

/3  1/2 =5/6 (3.23)
1/3 —1/2  1/6

and also has an eigenvector with eigenvalue unity cor-
responding to the static-model solution

g2w2132p21g2(1=2)2=%:1 O (324)
In terms of the SU(3) parameters, this implies
gzt (1-1)*
= =% f=(1x3)L. (3.25)
g3’ 22

The results (3.21), (3.22), and (3.25) taken together are
clearly inconsistent—no one value of f satisfies all of
them if in each case the w is regarded as the V=0, =0
member of the octet. A similar situation arises, as
Martin and Wali'® have discussed, when the Chew-Low
static theory is applied to Ex scattering. Both the dy-
namics of the interaction and the isospin structure are
the same as in the N= interaction; one expects, there-
fore, a resonance in the I=$% Fr state and not in the
I=13 state, an expectation contrary to experiment.
Martin and Wali go on to treat all the baryons and all
the pseudoscalar mesons together, taking the relative
couplings from SU(3) and obtaining the d/f ratio for
the pseudoscalar couplings as an output.

In view of the contradictory results of the static
model, and motivated by the success of the Martin-
Wali approach, this study, in addition to relaxing the
static assumption, will similarly extend the particle
multiplets scattered and exchanged to all the JP=1%+
baryons and all the vector and pseudoscalar mesons.

Next, let us study static-model solutions analogous
to those above, but with SU(3) as the underlying sym-
metry, exchanging singlet and octet vector mesons in
the cross channel and seeking singlet and octet vector-
meson poles in the direct channel.

Referring to the crossing coefficients of Table I, the
self-consistency condition in the singlet channel is
simply

8gvo?=[12f2+(20/3)d*]gvs®+gvo®.
For the cross-coupled octet channels the single-

channel static-model equations may be trivially ex-
tended to matrix form. Using the results of Table I

(3.26)

12 A, W. Martin and K. C. Wali, Phys. Rev. 130, 2455 (1963).
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-and the pole approximation,

6 2 2 2 82
B(s)(;):( St AV >2M 8vs..

4(v/5)fd  6f*4(10/3)d?/ s+s5
<1 0>2M2gvo2
0 1/ s+ss
2M2gvg2 2M2gV02
- Xt Xo. (3.27)

s+ sg s8¢
Then we have
ZMzgvsngD(S) ("" Ss)

1'\" G”(S) = +
ST58

) 2M2gv* X oD@ (—s0)
I ’

s+s0o

where N® and D® are now 2X 2 matrices. Making the
linear approximation to D®),

D®(s)=Clus*—s),
where C is a matrix of constants. Then
2M*gys?X sC(us?+-s55)C1
(5+58) (us®—s)
2M %y X C(ug?+50)C*
(s+50) (us®—s) ,

(3.28)

T(”)(s)::

(3.29)

and near s=u,?
T®(s)~ (Xsgvs®+Xogve?)2M2/ (us?—s), (3.30)

which to be self-consistent must be equal to the S-wave
pole terms (2.30) and (2.31):

. (m( (20/3)d?
P\ ays) fa

—4(\/5) fd\ 2M*
W )f) 33

1272

ug?—s
vielding the three self-consistency conditions
(20/3)d*gvs*=(6f*—2d%)gvs*+gvo*,

12 f2gvs?=[624-(10/3)d*]gvs*+gve*, (3.32)
—4(+/5) fdgvs*=4(/5) fdgvs®.

No set of real coupling constants satisfies the four
conditions (3.26) and (3.32) in the three unknowns, gyo
gvs, and f/d. While the approximations neglect the D
wave, the Pauli coupling, and the effects of pseudoscalar
exchange, and suffer as well from all the other (essen-
tially low-energy) assumptions implicit in a static model,
the failure of this solution is an unhappy turn of events,
not because the assumptions are plausible, but because
one might have hoped for a static solution to underlie
and suggest the fully relativistic results. The ‘“forces”
are, of course, generally attractive (and hence favor the
formation of poles). The structure of the self-consist-
ency conditions (3.26) and (3.32) is such that the ad-
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dition of inhomogeneous terms on the right sides may
make real solutions possible. This may precisely be the
effect of pseudoscalar-exchange terms. Possibly the low-
energy assumptions and the suppression of one of the
two spin-orbit degrees of freedom (the D wave) have
conspired to destroy any resemblance between the
model and the physics.

