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The method of phase contours is applied to some problems concerned with scattering at fixed angles. The
crossing-symmetric generalized Regge model developed in a previous paper is used to illustrate possible
characteristics of the behavior of scattering amplitudes. These characteristics are discussed both in the
complex energy plane at fixed angle and in the complex cosf plane at fixed high energy. The former leads to
a procedure for studying fixed-angle behavior by means of entire functions on whose orders some limits
can be established. The latter leads to a generalization of the lower bounds on high-energy behavior obtained

earlier by Cerulus and Martin, and by Chiu and Tan.

1. INTRODUCTION

UR main purpose in this paper is to show how the

method of phase contours can be used in the
problem of fixed-angle scattering at high energy. In
particular, we will show that it gives a new way of
formulating the problem, which is relevant to an
heuristic approach and may also be used for a rigorous
discussion of assumptions and consequent bounds on
the high-energy behavior.

We will make extensive use of results and techniques
on phase contours that were developed in the two pre-
vious papers? (hereafter denoted by I and II). In
particular, we will use the crossing-symmetric model
developed in II as a basis for formulating our discussion
of fixed-angle behavior. This model is based on domi-
nance by Regge-pole terms that correspond to rising
trajectories. We use our knowledge of phase contours
and zeros in this model to indicate the kind of behavior
that should be taken into account in a more general
discussion of high-energy behavior at fixed angles. Two
essentially different approaches are considered. The first
is directed towards the use of entire functions to describe
the main features of scattering at a fixed angle. The
second approach makes use of modulus contours in the
complex cosf plane at high energy and can be used to
obtain a fixed-angle lower bound.

In Sec. 2, we express the scattering amplitude for our
model at fixed momentum transfer in terms of a
Herglotz function and a ratio of polynomials in the
energy. These polynomials are related to zeros of the
scattering amplitude on the physical sheet and to phase
contours on the boundary of the physical sheet. In Sec. 3
this result is generalized to fixed-angle behavior, where
the polynomials become replaced by entire functions.
The orders of the entire functions can be related to the
distribution of zeros and the distribution of phase
contours. If the entire function giving the zeros is
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dominant at high energies, then its order must be greater
than or equal to one half.

In Sec. 4 we study the behavior of modulus contours
for the amplitude in the complex cosf; plane, where 6, is
the scattering angle. By considering the limiting form
of these contours at high energy in our model, we see
that polynomial boundedness in energy will in general
be limited to a finite part of the cosf, plane. This indi-
cates the need for a generalization of the method for
obtaining lower bounds that was first developed by
Cerulus and Martin. The generalization is described in
Sec. 5.

2. PHASE CONTOURS FOR A CROSSING-
SYMMETRIC MODEL

In paper II, we developed solutions for phase contours
from a Regge model that satisfies certain consistency
tests under crossing symmetry. The starting point for
the model is the assumption that the (equal-mass-
boson) scattering amplitude has the asymptotic form,
as s— oo,

b()s*® exp[ir{l—3a(t)}]

F(s,t)~
sin[$7a (t) JT[a(:)]

(2.1)

In our model we assume that the Regge trajectory a(f)
rises continuously as ¢ increases, and falls as ¢ decreases.
We also assume single pole dominance in the asymptotic
limit s — + oo for fixed ¢, except at zeros of the residue,
that come from poles of the v function at

a(t)=—(2n+1).

There are two essentially different types of behavior for
crossing-symmetric phase contours on the physical
sheet that depend on the relative behavior of the leading
Regge pole (2.1) and the next Regge pole. These two
types of behavior were denoted A and B in Sec. 5 of II.
We will find that with type A there is an infinite
sequence of zeros on the physical sheet at fixed angles,
whereas with type B this sequence of zeros of the
scattering amplitude lies on unphysical sheets. There
may be mixtures of the two types but, in order to avoid
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an unduly long discussion, we will limit ourselves to the
unmixed types.

