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Final-State Interactions in the X ~ 3~ anti z ~ 3~ Decays*

MIcHAEL PARKINsoz

Physics DeparImeet, Syraclse University, Syracuse, Eau York l3ZÃ
(P„eceived 19 April ]968)

We derive an integral equation which shouM describe, to a good approximation, the results of any theory
of the E and g 3m decays. We show that present experimental information implies that one subtraction in
this equation is not enough; instead, we 6nd that two subtractions are necessary in order for the equation
to describe experiment correctly. We then observe the striking fact that for the weak (E) and electro-
magnetic {g) decay processes leading to a 3~ Anal state, the subtraction constants are identical, up to an
over-all normalization. A short discussion of the possible significance of this is given, although no definite
conclusions are reached. Our analysis con6rms the suggestion that x'vl' 6nal-state interactions &ill appear
only in quadratic terms in the 3x 6nal state.

I. INTRODUCTION

HERE have been numerous theoretical studies of
the structure in the E—& 3x and q —+ 3' decays.

The most recent' have taken an approach via the alge-
bra of currents, and while the results for the E decays
are encouraging, the results for the g decays are some-
what puzzling. Furthermore, one can argue' that the
current-algebra results for mm scattering preclude the
presence of signi6cant anal-state interactions in the
E-+ 3x and g —& 3m decays. Thus, if this contention is
correct, the observed structure is due to weak (It-
decay) or electromagnetic (g-decay) interaction itself.

This vievr is contrary to that of the older approach, '
where it was assumed that the Anal-state interactions
wer'e the cause of structure observed. One of the argu-
ments in favor of this view is the similarity of the E-
and q-decay structure, as auld be expected if the ~m

6nal-state interactions were the dominant feature of the
decay process. This would open a door to the determi-
nation of the low-energy m.x phase shifts, a door through
which many have attempted to pass, with varying
results.

In the hght of the above, we propose to study these
3m decays in a very general way, making use of as much
experimental and theoretical information as we can,
in order to draw as many conclusions as we can from the
present situation.

II. DEVELOPMENT OF AN INTEGRAL
EQUATION

On very general theoretical grounds, we may claim
that the integral equations proposed by Khuri and

~ Work supported by the U. S. Atomic Energy Commission.
~ For the g decay, see %. A. Bardeen, L. S. Brown, B. W. Lee,

and H. T. Nieh, Phys. Rev. Letters 19, 1170 (1967),and references
therein. For the IC decay, see Y. Hara and Y. Nambu, ibid. 16,
875 (1966); D. K. Elias and J. C. Taylor, Nuovo Cimento 44A,
528 (1966);48A, 814 (1967).' S. Weinberg, Phys. Rev. Letters 17, 616 (1966).' L M. Barbour and R. L. Schult, Phys. Rev. 155, 1"/12 (1967);
W. A. Dunn and R. Ramachandran, ibid. 153, 1558 (1967);N. N.
Khuri and S. B. Treiman, ibid. 119, 1115 (1960); L. Brown and
P. Singer, Phys. Rev. Letters 8, 460 (1962); A. N. Mitra and
Shubba Ray, Phys. Rev. 135, B146 (1964). Other and earlier
references may be traced from these; for this purpose, the erst two
above are most useful.

Treiman in 1960' should correctly describe the results
of uey theory of the E and g 3m decays which meets the
requirements of I.orentz and isospin invariance, caus-
ality, smooth (analytic) behavior, etc. ; in a word, all ot
the things most theoreticians would say they believed
in, even though solid experimental proof of these things
in the realm of high-energy physics is not really availa-
ble, although it can be said that none of these assump-
tions has been proved wrong. It is also worth mentioning
at this point that the Khuri-Treiman equations are
three-body equations; thus rescattering e6ects are ex-
plicitly built into them.