We note that C in (3.29) is implicitly a singular
matrix, since we seek solutions corresponding to a
simple pole of the scattering matrix. In general, we
have T=ND~'=ND/detD~ND/(us*—s). The require-
ment of a simple pole, where only one of the eigenphases
resonates, is

lim det[(us—s)T]=detV detD=0.
ug“—>8

Since detX is in general nonzero, detD(us?)=0. How-
ever, D=detDD'= C(ug—s), which implies that C~D!
is singular. Since C—! occurs only in the combination
C-1C, Egs. (3.29) are all well defined. It is easily checked
that solutions to (3.32), if they exist, correspond to
ordinary simple poles. Such solutions can be exhibited
merely by changing elements of the crossing matrix so
that (3.32) has a solution. C=constant matrix is not
the most general linear form for D, and solutions may
exist!* to the nonlinear system of equations when we
allow the form D=C’—Is, where C’ is a matrix of
constants and / is the unit matrix. We have incorporated
fully relativistic dynamics before embarking on such a
computer search.

IV. FULLY RELATIVISTIC SOLUTIONS

We attempt to solve the singlet and octet JZ=1~
ND! equations, including S and D waves, pseudoscalar
octet exchange, and the Pauli coupling, without making
any low-energy assumptions. In doing this, we pass
from the algebraic elegance of static-model results into
the unhappy world of 4X4 matrices, Legendre poly-
nomials of the second kind, and machine computation.
The input parameters, upon which the input Born-
approximation matrix depends, are

gvo: singlet, Dirac coupling,
gro:
gvs:

singlet, Pauli coupling,
octet, Dirac coupling,
grs: octet, Pauli coupling,

fv: octet mixing parameter, Dirac coupling,
fr: octet mixing parameter, Pauli coupling,

myo®: vector singlet mass,

myg?: vector octet mass,

mp?: pseudoscalar octet mass
bl

gnw: pseuodscalar coupling,

fp: pseudoscalar mixing parameter.

4 We would like to thank Dr. M. Whippman for emphasizing
this,
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The following simplifying assumptions were made to
reduce the number of free parameters:

mp?=0.13M2,
fp=04.

myi=myg?=~0.55M2,

gnim1d, (4.1)

M is the mean mass of the baryon octet. The remaining
parameters were varied as follows:

0.1<gv?<10,

0.1<gvs?<10,
—10<gro/gve<10
—10<grs/gvs<10
—10< fv<10,
~10< fr<10.

, but |gro/gvel = |grs/gvs|; (4.2)

The Pagels approximation!! was used to solve the
ND! equations. In this approximation, the kinematical
integral

dxp(x) Co

Z o
F(Z) =- / =
w Jar x¥(x—z) z—ay

is approximated by a pole, as indicated. p(x) is the
phase-space factor appearing in the unitarity condition
ImT-1(s)=—p(s), s>4M?
p(s)=p/E.
Co and ao were chosen for best fit in the bound-state
region 0<s<4M?, with the result Co=7"1, go=6.0. The

Pagels solution to the matrix ND~! equations is sym-
metric, satisfies

(4.3)

(44)

Im7T(s)=ImB(s) (4.5)

on the left cut, and is independent of the subtraction
point chosen in D. Unsubtracted dispersion relations for
T are assumed, but B(s) is expected to describe the
true discontinuity only in the region close to the be-
ginning of the left-hand cut.

It is well known that approximate solutions to N/D
equations are often very poor. By using a solution with
the above properties, we have avoided the usual diffi-
culties such as a strong dependence on the subtraction
point or a nonsymmetric solution. Whether we have
introduced other difficulties is not clear; they would
show up, for example, in a strong dependence of the
solution on the number of poles used in Eq. (4.3) to
approximate F(z).

If the behavior of the Born terms in the region where
we use them is similar to the behavior of the actual left-
hand cut of our amplitudes there, our solution may be
qualitatively meaningful. Note especially that we never
integrate over the Born terms (whose high-energy be-
havior is presumably not similar to that of the full
amplitude).