In this section we will describe the characteristics of
the phase contours in our model at fixed momentum
transfer, and will use them to relate the scattering
amplitude to a Herglotz function. In Sec. 3 we make
the analogous steps at fixed angle.

Phase Contours

The phase ¢(s,t) of the scattering amplitude F(s,t) is

defined by
¢'(s)t)= Im{ ln[F (S,t)]} )

together with a specification of the route to the point
(s,t) from the asymptotic forward direction, where we
define our initial phase,

(2.3)

(s — o, t=0)=13m.

(2.4)

An account of theoretical and experimental properties
of phase contours was given in I. Using these properties
we developed the crossing-symmetric solutions of types
A and B in II (Secs. 5 and 7), based on Eq. (2.1) above.
We will discuss case B first since it is somewhat simpler
than A.

Case B

The phase contours in the real s, real ¢, plane for type

B are shown in Fig. 1 [see Fig. 17 of IT]. The important

features are: (1) The phase oscillates between 7 and 2
in the region

u>4m?,

t>4m?; (2.5)

(t-i0)

T Ty 327

F1c. 1. Phase contours in the real (s,f,%) plane, for a crossing-
symmetric amplitude based on the generalized Regge model. The
small black circles indicate real zeros and the dotted lines indicate
complex zeros. The phase contours and zeros correspond to case B
discussed in the text.
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(2) the phase in the region,

u<0, <0, (2.6)

increases as s increases. For fixed negative ¢ and large s,
its approximate value is

¢(sH)=a[1—a(®)]. 2.7

The correction term has magnitude less than ix. The
difference between this phase (2.7) and the phase in the
exponent in Eq. (2.1) is due to the zeros of the residue
and the effects of the next highest Regge trajectory.
The relation between the phase contours shown in Fig. 1
and the high-energy behavior for fixed negative ¢ has
been discussed in II (Sec. 5). We will be concerned with
the corresponding relation at fixed angle. However it is
useful to note first some features that apply to the
simpler case of fixed .

In Fig. 1, the small black circles denote real zeros of
the amplitude, and the attached dotted curves denote
complex zeros. In case B, which we are now considering,
these zeros remain on the physical sheet, in the complex
s plane, as ¢ decreases through real values. In addition,
zeros come in from infinity each time ¢ decreases through
a zero of the residue given by a solution of Eq. (2.2).
These zeros also remain on the physical sheet as ¢
decreases.

We consider the behavior of F(s,t), for some fixed real
negative value of #, as a function of s. There will be a
finite number of zeros in Ims>0, at

a’l(t)) (l1(t), a3(t), Tt a’l(t)' (28)
These can be factored out from F, giving
l
F(s,)=11(s—a,)G(s,t). (2.9)
1

The function G(s,f) will have phase contours that deter-
mine the oscillations through zero of ImG(s,f). Let the
zeros of ImG(s,t) for real s (along s+140) occur at

bl(t)i bZ(t): T bm(t) ) (210)

and at
Gl(t)y 02(07 Tty Cﬂ(t) »

where b;(¢) denote points at which the phase of G in-
creases through a value Nor as s increases, and ¢;(¢)
denotes points at which it decreases. Then, as described
in I (Secs. 2 and 4), we can write G(s,f) in the form

(2.11)

G(sp)= ljii(s_bi)/f:l(s"’ ) H(sE), (2.12)

where = H is a Herglotz function of s, and satisfies
C/ls|<|H(spH| <C'|s|, (2.13)

for some C and C’ as s — o, in Ims>0.
The scattering amplitude F can therefore be written
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in the form
F(s,)=[Pa(s)Ps(s)/P.(s)JH(s,¥),  (2.14)

where P,, P, P, denote polynomials whose order and
coefficients depend on the chosen real value of £ In our
model, when «(¢) is near a negative even integer, —2N
say, the order of these polynomials will be N+4N', 0,
and 3N+N’, respectively to within &1, where N’
denotes the number of real zeros of F(s,f) in the interval
(0,).
Case A

Case A of our crossing-symmetric model has phase
contours that differ from those in Fig. 1, by having an
oscillatory phase in the region #<0, <0, giving phase
contours m, , T, - - *, in this region also. In addition the
complex zeros (dotted lines in Fig. 1) go to infinity and
leave the physical sheet at values #, 2, 3, -+ -, which
satisfy Eq. (2.2). Thus the real zeros shown in Fig. 1,
become directly associated with the zeros of residues, in
case A.