So, granting the validity of the Khuri-Treiman equa-
tions) we have

ds
2 (st, ss,ss) =- — — (J(s') fse (s')

S Sl

&(s)=

dQ23
A (s,ss,ss),

4m

d023
8(s,ss,ss),

4'
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C(s,ss)ss),
kr

»=(Ps+Ps)', ss=(ps+Ps)s
ss (Pl+ ps)', fo(s) =e'""sinbe(s),

fs(s) = e'"'*' sinbs(s),

dSI

+— — (sLB(s')+C(s')$ fs*(s'))
S —S3—tc

+subtractions. (1)

There are two more equations just like the above in
which A, 8, and C are cyclicly permuted. The following
de6nitions have been made:
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where 0~3 is the solid angle between particles 1 and 2 in
the (23) c.m. system, and bz is the s-wave 7rm phaseshift
for isospin I. The E(rl) b 3m amplitude is related to A,
8, and Cby

M p'Npy bp~bpyA (sgp$2y$3)+bppbyggB ($1&$$&sb)

+b~vb~pC(sg, sm&sb),

where a,P,y=1,2,3 and indicate the charge state of a
pion; p tells us the s component of the total isospin
(which has been taken to be I= 1) and thus tells us the
charge of the decaying state.

In writing all the above, certain additional assump-

tions, besides the very general ones concerning caus-

ality, relativistic invariance, etc, have been made. We
shall list and discuss these here:

Since all of the assumptions which we have men-

tioned are quite reasonable, the validity, to a close ap-

proximation, of Eq. (1) is very hard to dispute. It may

be possible to improve it, but we shall not consider this

problem here.
The following symmetry properties hold for A, 8,

and C:
A ($1&$2&sb) =B($2&sb&$1) = C(sa&Sz&$2) &

A (sy, $2,$b) =A (sy, sb, sb),

B($4$4$&)=B(sy,s4$&),

C(sy~$2~$b)
—C(sg~sb~$2)

(3)

These are the consequence of Bose statistics for the

pions.
Note that for E or g~x+x ~, we have only

A (sq, s2, $&) contributing to the decay matrix element. As

nearly as can be told, A ($&,$2,$,) =f(s&) only, i.e., only

(1) Only two-pion intermediate states are significant

in the discontinuities which go into the dispersion inte-

grals. This is a standard low-energy approximation,
which should be a good one. However, the neglect of
higher-cut contributions must be accommodated by
at least one subtraction.

(2) Only s-wave mar scattering is important. Again,

this is a standard low-energy approximation, which

should be good, especially since we have a free sub-

traction parameter to accommodate any (reasonably

constant) error introduced.

(3) Only the I=1 state of the three pions is im-

portant. For the g decay this is hard to escape, since C
invariance means only I= 1 and 1=3, and only a very
unusual decay interaction could supply hI =3. Such an

interaction has never been seen. For the E decay, C is

not conserved and we are stuck with the following argu-

ment: Since the kinetic energies involved are low, one

would expect any pion to be in an s wave with respect to

any other. In that case, we need a totally symmetric

decay amplitude, which would come from the I=1 3m

Anal. state.

the odd-pion energy seems to show any variation. ' This
fact has some remarkable consequences, which we shall
now begin to develop.

First of all, from Eq. (1) we see that

A (si,s2,sb) =a(si)+b($2)+b($3). (4)

Using the symmetry properties (3) while inserting (4)
into (1), we hand

dS d02d
a($)+-'b($) =- — f."—($')

s' —s—i e 4z

&& (a(s')+ 8[a($2)+a(sb) j
+3b($')+l[b(s )+b(s )j)

dS
b(s) =

s —s—ze

d023
st[f2*(")j

kr

and

we obtain

Cs($142qSb) =a(sl)+a($2)+a($3)

Cb(sg, sm, sb) =b(si)+b(s, )+b(sb),

1
~(s) =-

6m

ds

. (fb*(")[C.( s) +4C(b$)3
s —s—z6

and

N(s) =-
6m

—
2 f2"(s') [C.(s')+ Cb($')3

+[4fo*($')+Sf2*($')l~(s'))

ds

. (fo*(")IC.(s')+4Cb($')3
g S —S—ttE,

+-',f2*(s')[C.(s')+ Cb(s') j
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where

and now

C(s) = d023
C(s,ss,s,)

4m-

A ($~,$2,$$) = Cb(s~, s,,sb)+2m(s&).

Thus, according to experiment, we have C~=const. 4

This is because, as previously mentioned, there is no
dependence on s2 and s3,' therefore, since C~ is com-
pletely symmetric in s~, s2, and s3, it must have no de-
pendence on s~ either. Ke shall take Cq=1 for con-
venience, for we cannot compute the absolute magni-

4 For the E decay, see B. M. K. Nefkens et al. , Phys. Rev. 157,
1233 (1967), and the references- therein. For the g decay, see the
Columbia-Berkeley-Purdue-wisconsin-Yale Collaboration, Phys.
Rev. 149, 1044 (1967).