VECTOR-MESON-BARYON COUPLING CONSTANTS
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The solutions which we have constructed have the
following unfortunate feature: Since we have not fac-
tored powers of p from the D-wave and S-D-wave ampli-
tudes, the solutions do not,preserve the,threshold,be-
havior of the Born approximation amplitudes. (The
ND-! method “mixes” the threshold behaviors of the
B matrix.) If the factoring process is attempted, we
have

Tw= T”,/plpl’ s (4.6)
and all amplitudes behave like constants at threshold;
there is no mixing problem, but the unitarity condition

becomes
1Y 0
ImT“‘(s)=—£( . >
E\O p*

4.7)

Since our primary interest was in low-lying bound states,
far from the threshold region we have not followed this
procedure, which severely complicates the matrix
algebra.

We remark that the well-known left-hand kinematical
singularity (of the type 4/s) in the F amplitude causes
no difficulty in the Pagels approximation, which pre-
serves the given Born discontinuities of the left-hand
cut, both dynamical and kinematical.

Our computational scheme was as follows: With
masses and coupling constants as input, a program
calculated the Born-approximation matrices and their
derivatives and performed the matrix algebra of the
Pagels approximation, resulting in a D matrix and a
matrix Ry corresponding to the output residue matrix
when detD passed through a zero. Simultaneously, the
input residue matrix R; was calculated from the cou-
pling constants and masses, and solutions were sought
for which Ry=R;.

Let us first make some general comments on the
existence, sensitivity, and uniqueness of the approxi-
mate solutions:

(1) Existence. Bound-state poles, that is, zeros of the
determinant of the matrix D function, were plentiful
for the input ranges mentioned above. Imposing the
additional requirement that the zero appear in both the
singlet and octet channels, for the same input, severely
limited the input which could produce bound states.
It was found possible, and relatively simple, to vary
the input couplings so that the zero of the D function
corresponded to the input vector-meson mass of the
exchange diagram. The “elastic forces” of the BB sys-
tem are, therefore, in this approximation fully able to
produce low-lying bound states near the physical mass of
the vector mesons; this is not in agreement with the NN
calculation of Ball, Scotti, and Wong,3 but it is in agree-
ment with the Arnold* NV calculation (where exchange
forces are Regge poles and the anomolous magnetic-
moment coupling is neglected).

(2) Sensitivity and uniqueness. Let us say that for a
given set of input parameters a bound state resulted.
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Then it was found that relatively small variations of the
input parameters could drastically shift the bound-state
mass and even send it into the resonant region. (Our
approximation certainly fails in this region, but we
expect this qualitative behavior to persist nonetheless.)
The positions of the poles vary sensitively with the
input. Moreover, they are not unique; widely different
sets of input could be adjusted to produce bound states
which were self-consistent, at least in the sense that
input and output masses were the same. The significant
point is that in varying the parameters between differ-
ent regions of parameter space, both of which were able
to support bound states, one passed through regions
where there were no bound states.

So far, we have discussed the straightforward pro-
cedure of seeking zeros of the determinant of the D
matrix. This approach is similar to that of a potential
theory in which we have used exchange diagrams to
estimate the BB “potential.” Clearly, many possible
forms of this potential are expected to result in bound
states, and we do not expect the form of the potential,
from this requirement alone, to be unique.

In view of this ambiguity, we are led naturally to
invoke the bootstrap condition (Ro=R;) at the residues
in the hope that this restriction will remove the un-
fortunate freedom implicit in a potential approach and
sharpen out coupling-constant predictions. We there-
fore sought solutions in which the match between R,
and Ry was optional. In a sense, this requirement was
too restrictive: We cannot display any solutions which
are fully self-consistent at the residues. Moreover, we
found the output residue matrices to vary so sensitively
with input, that it was difficult, with the present method
of search and residue comparison, to resolve the am-
biguities on the basis of self-consistency alone, although
this is still, in principle, possible. Our final predictions
for the coupling constants (perhaps they should be
called suggestions) are based largely, therefore, on the
requirement that bound states appear in both the octet
and singlet channels, for similar input.