The reduction of F to a Herglotz function, for fixed ¢

"in case A, will give a form similar to that in Eq. (2.14),
except that the order of the polynomials will now be 0, 0,
and 2N for P,, Py, and P,, respectively, to within 4=1.
In case A we take the real zeros to be in one to one corre-
spondence with the zeros of residues, so that no more
than one is on the physical sheet for each negative
value of £.

Further discussion of cases A and B in the complex s
plane for fixed negative ¢ is given in II. The information
obtained there about the complex phase contours is
necessary for the above conclusions and the reader
should refer especially to II (Sec. 5) for further details.

3. PHASE CONTOURS AND FIXED-ANGLE
BEHAVIOR

At a fixed angle we cannot make direct deductions
from our model, either about the spacing of phase con-
tours, or about the location of zeros, since both would
require detailed assumptions about the form of the
Regge trajectories, and the way in which different terms
interfere. Such assumptions may be essential for a more
detailed treatment but they are not appropriate to the
discussion of general features with which we are con-
cerned here. Instead we will use consistency arguments,
based on the assumption that the differential cross
section at fixed angle falls like some entire function for
large s. Thus,

F(s, cosf)~ B exp[—A4s?], 3.1)

where the order p and the type 4 both depend on 6.
In case B, discussed in II (Secs. 5 and 7) and in the
previous section, the real phase contours are given by
Fig. 1. At fixed angle, on our assumption of dominance
by Regge terms having continuously falling trajectories
as ¢ decreases, the phase ¢(s, cosf)) increases continu-
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ously as s — 4 along s+410, for real cosf in (—1, 1).
Only for cosf==1 does the behavior change radically;
then the phase tends to 3, as s — -+ . For fixed angle
and negative s, along s--10, the phase oscillates. Hence,
from our discussion in I, and in Sec. 2 above, we would
expect the rate of decrease of the amplitude, as s— + o,
to be related to the increase of the phase. There may
also be zeros in Ims>0, but for case B it is consistent
to assume they are finite in number and for simplicity
we assume there are none.

If the phase contours, for fixed 6, along s real and
positive, ceased to cycle through multiples of 27 for
s> 5o, for case B on the above assumptions, we would
obtain

H (s, cosf)

F (s, cos) =————
’ P(s, cosh)

(3.2)

analogous to (2.14), where P, is a polynomial in s of
order no where nor denotes the phase near s=so. How-
ever, in our model the phase does not have an upper
bound as s— 4« at fixed angle of scattering, and
heuristically we must therefore replace the form (3.2) by

H (s, cosb)

F(s, cosf) =———
R(s, cosb)

(3.3)

where H is Herglotz in s, and R denotes an entire func-
tion obtained by factoring out the zeros of ImF on the
right-hand cut in the complex s plane.

More generally, without the use of our generalized
Regge model, if an amplitude F(s,cosf) has (i) a
bounded phase as s— — o, (ii) a finite number of
zeros in Ims>0, and (iii) an unbounded increasing
phase as s — 4, it would have the form (3.3) modified
by including a polynomial in the numerator. Con-
versely, if (i) and (ii) hold, and we assume Eq. (3.1) on
experimental grounds, we can deduce (iii).