X [a($2)+a(sb)+2b(s')+b($2)+b(s, )1

Letting e(s)=-,'[a(s)+b(s)j and b(s)=2[a(s) —b($)$,
and defining
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we have

&(s) = p+ p pp+

((s) =N(s)+„

(S —Sp—pp) ($ S Zp)

&& ( (s')Lfp*($')+-'f1*($')3

+f($') t:4fp'($') —fp*($')3

dS$—$0
f($)=pep+

6m'
» ($ sp PP) ($ s &P)

&&( (")Ef.*(")-!f.*("8
+t'(s')[4fp*($')+5fp*($') j) (6)

p(s) = dQ23
p(s, sp, sp), t'(SI)+1 (sp)+1 (sp)= ', p(sl, s-p, sp);

4x

tude of the decav rate anyway. Finally, setting

C»»(sl»sp$»I)= —2+p($1»sp»sp)» t (s)='v($)+p»

and
X(x,y,s) =x'+y'+s' —2 (xy+ys+sx).

I(s) is the explicit form of the integral over dQpp,

which we have changed to an integral over x. Ke have
thus Inanaged to convert the linear, multivariable,
coupled integral equations of Khuri and Treiman into
a single, nonlinear, one-variable integral equation. As
the price for obtaining this simplihcation, we have some
nonlinearity. At 6rst sight, this may seem like a high
price to pay, since Eq. (9) is far from easy to solve for
8(s), given an fp{s) and. an fp(s). However, we shall see
that there is much to be learned from it anyway.
Besides. we do not really know fp(s) and fp(s) anyway.

111. CONSEQUENCES OF THE INTEGRAL
EQUATIOÃ (9)

Tllc first polll't to Ilo'tc ls tlla't, slIlcc I(461» ) will be»

in general, a complex number with nonvanishing irnagi-

nary part, when we take the hmit s ~ 4m ' in Eq. (9),
we Gnd we must have

(10)

where ul is the s-wave mw scattering length for isospin
I. For, as s —»41)I ', we have from Eq. {9) that
op+I (451» ) (op pop) = 8&» wllel'c 8» ls 'tllc scat tcrlng
length for 5(s). Since all the u's are real, Eq. (10)
follows. Ke also see that

$1+sp+Sp=5= 3$p=E +3)lz»»

I=PI+Pp+Pp» and Pp= P(sp»sp»sp).

We have lmw explicitly made one subtraction at the
symmetric point s~= $2= s~=so, where all three pions
have the same energy. And we now have simply
~(»»sp»sp) =1'(»)

Note that Eq. (5) does not enter into the decay
process at all, and Eq. (6) has a solution if and only if

Gp= Cg.

4fo"(s')+Sf '($ )+Lp($ )/t'(s )j
yLf »»{$») 5f »)»($»)1 6e-ip(»») sing($») (7)

where p($') ls some real function of s'. If Eq. p) is true,
then

1)(s')ds'

(s —sp —pp) (s s pe)-
t'(s) = exp

ls a solution to (6). And tlllls wc i)nally obtain

f.()+I()tf.()--:f{)j-""

I($)= dg exp
3I»!(s) (,))I

b(s')ds'
x

(s' s+i p) (s'—y x+u—)—
=

p (sp+Sp) =
p (S—$)» x=y(s& Sp)»

-X(I",s,p)p ') s—)-'lP
E(s)=

4s 4 ~ G. F. Chcvr and S. Mandelstam, Phys. Rev. 119, 467 (1960).

Equation (10) is the famous Chew-Mandelstam rela-
tion and seems to come mainly from crossing sym-
metry. That we get it is not too surprising, since cross-
ing symmetry is built into Eq. (1). So Eq. (9) passes
its first test by yielding a (perhaps wrong but at least)
familiar result.

We now discuss the kind of solutions to Eq. (9) for
1)(s) which can explain the 3s decay spectrum for the E
and y decays. Restricting ourselves to simple analytic
forms, we immediately note the following two:

Case (s,):The scattering-length approximation (dis-
covered by Khuri and Treiman in their 1960 paper').

Case (b): The pseudoresonance approximation (in-
spired by Brown and Singer's o meson'). These two
seem to exhaust the class of easily imaginable, simple
functions for 8(s) which can explain the data.