NG s o
L I—

I:f-r=0.4j|
FIXED

o
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Let us illustrate residue consistency with two ex-
amples. With octet-channel input,

gvo2=gvs2=4~0, grs/gvs=gro/gv0=5-0,

= 1_1 ’ = 0-4 y
Iv ) Iz (4.8)
mygi=my?=0.35,
ngr2:26) fP=0-47 mP2=O'13’

the output vector-meson mass is mys?=0.50, so that the
“solution” is self-consistent in mass. The input and
output residue matrices are

(—36 —16 72 —6.0
R |16 —7.0 30 —2.7
=1 12 30 —144 12 |
| —6.0 =27 12 —1.0
(4.9)
(—104 10 65 16
Roe 10 11 7 8
o 65 7 —12 8|’
L 16 8 8 14

with |1)=symmetric, S-wave; |2)=symmetric, D-
wave; |3)=antisymmetric, S-wave; and |4)= antisym-
metric, D-wave.

The agreement is not very good. If we vary the two
f/d ratios about the solution above, we obtain the detD
plots of Figs. 4(a) and 4(b).

Let us now display an “approximate’ solution in a
quite different region of parameter space, which we
found upon a somewhat random variation of parameters.
This solution will perhaps explain our reluctance to use
the word “prediction.”

With octet-channel input,

gvo2::2.0, ng2=3.O, fv=1.5,

gN’rz=0:

fT: 0;
(4.10)

gT02= gTs"‘= 0,

mv02=mvg2=3.0,

the output mass is mys?=2.95. The input and output

Fic. 4. (a) Determinant of the octet-
channel D function fr=0.4. See text for
remaining parameters. (b) Determinant of
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the octet-channel D function fy=1.0. See
text for remaining parameters.

fr=42

fr=40

(b)
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residue matrices are

(—8.3 057 —33 2.3
R, | 057 —004 2.3 —0.16
=1 33 23 —134 9.3 |’
L 23 —0.16 9.3 —0.64
(4.11)
(—0.60 094 —1.7 0.73
Roe| 094 —045 073 —0.52
T =17 0.73 —0.27  0.79
0.73 —0.52 079 —0.34

The agreement is almost as good as (that is, not much
worse than) the previous solution with the “likely”
couplings. It might be argued that we should discard
this solution because the vector-meson mass is un-
physical, but on the other hand it is also possible that
in neglecting the inelastic contributions (which are
“attractive,” as we have seen) we have had to com-
pensate by using erroneously large couplings. From this
point of view, the second solution is the more reasonable
one.

The singlet, 2)X2 channels exhibit, qualitatively, the
same behavior, with one important exception: The
tensor coupling had to be reduced to produce bound
states which appeared in both octet and singlet channels,
which is a useful restriction.

(BB[T]BB) (BB|T|PP)
: (PPIT[PP)

(V'=vector meson; P=pseudoscalar meson).

We have considered only the upper left-hand corner
of this matrix, decoupled from the remainder by the
assumption of elastic unitarity. Let us make this more
explicit. The unitarity condition on the elastic amplitude
(5.2)

ImTs8.85=2. T88,n*pnTn.B8
n

is exact, provided that all possible intermediate states
|n) are included in the sum. [The diagonal matrix p(s)
is a set of phase-space factors and 6 functions allowing
for the onset of physical thresholds.] We indicate dia-
grammatically in Fig. 5(a) the discontinuities demanded
of the elastic partial-wave amplitude by the unitarity
condition (5.2) for a selected set of intermediate states.
[We have not indicated the left-hand cuts due to -
channel singularities. These cuts actually overlap the
unitarity cuts and would demand special treatment in
an ND~! approach. We have also assumed, if only to
simplify the diagram, that the vector-meson pole lies
below the PP threshold. In the real world of broken
SU(3) symmetry, some of the members of the 1— octet
are bound states of the pseudoscalar mesons, while

BARYON
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Finally, we state the region of parameter space which
we regard as our best estimate for the vector-meson
coupling constants, based on the criterion that bound
states appear at reasonable masses in both octet and
singlet channels, for the same input:

1<gro/gve<4,
1<grs/gvs<3.0,
0.25< fr<0.3.