The qualitative form of the phase contours of
F(s, cosf) in the s plane, can be deduced from Fig. 1,
with the aid of an extrapolation from the fixed-f phase
contours considered in II (Sec. 5). The order of the
entire function R in Eq. (3.3) can be related to the
asymptotic form of the phase contours in the simple
case where, for large |s| near arg(s)=m,

R(s, cosf)~exp[— A |s|? exp(ipy)], (3.4)

where y=arg(s). Then the phase contours have the
asymptotic form

|s|? sin(py) = const. 3.5)

The order of R can also be related to the density of
points at which ImF=0, with ¢=n, for large real and
positive values of s. Let N (x) be the number of zeros of
ImF (s, cosf) for 0<s<x. From its construction [dis-
cussed in I (Secs. 2 and 4)], the function R will have
zeros at each of the real zeros of ImF, and N(x) will
denote the number of zeros of R in |s| <x. Jensen’s
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theorem gives

N(x)d:
[ @i 1 / [ln| R(r expi) | d’]

—In[R(0)]. (3.6)
R is of order p, so
In|R(r expi) | <K (e)rrte, (3.7
where e is any small positive number. Also,
2r N (x)dx
/ SNG) / EsNpme.  (8)
0
Hence
1 7 N(x
N()<— / ds<Krte,  (3.9)
In2Jo =
Thus the density of phase contours
o(s,)=mnm, (3.10)

in Fig. 1, is closely related to the order p(6) of the entire
function R for a fixed angle of scattering 6.

In case A, discussed in IT (Secs. 5 and 7) and in Sec. 2
above, the phase ¢(s, cosf) has bounded oscillations
along the real s axis above the branch cut. In this case
the oscillations of ImF play only a minor role in the
asymptotic behavior of |F|. If there were no zeros of
F(s, cosfl) in Ims>0, it would be essentially a Herglotz
function, and we would have an inequality like (2.13).
This is in contradiction with our model which assumes
dominance by leading Regge terms in the physical
region. More generally it contradicts our requirement
(3.1) for a rapid decrease of cross section at fixed angle.

We conclude that in case A there must be an infinite
number of zeros of F(s, cosf) in Ims>0, when cosf is in
(—1,1), but cosb==1. If the number of zeros was
only finite, they would lead to a polynomial factor in
F (s, cosb), like P,(s) in Eq. (2.14), which would increase
the power behavior at infinity. However, an infinite
number of zeros, leads to an entire function, and we
obtain

F(s, cosf) = E(s, cost)H (s, cosf) , (3.11)

where E is an entire function in s.

The zeros of F(s, cosf) are evidently closely related to
the zeros of residues in our model. They must all leave
the physical sheet in the limits cosf===1. For cos6 near
to 1, say,

cosf=1—¢, (3.12)

we can discuss the location of the zero of F that is
associated with a zero of a residue, as was done for fixed
real ¢in IT (Sec. 5). The leading Regge term Fy, and the
next term Fo, give

F,
F(S,lf)’\’F]_-i-Fgf—‘Fg(F-l-l) ’ (3.13)
2
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for large s=so exp (i), where
F ﬂ 1)
— a ol exp[i(as—ar) Gr—¢)]. (3.14)
Fz 132()
From (3.12),
I~ —3%eso exp(yp). (3.15)

We choose € to be small, then choose s¢ large enough so
that

(3.16)

“‘%650= t10‘—6/ 5
where

B1(t*)=0.

For ¢ near #,°, 3, is negative. For £>#7, 3, is positive, and
for 1<#,% f1 is negative. For simplicity, we take
(e1—az)=1. For y=0 in Eq. (3.14), the ratio F; to F,
is pure imaginary. But for ¢>0, from [(3.15)-(3.17)],
B1(f) will become nearly pure imaginary even for small
¥, provided € is sufficiently small. The phase of 8; will
then cancel the phase from the exponential in Eq. (3.14).
Since B, is negative, we obtain

Fy/Fym — (esab)so/2| B2 | .

We can choose ¢ so that this ratio is a minus one, giving
a zero in (3.13). As € — 0, this zero of F(s, cosf) tends
to infinity in the s plane, just above the real axis.

