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The Ra'yleigh-Ritz procedure for functionalities is used to make a partial determination of the approxi-
mate stationary states associated with a free relativistic electron.

HE purpose of this paper is to report the generic
form of a nonperturbative approximate solution
to the Schrodinger equation H®=E® for stationary
states ® associated with a single relativistic electron of
bare mass mo and charge —e, dressed by electromagnetic
radiation.! The one-electron-electromagnetic-radiation
dynamical system is described by the Hamiltonian
operator H=H o1+ Haq, Where

Ha=a-(p—eA¥(q))+pBmo 1)

and

Hou= / [HEM) |3 VXA = s, ()

In Eq. (1), the three components of the transverse part
of the electromagnetic potential appear as

A (x)= / 8 (x—y)Ar(y)dy,

and the quantity

1
Uypo=——" / |k |3
(2m)?

is a constant in Eq. (2). We satisfy the commutation
relations for the dynamical variables in Egs. (1) and (2),
Lgspr]=185 and [A4;t(x),Lx(y) ]=18;* (x—y), by tak-
ing a representation in which the components of ¢ and
At*(x) are diagonal, so that

pr=—10/0qx
and
Ew(y)=—15/3A4x(y).

With the latter functional differential operator repre-
sentation for the electric radiation field, we have the
state functional for the vacuum

1
9=exp[~5 [ e v2>1f2Ajtr<x>dsx] 3

* Work supported by a National Science Foundation grant.

1 For an early attempt to solve this problem by applying pertur-
bation theory, see P. A. M. Dirac, The Principles of Quantum
Mechanics (Oxford University Press, New York, 1949), pp. 306~
309; for a more recent attempt, see P. A. M. Dirac, Nuovo
Cimento Suppl. 6, 322 (1957). Most recently, a new perturbation-
theoretic approach to the problem has been reported by G.
Frieder and A. Peres, Nucl. Phys. 4B, 306 (1968). The latter work
shows that the formal summation of all one-electron line rainbow
diagrams may lead to a convergent approximate solution for the
Dyson-Schwinger electron propagator.
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satisfying the functional differential vacuum state
equation

Ht= [[
m 26A,-(x)6A,-(x)

— 34074 ,-tr<x>—um]dsxsz=o. @)

Thus, if we put ®=Q¥ with the four components of ¥
complex-valued functionals of At*(x) that depend on g,
the Schrodinger equation H®=E® produces the func-
tional differential-partial differential spinor equation for
v,

(Hel+ / | 400 v2>1f26Af 5

1 8
2 84 ;(x)04 ;(x)

]d3x——E)\Il= 0. (5

The Rayleigh-Ritz procedure for functionalities®
can be applied to establish a generic form for ap-
proximate solutions to Eq. (5). We introduce the
energy functionality?

E=E{¥¥t}= / [{xyfﬂeﬂz)

ort v

+<% / 64 5(x) 84 j(x)d3x>:|d3q/ / wFg, )

where functional integrals over all fields Atr are denoted
by

with the measure D(At) displacement-invariant and
normalized to give (1)=1. The essential property of the
energy functionality (6) is that it is stationary with
respect to independent variations of ¥ and ¥' about
solutions to Eq. (5), 8E=0.

Detailed consideration of the asymptotic character
of Eq. (5) for large and small At*(x) shows that solutions

2 G. Rosen, Phys. Rev. Letters 16, 704 (1966); Phys. Rev. 156,
1517 (196;); 160, 1278 (1967); 167, 1395 (1968) ; J. Math. Phys. 9,
996 (1968).
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are described approximately by the form

¥=[expe-T(q) ¥ (a)
e-T(q)
|'T(q)]
Ti(q)=eE7'F(— E*V)4(q)

1

- (cosh| T(Q)|+ sinh| T(q) | )aﬁ(q), 8)

e f F(E-2|k| e[ fpr(x)dkdix, (9)
Y3

where ¢(q) is an ordinary Dirac spinor, £ is the total
energy of the state, and F(£) is a real scalar function.
For application of the Rayleigh-Ritz procedure, we
constrain §(£) to satisfy the conditions

2 0
— [ s(erag=n, (10)
7 0
\ being a fixed positive parameter, and
=G+ [ 5@t Gy
0
x [ sergris
0
=4/ &) (14+22—e). (11)

The quantities ¢(q), ¥'(q), and F(¢) [constrained by
(10) and (11)] are to be varied independently to obtain
Rayleigh-Ritz equations from an evaluated expression
for the energy functionality (6) with the form (8). To
accomplish the evaluation of (6) with (8), we first
employ explicit functional integration or the functional
integration by parts lemma? to derive the preliminary
formulas