2<gve?<4,
2<gvs?<8,
0.75< fr<1.25,

(4.12)

V. INELASTICITY EFFECTS

Properly speaking, we cannot regard the vector
mesons as “bound states of BB pairs,” whatever the
preceding calculations and approximations suggest. It
is most useful to speak of a given particle as a bound
state or resonance of a specific particle pair when its
coupling to @il other states having the same quantum
numbers as the given particle is negligible. In view of
the apparent universality of the vector-meson couplings,
this language is certainly not warranted. We should
speak, rather, of the vector mesons as a singularity in
the JP=1— scattering matrix extended to include all
the possible states that couple to the vector mesons,
a few of which are given below for illustration:

(BB|T|VV) (BB|T|VP)
(PP|T|VV) (PP|T|VP)
<VV|T|VV> (vv|r|vp)

. (vP|T|VP)

(5.1)

others are resonances, and it is unclear which of the
two conditions persists in the limit of exact SU(3)

symmetry. ]

s-PLANE
~ELASTIC
r VIRTUAL THRESHOLD

THRESHOLDS INELASTIC
NNIHILATION THRESHOLDS
— e /4
/
4m 4m o

2 2
4MB [2MB+ 2mP]

N
<N

VECTOR MESON POLE
(a)

8-PLANE

/*V- MESON POLE

P EXCHANGE LEFT CUT
~V EXCHANGE LEFT CUT

(b)

F16. 5. (a) Right-hand (unitarity) cuts of the BB elastic-
scattering partial-wave amplitudes. (b) Right-hand and left-hand
cuts of the BB elastic-scattering partial-wave amplitudes in the
one-meson-exchange, elastic unitarity approximation.
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In our approximation, we have kept only BB states
in the sum, with the resulting cut structure indicated in
Fig. 5(b).

Let us attempt, from a general point of view, to
parametrize the effects of the neglected channels. For
this purpose, consider an #X#» T matrix partitioned as
follows:

T=Ti]'1 ’L',j=1,"',1’l/; TO:T'U; 71;].=1y"')m<”;
1
SERL
7= e | m. (5.3)
I

The unitarity condition for the #X#» matrix is
ImT=T1T, pij=0(s—s;)di;pi(s)-
Then we have ImT'y= TofpoTv+A, where

(5.4)

n

A= 2

k=m+1; l=m+1

Ta'0uTy;, 4,j<m<n. (5.5)

The unitarity condition for the truncated matrix 7' is
ImZTyl=—16p— (ToTTo)-lA , (56)

where it is well to remember that A contains 6 functions
appropriate to the excluded channels. The unitarity
condition written in the form (5.6) is useful because the
corrections due to the neglected states are separated
from the elastic term —1[6,].

If we now write VoDo! equations for 7', we have for
the Dy matrix

Do S—So [1(00)+ (I'()TTo)‘lA]NodS/
v / R (s"=5)(s"—s0)

where n-channel unitarity has been satisfied for the
mXm submatrix. The decoupling approximation is
(T'otT9)~'A=~0, or, more precisely,

00N ods’ (T To) AN ods’
/ > .
r('=35)("—s0) Jr (—s5)(s'—s0)

In terms of familiar things, let T be a single channel
and let all the thresholds be equal. Then

ZK’TOKlz Oin
(1"01'7’0)"1A‘_-—_:..~

, (5.7

m™

(5.8)

|T0l2 Oel

$—3So Gin Nods'
b1t [ (120)
r Jr cea/ (s'—3)(s’—s0)

When o, reaches its unitary bound, we have gin= g,
and the error in neglecting the inelasticity amounts to
replacing 1 by 2, effectively doubling the squared cou-
pling necessary to produce a given bound state. The uni-
tarity bound on ¢i, is, however, rather useless here,

(5.9)

and

(5.10)
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because the ratio oin/oe is 70f bounded by unitarity.
We can only say that the presence of inelasticity in-
creases the effective attraction. Estimates of the cou-
pling constants which neglect the inelasticity will be
reasonably accurate only if oy, is moderate in the range
of integration which contributes most to the D integral.
This statement can be sharpened if the inelastic thresh-
olds lie far above the elastic threshold, in which case
the correction terms are damped because of the lower
limit of integration. We are interested, however, in the
converse situation, that is, when the inelastic thresholds
lie far below the elastic threshold. Let us, for example,
identify the elastic channel as BB elastic scattering
and the inelastic state as | PP). Then we have