The actual behavior of phase contours and zeros is
likely to be a mixture of case B and case A. Then we
would expect the high-energy behavior at fixed angles
to depend on the ratio of entire functions giving

(3.17)

(3.18)

E(s, cos8)L(s, cosf)H (s, cosd)

F(s, cosf) = R »
s, COS

, (3.19)

where L(s, cosf) comes from real values of s where
ImF(s, cosd)=0, at which the phase ¢ is decreasing. R
comes from similar values where ¢ is increasing. E comes
from the zeros of F, on the physical sheet.

If the entire function E is dominant for large s, then
its order must be greater than or equal to %. This follows
from Polya’s inequality, which states that

()2 (M) Qo=

for large r  (3.20)

where m(r) and M (r) denote the minimum and maxi-
mum values of the entire function on |s|=7, and p
denotes its order. In defining (), the neighborhoods of
zeros are excluded. Thus, if p was less than %, we could
deduce that #(r) increases with 7, and the differential
cross section would increase with energy at fixed angle.
We reject this on physical grounds and deduce that the
order p satisfies

p23. (3.21)

If a smooth angular dependence is assumed we can also
reject p<<3 on the grounds that it contradicts unitarity.
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4. MODULUS CONTOURS AT HIGH ENERGY

A fixed-angle lower bound was first obtained by
Cerulus and Martin® under certain assumed uniform
boundedness properties of the scattering amplitude.
Their results were generalized by Chiu and Tan,* who
discussed also their relation to rising Regge trajectories.
Using analogous methods but different assumptions,
Tiktopoulos and Treiman® have obtained certain con-
straints on the angular dependence of scattering
amplitudes.

In this section, we discuss the characteristic features
of phase contours in the z, plane at large values of ¢,
where ¢ denotes the energy and 2, the cosine of the
scattering angle. Using the harmonic properties of the
phase and modulus contours we note how one can de-
fine a region D, in the 2, plane, in which the scattering
amplitude is polynomial bounded. The properties of
the region D, are used in Sec. 5 to provide a lower
bound for fixed-angle behavior that is a generalization
of earlier results.

In formulating our approach, we make use of our
deductions about phase contours for the crossing-
symmetric model developed in II and discussed in
previous sections. Some of our conclusions are more
general in character and depend only on the specific
asymptotic form of certain modulus contours.

A. Phase Contours in the z; Plane

For fixed ¢, the transformation from s to 2, is linear,
so the topology of the phase contours will not be
altered in going from the s plane to the complex 2, plane:

2s S—u
2= 1+ = .
t—4m? (—4m?

(4.1)

We consider the phase contours for real ¢ above the
branch cut (¢4140), in the complex z, plane. These are
analogous to those shown in paper II, Fig. 18. Using the
limit ¢4-10, the real section for #>4m? differs from that
shown in Fig. 1 by (i) an interchange of the left-hand
side with the right-hand side, and (ii) the 3= contours
are replaced by 3= contours. The resulting complex
section is shown in the z, plane in Fig. 2, for real ¢
corresponding to

3<a(l)<4. (4.2)

The asymptotic phase in the z, plane is given by
(14140, 2)~3r+a()), (4.3)

where z,=|z,| exp(if), and z,—, for 0 8< . This
corresponds to asymptotic behavior |z[*® of the
modulus of F, for large |2.|. Note that the region above
the right-hand cut in the z, plane corresponds to

3 F. Cerulus and A. Martin, Phys. Letters 8, 80 (1964).

4 C. B. Chiu and C.-I Tan, Phys. Rev. 162, 1701 (1967).
( 8 G. Tiktopoulos and S. B. Treiman, Phys. Rev. 167, 1437
1968).
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z
t plane

FiG. 2. Phase contours in the complex z, plane for ¢ real in the
limit (¢4-40), such that 3<«(f) <4 in the crossing-symmetric
model. The upper phases are obtained for a path above the zeros,
the lower phases are for a path below the zeros, in both cases
starting from the real axis on the right-hand side.