A E@)A () =5(— V)12, (x—y), (12)
(T T i(q))=5845, (13)
<Tix (q) v T:‘u(q»
= (%)\)" Z ain'z' * '61'21.-11'27” (14)
distin%irg;.irings
(2n+1)!
(T T5(0) | T() | )= "n @, (15)
(2n+1)!
IT@I=—"—=@", (10
(A (q)-T(q)| T(q)|2"2)
(2n+1)! E o
S an f §(©)ds. (17)
nl 2472 /4
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Then, by using the additional formula

] 8T'i(q) 6T';(q) _¢E [®

67!'2 0

F(£)2812dgd:5, (18)

performing some elementary algebraic manipulations,
and summing up transcendental power series in \, we
evaluate the functional integrals in (6) as

(WHa¥) =324 (1420 W' (@)e- ¥ (q)

el
-+ ] 5(0)de vt Qv (@)

t
<§ / 6:\ji(x) BAaix)d3x>

el
=[P
672

+mopt @By (@), (19)

X / F(OrerdE gt @w(a), (20)

(W)= (1420 (¥ (). (21)

Hence, the energy functionality is given by
1
E=E[y 4" 5]= [5[2(1—1-2)\)‘16”‘-]— 1

X / VH(@e-py(@)dg+ (1420) 1 m,

x / w(q)@zp(q)daq} / [ o

HEE[1—(1+20)7%], (22)
where condition (11) has been used to combine terms
proportional to E. Thus, we have 6E=0 for a variation
of (£ which preserves conditions (10) and (11). For
independent variations of y(q) and y'(q), 6E=0 pro-
duces the proper relativistic wave equation

(e p+mB—E)(q)=0

and its complex conjugate for an electron of positive
observable energy E greater or equal to the dressed mass

m=3[ (14 2\)e*+2T]m,. (24)

Hence, the Rayleigh-Ritz procedure indicates that a
generic form for approximate solutions to Eq. (5) is
given by (8) with () constrained by (10) and (11),
¥(q) satisfying (23). However, the Rayleigh-Ritz pro-
cedure does not admit a complete determination of & ®

(23)
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nor a determination of the value of the fixed parameter
defined by (10). Suitable additional relations derived
from Eq. (5) are required to fix F(¢) completely. To
obtain such additional relations, we note that the direct
substitution of (8) into the left side of Eq. (5) produces
the expression

[ Do+ D1+ (higher-order terms in A®) ¥ (q), (25)
where
Doy=a: pt+mob— (u+1)E, (26)
Di={a pt+miB—[(5/Nu+1]E}e-T(q)
—e-A(q)+a-[ (= VOV T(g)], (27)
and
62 ']
=— | gF(rerd:. 28
v | serenas (28)

Now, if (8) were an exact solution to (5), we would have

Dy (q)=0 and Duy(q)=0, (29)

with (25) vanishing identically for all At if (8) were an
exact solution. The simplest relations compatible with
the form of (8) that are implied by conditions (29),
therefore logical relations to be imposed on the approxi-
mate solution (8), are

/ Y1 (Q)BDw (q)d%

— Drto— (1] f P@U@P=0 (30)

and
/ ¥/ (@ T(@Do+ Dy W (@)

= / Y (@e-{— (14/9ET (q)— eA*(q)

+[(—= V)" T(@) ¥ (@dg=0, (31)
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where Eq. (23) and the associated integral relation

m
f @By @)= <E> f Vv (@)Pg

have been used to get the second members in Egs. (30)
and (31). Equation (30) and the definition (28) produce

Mo € °©

e =—

m 472' 0

F(e)erde, (32)

while Eq. (31) and definition (9) yield

§<s>=[sm—<14/9>n]*1=[s}/?——%(ﬂl)r (33)

9\m

The latter expression for &(£) confirms the general form
of the solution prescribed by (8) and (9), but (33)
gives divergent values for the integrals in (10) and (11);
therefore, (33) cannot be accurate for £/2==(14/9)
X [(mo/m)—1] or for very large values of ¢. If, however,
the main qualitative feature of the square of Eq. (33)
is accepted, that is, a sharply peaked form for ()2
about #/2= (14/9)[ (mo/m)—1], we would expect to

have
*© 14 Mo °
/ sorpn (1) [ s
0 9 \m 0

(34)

Then it follows immediately from (32), (10), and (24)
that A=23/7 and m=20.62m,.

In conventional terminology, the analysis presented
here gives an approximate solution for the cloud of
virtual photons around an electron. However, a theory
based on the one-electron Hamiltonian (1) does not
allow for electron-positron pairs in the cloud, as pre-
dicted by full-blown quantum electrodynamics with a
second-quantized electron field. It is hoped that a
generalization of the nonperturbative functional inte-
gration approximate method presented here can be
worked out for the complete theory of the electron.