S—3So
Dgp.gp=1— /
R

™

X|:0( '—4 2)¢IT§B~PP]20(5/"47”1»2)'}
S —4amp T
|TEB,E312

lVEB'BBdS/

., (5.11)
(s’—s)(s"—s0)

where we can no longer identify the ratio of amplitudes
(squared) with the cross-section ratio because, for a
range of the integration, | Tz 55| is below the physical
threshold. At the extreme left of the range of integra-
tion, the corrections | T'ss,pp/T55 55| ? are likely to be
dominated by the vector-meson pole terms, especially
if the vector mesons are considered resonances of the PP
system. In this range of integration we have approxi-
mately

(5.12)

l TT:B,PP/TEB,EBl 2Egp7r2/gpzv2-

Only in the limit g,»>>g,» may we neglect the PP
inelastic threshold. A similar argument may be made
for the other two-meson states. This is perhaps a sur-
prising result, because experimentally two-meson states
are rare in pp (proton-antiproton) annihilation. The
experimental result, however, tells us only what we can
neglect above the physical threshold. Only a calculation
will tell us if we can neglect them below the BB thresh-
old. We are therefore led to insist that these states be
included in any attempt to improve the calculation.
(We should also include, of course, the many meson
states, as well as states such as BBPP, which lie above
the BB threshold.)

The ratio of calculations suggested and planned to
those actually performed in probably very small. More-
over, in.a large calculation of the type being suggested,
it is likely: to be very difficult to understand the meaning
of the results, however self-consistent-they may or may

‘not be. The problem will be complicated by the presence

of various spins, by the SU(3) degrees of freedom, by the
presence of widely differing thresholds, and by a patho-
logical cut structure. There are, however, several al-
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ternatives to this approach, in which we might seek
very limited and perhaps initially unphysical results in
exchange for increased insight into the various com-
plicating features of the problem:

(a) We can study the effect of the spin degrees of
freedom by considering a model in which all particles
are scalars in the internal symmetry, with degenerate
masses (for example, M p~mp=~my). This model re-
moves the SU(3) degrees of freedom and the patho-
logical cut structure. There may be interesting dynam-
ical symmetries due to the assumption of mass degen-
eracy, and the model may simplify the study of the
BBV and BBP interactions by removing some of the
technical problems mentioned above.

(b) We can study the effect of widely different thresh-
olds, together with the complicated cut structure, by
considering a scattering matrix of scalar two-particle
states with widely different thresholds and by investi-
gating the behavior of the solutions as a function of the
mass difference of the thresholds. This study may teach
us more about the effects of low-lying inelastic thresh-
olds and may result in useful machinery for handling
the problem of overlapping cuts.

(c) The effects of SU(3) might then be studied by
incorporating the SU(3) degrees of freedom in model
(a). Once these main features are understood, a large
calculation of the scattering matrix might be feasible.
In addition, the couplings of this calculation—the VV'V,
PVV, and PPV meson couplings—would enter in both
input and output residue matrices. Eventually, these
practical computational difficulties will be overcome.
It will then be seen whether a unique and fully self-
consistent bootstrap solution exists for the JP=1-
system.
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APPENDIX A: SU(3) NOTATION AND
OCTET CROSSING COEFFICIENTS

A. B;, V; P; Octet Multiplets and Their
Relations to Charge States

'\'[272+=B1—'i32, \/72+=Bl+’i32,

V2Z-=B+iB,, V2E-=B,—iB,,
30=B,, $0=B;,
V2p=Bs—iB;, VIp=B,—iB;,
V2E~=Bs+iBs, V2E~=B,—iB;,
V2n=Bs—iB;, V2n=Bs+iB;,
V2ES= B¢+iBy, V2E'=Be—iB.,
A=Bg, A=B;s,
Vigt=Pi—iPy, V2pt=V,—iV,, etc,,

VECTOR-MESON-BARYON COUPLING CONSTANTS
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V2= Pi+1iP; )
71"0 = Pa y ‘
\/ZK+= Py— 1P5 )
\/-Z—K—= P4+ ’iPs ’
\/ZKO'—‘ Pe— 1P7 )
V2K%= Pg+iPy,
X= Ps.
Note that the 7=2,5,7 members have opposite charge
parity from the ¢=1,3,4,6,8 members; that is,
CPC=n(P) (=) Pi= (=) Py,
CVC=n(V) (=) TVim (=) Vs,
where »,=0, i=1,3,4,6,8 and »;=1, 1=2,5/7. 5 is the

charge-conjugation number of the neutral member

[n(P)=+1, n(V)=—1].