Im(s)>0, whereas that above the left-hand cut corre-
sponds to Im(#) <0. This explains the asymmetry since
¢ also is above threshold. In addition there is no real
region where the amplitude F is also real (because
t>4m?), so we do not have any upper and lower half-
plane symmetry.

In our model we assume that as ¢ increases, a(f) in-
creases without limit. Then, for increasing ¢, there will
be new phase contours continuously entering the
physical sheet of the z; plane from the left-hand cut.
All of these contours remain unbounded (i.e., they go
to infinity) on the physical sheet.

In contrast to the phase contours from the left-hand
cut, there will be a class of bounded contours coming
from the region

8m? 8m?
<z, <1+ .
t—4m?

—1—

(4.4)

t—4m?

These contours are associated with decreasing a(s) and
a(u) in the physical ¢ channel, as s and « became more
negative.

The above unbounded and bounded types of contours
are separated by the leading bounded 7 contour. In
addition, there are ix contours associated with the
right-hand cut, but our argument does not require us to
know whether these are unbounded or bounded. We
denote by A, the region in the z; plane that is bounded
by the leading 7 contour for given £.

As t— + o, the phase contours in the real (s,,u%)
plane become parallel to #=const, or s=const. Thus a
particular phase contour, say

o (tz)=3r+nr, (4.5)

will meet the left-hand cut of the 2, plane at a point P,
given by

2¢(n)

f—Am?’

Zpy=—1—

(4.6)
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where ¢(n) is defined by

alc(n)]=mn. (4.7)

The phase (4.5) using (4.6) will apply out to the point
in Fig. 2, where the phase contour through the
sequence of zeros meets the real 2, axis. As{— + o, this
point in our model tends to z,= —3 since it lies on the
line #=¢. In contrast, each point P.,, for fixed #, will
approach z=—1 as {— 4+, like (f)". The phase
contours (4.5) will wind around the bounded = contour,
and then move to infinity in their asymptotic direction
in the z, plane, found from Eq. (3.4). At the same time,
for increasing ¢, the bounded phase contours will be-
come denser near the limiting = contour, within the
region A, that it bounds.
We will assume that as {— 4,

Ar— A, (4.8)

where A, is a finite bounded region in the 2, plane. For
simplicity, we assume that

ACAy, if H<t. (4.9)

Then all of the closed phase contours, for finite ¢, lie
inside A,. The general form of the phase contours for
large ¢ is sketched in Fig. 3. As noted above, we do not
expect these contours to show any symmetry with
respect to Im(z,)=0. In particular the boundary of A,
will not in general meet the real axis at right angles. We
denote the angles by 6;(¢) and 6(¢) as shown in Fig. 3,
and assume that they tend to values 6; and 6, in (0,37)
as {—oo,

B. Modulus Contours in z; Plane

Thephase¢(s,t),andIn| F(s,!) | ,arerespectively theim-
aginary and the real parts of In[F(s,f) ]. Hence they are
harmonic functions of x and y, where 2,=x4-7y. From
the properties of harmonic functions, the phase contours
and the modulus contours will be mutually orthogonal
in the complex 2, plane. If the phase contours are known,
the modulus contours can be constructed. For example,
if |2]| is large enough, the modulus contours will ap-
proximate to semicircles centered on the origin with

-
Al
8,(t)

-
S 6,(t)

F1c. 3. Phase contours in the 2, plane in the crossing-symmetric
model for large energy (2).
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radius |2|. The phase and modulus contours, that corre-
spond to fixed real ¢ such that 3<a(f)<4, are shown
in Fig. 4.