Case (a). We assume (k/E) cotl)(s) =—1/u„where
k'=xps —m ' and F.= g(41s); a„ is a dimensionless scat-
tering "length, "which is equivalent to the usual non-
relativistic scattering length measured in units of
pN '=Vlf. We kno-w that the decay data for both the
EpP and») decays are well described by A(sl, sp, sp)
= 1—0.2(2TI—T~ )M/I)p ',' where M is the mass of
the decaying particle, sl= (M—IN )'—2MTI, and
T~~ occul s when sy =4$8g . If cg ls smallq then
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8(s) =—(k/E)a, . Thus

Inl'(s) =
—a, (s—so)

" s' 4$

(s —so—oo) ($ s f 6)

1 so —t '~' 1—[(~o—&)/~o]'"
ln

7r so 1+[(~o ~)/~oj

=1+(2a,/~so) (s—so).

Experiment tells us to take a,=+1.This means that
ao=+1, i.e., that 8o(s) &0 for s=l+o, where o((f And.
it can be seen that So(s) not only starts out going nega-

tive, but with 8(s) = —k/8, it will rorWiele to go nega-

tive. This behavior for 80 seems to be ruled out by the

E,4-decay data, which strongly suggest 80&O in the

low-energy region. This seems to eliminate the scat-

tering-length approximation.
Case (b). We assume here the following form for 8{s):

5(s)~ ma' —s s (ma'

(co»
myra s—3 k mao

(12)

where 6&1, esp is the mass of the "resonance, " and

I"g is its width. For 6= 1, the above is the normal rela-

tivistic Breit-Vhgner resonance approximation. If we

now take the small-width approximation Fg&&1, we

And, agMIi DcglcctlDg Over-all phase and normalization

factors, that

The imaginary part becomes just a phase jn I (&) and

does not concern us here. To get an idea of how this

behaves, let us assume that s—t&&s; we then find

value ~. Using the simple Watson form' of the Gnal-
state-interaction theorem [A e"o&' sinbo(s) j, one
would not be led to the form that we obtain here. In
other words, Eq. (9), which includes three-body effects,
gives us much more general expressions for the decay
amplitude, expressions which may differ widely from
what we would otherwise expect. At this point, it would
be good to emphasize that we are not seriously propos-
ing a cut on the second sheet (when 0(d & 1) for f (s)
as Eq. (13) might suggest. Kxac'tly what smguiarlty
structure would cause the behavior for f'(s) that we have
obtained here is not clear; nevertheless, for s on the real
axis, f'(s) is approximately given by (13).

If now, using Kq. (12) for 8(s), we solve Eq. (9) for
80 and 82, which can be done easily and directly, we shall
have some m.x phase shifts which can then be reused in
Eq. {9) with S=m,'+3m. ' to predict the g-decay
amplitudes. [The only change in Eq. {9)between the
g and E decays is to let P'=m„' and S=m„'+Bm '
instead of E'= mrr' and S=mx'+Bm, '.g The ore phase
shifts extracted from Eq. (9) are shown in Fig. 2. In
order to Qnd an approximate solution to Eq. (9) for the
g decay using the phase shifts of Fig. 2, we do the follow-
ing: Parametrize 8(s) by Eq. (12), with ma and I'a to
be adjusted so that the left and right sides of Eq. (9)
stay reasonably close to one another over the range
4m ~&s&16m 2. We shall in this way generate an ap-
proximate solution to Eq. (9) for the g decay. We expect
this pl'occdulc to bc wolkablc slDcc tÃ ~=5g 2 Havln
obtained mz and I'a in this way, Kq. (13) yields the
g-decay amplitude. Doing this, we And that the q-decay
amplitudes using the phase shifts of Fig. 2 in Kq. (9)
are in reasonable agreement with experiment. One can
quickly convince oneself that this has to be so by re-
membering again that ns, '=m~', which means that
Eq. (9) does not change much.

%c have succeeded, therefore, in explaining the E-
and q-decay data, with a positive s-wave I=0 xx phase
shift. But we still have problems, for the E,4-decay data
also show no structure as would be expected from
8o(s) =constXH(s —sa). In fact, the E.o data are almost
consistent with straight phase space. So wc must also
eliminate this possibility of explaining the E—+ 3m and
g ~3' decays.