B. Tarjanne F and D Matrices

The real, respectively antisymmetric and symmetric
F and D are multiples of the Gell-Mann F and D
matrices as noted in Eq. (2.25). They have the following
properties:

(== (=) By, k=0,
(_..)vo“l'*'ijkir_ (__.)w jki, trDi= 0,
LF4F7]= —Fu'F*, [#4,D7]

=—Fu'D*,
(D%, D)= F;'F*—(8/3)[ij],
{FiFi) = —3D;'D*-4{ij}—46;,
{D'\Di} = —Dy'D*+3{ij}+ 48,
{F,D3} = D;'F*,
Wlserg (1= —(7d), {i}=67+(71), and (if)as
’l:flej ﬁtrace properties follow from the commutation
relations
trFiFi=—126;,
trDD?=(20/3)6:;,
trFiDi=0,
trD D»D*Dn=—320/3 ,
trF*FrFrEn=8(72) ,
trF*FrFEDn=0),

trD*F*DrFr= — 320,
trD*D*FFe= 320,
trD*D»DFFn =),

C. Crossing Coefficients

Proceeding as in Sec. IT, we have, for the direct terms
of Fig. 3(a):

Vector-Meson Singlet Annihilation
(U11)=}8:;81mb:;01mgve’=8gvo?;
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Vector-Meson Octet Annihilation
(84/185)=(3/160)D;*D 1, * G ni"G i gvs?
= (3/160)gys%d? trD"D* trD*D"= (20/3)d?gvs?,
(84]82)=(1/96)gys2f? trF*Fn trF*Fn=12 f’gys?,
(8,]|84)=(1/8+/80)gys?fd trD*D™ trF*Fn
=—4(\/5) fdgvs’= (8|8:)-

For the exchange terms of Fig. 3(b), we have:

Vector-Meson Singlet Exchange
(1]|1)=§8:81mbibimgvo>= gvo?,
(8,]|85)=(3/160)gyo* trD*D¥*=gy(?,
<8a|[8a>= (1/96) (" trF"F")gV02= ng s
(8,]|84)=~trFtD*=0;
Vector-Meson Octet Exchange
1|j1)=4%gvs}[— f? trtF"F+-d? trD"D™]
=gva’[12/*+(20/3)d*],
(8,/18.)=(3/160)gvs*[— f* trD*FD*F™
+trD*D*DED" | = gys?[ 62— 24%],
(84]18a)y=(1/96)gys?[ f2 trF*FrF*F»— d2 ttF*D"F*D™ ]
= gve’[ 62+ (10/3)d*],
(84]|84)=(3/8+/80)gvs?[—ifd trD*F"F*D"
—ifd trD*FrF*Dv]=4(+/5) fdgvs®= (8.|8s).

Note that the last element is the sum of two equal
terms. For another channel the terms can cancel, which
is the case in BP <> BP with B exchange (see Ref. 13).

For the 10, 10, and 27 representations, it is easier
to construct charge eigenstates, exploiting the simple
hypercharge and isospin content:

G. L. KANE AND W. F.
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For example, we have
(27)27)=[—gz,*+ gzo*]=[— 4+ 44" ]gvs’,
where the Lagrangian (2.35) has been used to relate
gz and gz, to gvs and the mixing parameter. The octet-

exchange contributions to the 10 and 10 representations
follow similarly.

APPENDIX B: SINGLE-MESON ANNIHILATION
AND EXCHANGE AMPLITUDES

A. Vector-Meson Annihilation

See Fig. 3(a). The notation (\s\4||F|A:\s) is defined
in Sec. II. The results are stated in terms of the ro-
tation matrices

doolzlJ,E COSO d_111=%(1—,u) 5
di'=3(1—p), dml'—:—sin@/\/?,
(++]5]++)= °°:) Cov+gn(1-p2/ M) T,
yvi—S
(F+I5]++)=E+lFl++),
1
(+=lIg|+— >—~—(“—)-— 2E(gy+47)?, (B1)
my —S
11 (w) 167
=)= — 2B v e
my —
()16
<++Hsf||+——>————’—‘——vaM<gv+gT>
mv -
X Cgv+gn(1+p2/M2)].