We will make special use of the modulus contour
that goes through the thresholds at z,= 4-p, where

p=1+4-8m?/(1—4m?). (4.10)
This contour is given by
!F<tyzt)! = IF(l,p)! ’ (411)

and we will denote the corresponding curve in the 2
plane by T;. Its shape will change as ¢ is increased, and
its detailed form will depend on the dynamics of the
system. For our model, we expect it to approach the
form T, that is indicated in Fig. 5, enclosing an area
D,, in the 2, plane. We expect D,, to enclose A, since
the modulus contours are orthogonal to the phase con-
tours. In general the angle 6 of I'y, with the left-hand
real axis will differ from the corresponding angle with
the right-hand axis.

zy plane

F1c. 4. Phase contours (heavy lines) and modulus contours (thin
lines) for the crossing-symmetric model, in the complex z; plane.
The energy has similar value to that giving the phase contours
in Fig. 2.

For 2, inside D, in the 2, plane, we will have

F(z9/6—0 as t—wo

(4.12)

since for large ¢,
|Ftr)| <. (4.13)

Outside D,, in our model, any modulus contour I';(%),
having a value ¢* (with » fixed), will move towards T',,
and will coincide with it in the limit {—. Hence at
any fixed point 2 outside D,, we will have

F(t20)/tr—w as t—w.

(4.14)

Thus, in our model, the modulus of the amplitude will
be bounded by a polynomial in ¢ as ¢ — 0, for points z,°
inside D,,. It will not be bounded by a polynomial for
points z? outside D,, in the 2 plane. This suggests a
need for new generalization of the results of Cerulus
and Martin® on a fixed-angle bound. Our generalization,
which we give in Sec. 5 does not depend on the special
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zy plane

Fi6. 5. The asymptotic limit I',, of modulus contours that corre-
spond to a polynomial in the energy (¢), shown in the z; plane. The
interior of I',, is the region denoted D,,. The curve I is symmetric
and within D,; it surrounds the region D.

assumptions involved in our model. However it is
designed to take into account the special features and
difficulties that the model indicates are likely to be
associated with rising Regge trajectories, or more
generally with scattering amplitudes that are not
polynomial bounded.

5. FIXED-ANGLE LOWER BOUND

In the general case we assume that, for any ¢, there
exists a region D, of the 2, plane, within which the
amplitude is polynomial bounded in the variable ¢. We
assume that as {—o, D, has the limiting form shown
as D in Fig. 5, and makes an angle § with the left-hand
(and right-hand) branch cuts. Let T'; be the boundary
curve of D,. As noted by Chiu and Tan,* the method of
Cerulus and Martin® requires 6=0, whereas we would
in general expect 6 to be nonzero.

We will make a transformation such that the image
of the curve I'; becomes tangential to the real axis at the
image of the points z,= == p. Once this is done, we can
then use the Cerulus-Martin theorem® to obtain a lower

6 This is a generalization of the theorem proved by Cerulus and
Martin which was given in Ref. 4 by Chiu and Tan. Note a minor
difference between the case here and that in Ref. 4. There the
function has only a right-hand cut, whereas here it has both right-

and left-hand cuts. Consequently the bound here is slightly weaker,
but the assumptions also are weaker.
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bound at fixed angle as t—. A transformation satis-
fying this requirement is given by

[p4a_. (p‘z_zt2)2a]1/2
W(Zg) = )
[p4¢x_ (pz__ 1)2“]1/2

(5.1)

where

1/2¢=1—6/x. (5.2)

The appropriate branch of w is the one whose inverse,

z={p*—[pte— (p**— (P —1)P)w?Jie} 2, (5.3)
is real analytic and Herglotz.
Consider the function
G@w)=F(1,2). (5.4)
It has branch points at
pza
W,= 4+ ’ (5.5)
Lot (ot 1)<
and as {—o,
w,~14-C/8>. (5.6)

With the usual assumptions,®* which include a specifica-
tion of the form of D,, we can apply the Cerulus-Martin
theorem and find that

|F(t,2)| >C" exp[—Ca(2:)t* Int], (5.7)
for —1<2,;<1 as t— 0. If we assume
0<o<3ir(1—e), (5.8)
we obtain
$<a<1/(1+e). (5.9)
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