Examples of choices of 6, mg, and I'g which can

accommodate the E-decay data are shown in Fig. 1.
The 6=1 case, of course, is just the explanation

offered by Brown and Singer' —a real resonance at a
mass 400 MCV. However) the analysis shows here

that all we really need is a step-function-like behavior:

h(s) u8(s —sa), where a docs rsot have to have the

~ R. %. Birge et uL. , Phys. Rev. 139, 81NS (1965); in Ero-
cegdings of the Thirteenth Intnnatioeoj Confereme oz High-Egergy
I'IIys~s, Berkeley, JN6 I'University of California Press, Berkeley,
1967).

These two forms for $(g) seem to be the most general
»»pie kmds {i.e., without many oscillations) that can
explain the E~ 3x and q ~ 3m decay data. Since they
both contradict thc bo(s) inferred from the X,o-decay
data, we are forced to the following conclusion: Provided
that there are Do problems hitherto unrecognized in the
present interpretation of the results of the X,4 experi-
ment, wc must have, not one, but )m 0 subtractions in the
Khurl-Treiman cquatlons, ol, equivalently, wc must

7 K. M. Watson, Phys. Rev. 88, 1163 (1952).



I IG. 1. Predicted E-decay spec-
trum compared with the experi-
mental values of Ref, 9, and also
the linear matrix element which
describes the spectrum well.
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S—$0
I'(s) = exp P(s—s«)+

X
(s' s« i «)'(s—' s—i«)——(13)

quadratic effects ~ (s—s«)' on the 3' Dalitz plot will
show the inQuence of the mx 6nal-state interactions.

V. IMPLICATIONS OF THE TWO-SUBTRACTION
HYPOTHESIS

First of all, we note that when the parameter
P=0.2m -', Eq. (13) yiehb

Clearly with the parameter P we cail easily explaill the t (s)=1+0 2(s so)/iN~'

E and g ~ Bx data; as has been suggested before, ' only =1—0.4(T—-', T )Mjm ', (14)

Fxo. 2. 8» and t4, the s-wave I=0
and I=2 ~ phase shifts for the two
cases b=$ and 6=1. See text for
dlscusslon.
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~ G. Barton and C. Kacser, Ph)%. Rev, Letters 8, 226 (1962}.
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the fact that p„=pII, although the author has not
managed to discover any simple ones. So, at this point,
@re shaH leave the explanation of this phenomenon as a
very suggestive but open question.

Fyo. 3. Pion-pole model for 3x decays.

so that we obtain the usual experimental its to both the
E Rlld r1-d-ccay data Tll.lls p 18 R constant Independent
of mheIher the decay is weak or electromagnetic. This is
indeed a striking result. In the current-algebra calcula-
tions, ' the same thing occurs, although not without
some effort and extra, almost ad hoc assumptions for the

q decay. It would be fair to say that current algebra does
not immediately supply a strong reason to expect

P= const.
Why, then, is this so? One possible explanation is

shown in Fig. 3 (a), the pion-pole modeL" One assumes

that the E—+ x and q —+ m transitions are the dominant
weak and electromagnetic processes. Figure 3(a)
assures p„=pIr. On the other hand, why should we not
include Fig. 3 (b) P And Fig. 3(b) does trod yield P„=PIr.
Furthermore, note that SU(3) symmetry predicts that
the ri~ 3Ir amplitude given by Figs. 3(a) and 3(b) is
identically zero." %hat aD this means is not im-

mediately clear.
There are no doubt other possible explanations for

' See, for example, 3.M. K. ¹fkens et al. Phys. Rev, 157, 1233
(196'/), where the linear 6t given by Eq. (14) is compared with
both the E and q decays.

'0 G. Barton and S. P. Rosen, Phys. Rev. Letters 8, 414 (1962);
C. Kacser, Phys. Rev. Do, 355 (1963)."I am indebted to J. M. Schechter for informing me of this
remark due to S. Okubo.

VI. CONCLUSIONS

On very general grounds, we have discussed the X
and g —+ 3x decays. An accounting of three-body e6ects
was included in the dispersion analysis made, and the
following results were obtained:

(1) us= sstrr, which is the famous Chew-Mandelstam
s-wave 1=0,2 scattering-length relation.

(2) Two sllbtl actloIls al'c needed 111 thc dlspcl's1011

equations. This indicates increasing high-energy be-
havior of the discontinuity.

(3) The subtraction constants are equal for both the
E and p decays. This is particularly striking, since the
decay interactions are not the same. No convincing ex-
planation of this phenomenon seems to be available.

(4) s.s. final-state-interaction CB'ects can first be ob-
served only in quadratic terms on the Dalitz plot. That
this might be so has been emphasized before. '
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