We now partial-wave project in accordance with (2.5)
and rotate to the orbital-angular-momentum repre-
sentation in accordance with (2.16). The result is

= 2
|2-2+)=127), Q|s7=21y= 8rM (RSS RSD)) (B2)
W2{| pEO)+ |nE-)}y = | 10), my?’—s\Rps Rpp
1{| FE-)+ | FE9)} = | 10). with Ry defined in (2.30).
B. Vector-Meson Exchange
16wgy?[2p*+3M2(14p)] 16mgr?(3pH)(3—4utu?) 16mgvgrt
Gl = 2 | ’
myc—1i myd—1 my’—t
IM2(u—1) 16mgr? p? 16mgvg
5 == 1omgr b L[ g e ot (e M — 80,
my2—1 myi—t 4M? my“—1t
16mgy
(+=lgl+-)= (1+#)(P2+1M2)+ P?‘)(u— D(u+1), (B3)
my?— myl—
1- 16rgr* p? 16mgygrp*(u—1)
=l =y~ S —2 2 (s M put M (=
V2-—t\ 2 my:—t 4M my?—1¢
-+ |F 16 Ep? (1—p) 16 Ep?
brrisle o) Tomer M>+16,rgTz_1’_£ ) | Lomaver 2P
sinf my ——l AM my*—t my*—t M
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The partial-wave projections in the orbital basis are the following:
(a) Dirac coupling:

(SII5Y1S)= (8mgy?/9p?)[(4p*+SM*+4M E)Qo+12p°Q1+2(p*— 2M E+2M)Q:],
(D||5||D)= (8mgv?/9p?)[2(p*+2M*— 2M E)Qu+15p* O+ (p*+SM*+4M E)Q-],
(S||5Y| D)= (8wgv™V2/9pB[(2p*+M*— M E)Qo—3p*Qr+ (p*— M*+ME)Q:];
(b) Pauli coupling:
(S||FIS)= (87gr?/36M)[12p2— 4M2—8M EJQo-+ (87gr?/60M*)[12M*— 34p*+8EM]Q:
+ (87gr?/36M ) — SM 2+ 62+ SEM 0o+ (8mgr?/ 60M D[ SM2-+4p— SEM Qs
(D||5Y|D)= (8mgr?/36M*)[—8M*+9p*+8EM JQ0+ (87gr?/60M *)[30M*— 35p*—8EM J01
+ (8wgr?/36M %) [ —16M 2+ 9p2— 8EM Qs+ (8 gr?/60M %) (10M 2+ 5p*4-8 EM )Qs,
(S||5Y| DYy=(8gr?/36M ) [4M*+3p*+ 2M EV2Q0+ (87gr?®/60M *) [ — 18M *+ p*— 2M EN20:
+ (8 gr?/36M D) [8M2— 32— 2M ENZQu-+ (8mgrt/60M [ — 2M2— p2+ 2M EN2Qs;

(¢) Cross-coupling terms:

(S||5YS)= (8mgver/IM [ (= TM*—8EM)Qu+15M *Q1+8M (E—M)Q=],
(D||5"]| D)= (8gvgr/IMH[SM (E—M)Qot21M*Q1+(— 13M°—8EM)Q:],
(S]| 5| D) = (8gvgr/IM D[ (M*+2EM)Qo— 6M*Qs+ (SM2—2EM)Q5].
In all of the above, we have
Qi=Q:i(1+mv*/2p?),

where the Q; are Legendre polynomials of the second kind.

C. Pseudoscalar Exchange
See Fig. 3(c).
(++gll++)==lI5]+—)=(++]5]+-)=0,
(++5]|——)=16mgn*/ (ms*—1)(— 1),
(+=I5ll—+)=16mgn*/ (m—)(—11).
The partial-wave projections are
(S|5Y1S)=(8mgn+*/6)(Qo— Q1) ,
(D|[5]| D)= (87gn+"/6)(Q1—Q),
(SIFYID)= (8mgn+*V2/6)(Qo—201+Q2)

Qi=Qi(1+m4*/2p%).

where
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