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jectory falls below J=O D= —0.6 (BeV/c)'j, the fixed
pole should dominate the asymptotic behavior of the
dHI'erence of the difrerential cross section for protons
and neutrons. Hence we expect

independent of s, for electroproduction from the nucle-
ons, where F(t) is proportional to the residue of the
fixed pole or the coeKcient of the 8g0 in sense amplitudes.
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Electromagnetic Perturbations on ~NN and ~NN* Couplings
in the Chew-Low Model: General Features*
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Electromagnetic perturbations on mlVX and mSE* couplings are studied in the E-E* reciprocal boot-
strap model. In the present paper we confine ourselves to rather general features, making the linear-D
approximation for simplicity. There are several self-consistent coupling shifts, much as in the analogous
SU(3) reciprocal bootstrap. It is shown that, except for even-J exchanges in the t channel, the "driving
terms" are orthogonal to these self-consistent coupling shifts. Thus, as in the SU(3) case, no simple pre-
dictions can be made for coupling shifts in the linear-D approximation.

I. INTRODUCTION

S YMMETRY —BREAKING perturbations on the
Chew-Low model have been much studied, '—' in

the hope that (i) a unique set of perturbations would
be approximately self-consistent; (ii) the set would be
"driven" by the electromagnetic, weak, or semistrong
interactions, thus allowing the prediction that observed
mass and coupling shifts should be in the same ratio
as the approximately self-consistent perturbations of
the model. A unique set of approximately self-consistent
perturbations, resembling the experimental results, was
indeed found for electromagnetic and strong mass
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splittings of the 1=2+ octet B and the J=-,'+ decouplet
6,' 4 and for the parity-violating part of weak decays
8-+ 8+11.' On the other hand, several diferent self-
consistent perturbations were discovered for the parity-
conserving part of the weak decays B—+ B+II, so no
predictions could be made for this amplitude. ' A
similar situation was found for strong perturbations on
the BBII and ~BII couplings, "except that in this
case it was possible to achieve predictions by noting that
the B and 6 mass shifts would preferentially "drive" a
particular set of the self-consistent coupling shifts. '

We wish to report here on general features of an.
analogous study of electromagnetic coupling shifts in
the SU(2) version of the Chew-Low model. The same
disease occurs as in SU(3) coupling shifts: There are
several diferent sets of self-consistent coupling shifts.
In addition, we Gnd that the one-photon exchange con-
tribution to xE scattering, and contributions such as
yE and y7l.Ã intermediate states in the s and I channels,
only "drive" those sets of coupling shifts which are not
self-consistent. This supports the conclusion of the re-
lated SU(3) studies: The perturbed Chew-Low model
does not predict any simple pattern of parity-conserving
coupling shifts unless the mass shifts impose one.

In the present paper we derive the above-mentioned
results in the linear-D approximation, where the
mathematics is simple, and discuss how the results are
related to general properties of the crossing matrix. In
the following paper, ' an attempt is made to obtain a
rough estimate of the coupling shifts in spite of these

s N. S. Thornber, following paper, Phys. Rev. 172, $395 (196gl.
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dlfKcul, ties by detailed numei ical evaluation of the
low-energy contributions.

The perturbed Chew-Low bootstrap equations have
the general form

where 5R is a vector whose elements are the residue
shifts of all the s-channel states, X p is the I-channel
to s-channel crossing matrix, and 8R ' is the t-channel
contribution. This form is derived in Sec. II.

The self-consistency condition for shifts 8E.„ is that
the eigenvalue of X p equal +1. For the full crossing
matrix, about half of all the eigenvalues fulfill this condi-
tion. We are interested, however, only in that part of the
crossing matrix which connects the E and E* states.
In Sec. III we find that this "reduced" crossing matrix
has fewer +1 eigenvalues, but enough "remembrance"
of the full crossing matrix survives to yield three dif-
ferent self-consistent solutions.

Equation (1.1) can be rewritten in the form

(5 p
—X p)5Rp=(X p

—5 p)6Rp'+SR„', (l.2)

where 8R refers to the mXE and ASS* couplings and
bR' to all other s-channel states. This is a set of in-
homogeneous equations with respect to 8E, whose
homogeneous part has nontrivial solutions (the eigen-
vectors associated with unit eigenvalues of the "reduced"
part of X which connects the bE). The remaining ques-
tion is whether the right-hand side of Eq. (1.2) is
orthogonal to these eigenvectors, and the answer given
in Sec. IV is yes for all components of 8E' and for con-
tributions to 5R' from J~=1 3-, exchanges (e.g.,
one-photon exchange). This result ensures that the solu-
tion of Eq. (1.2) is finite (unless we include even-J ex-

changes in the calculation), but it also means that in
more refined calculations, where one removes the
linear-D approximation used in deriving (1.1) and the
eigenvalues are no longer exactly +1, the odd-J ex-
changes and s- and I-channel terms do not appreciably
"drive" the approximately self-consistent 8E..

We conclude in Sec. V with a brief discussion of the
results of the static model for coupling shifts.

27ri

Dr; z(W')Drf z(&~')

(W' —M)

XST(I,I, + IgI„' J)d—W', I;AIf {2.4)

where W is the center-of-mass energy, all D'(iV) have
been n.ormalized to 1, and the contour C runs clockwise
around all singularities except the pole at M. In the
Chew-Low Inodel with linear D function we specialize
to I' waves, and take

where now M* refers to the 3-3 resonance mass and N
is reserved for the nucleon mass. With these specializa-
tions, Eqs. (2.3) and (2.4) reduce to

bT (W')dW', (2.6)

The above al'gilnlellt, nlakes Eq. (1.1) plallslble but
leaves the status of terms such as one-photon exchange
somewhat unclear. In order to specify the content of
the equation more precisely, we now rederive it in the
5-matrix perturbation formalism of Dashen and
Frautschi. "We denote the Jth partial-wave amplitude
for ~)V -+ mE, with initial and final isospin states

~
I;I.)

and |I',), by T(I,I,~ IyI, ; J).We further denote the
unperturbed amplitude by To and the perturbation by
8T= T—To. The first-order shift 6E. in the residue of an
s-channel pole with Inass M isospln I, and spin J ls theil

ven byro

8R(I,I, +I+„-J)
1 Dr;g'(W')

-E1—Dr,&"(M') (W —M)j
2mi c (W' —3II)'

X6T(I,I.-+ IrI„J)d W', I,=Ir (2.3)

bE{I,I.~ I,I.; J)

II. DERIVATION GF THE BASIC FORMULA

It is well known9 that the Chew-Low model with
linear D function leads to linear relations of the form

(2.1)

among the residue functions. Relating R to R' by the
crossing matrix, one obtains

Er)t —Xr)tPEP +Er)t (2.2)

Perturbation of (2.2) gives Eq. (1.1'):

bR '=X pbRp'+bE '. (1 1')

' See, for example, J. R. Fulco and D. Y. Wong, Phys. Rev.
Letters IS, 274 (1965).

where e stands for (I;I,-+ IyI„J).We see that mass-
shift terms such as t R/(I; ' —M' —8M) —E/(W' —M') j
in bT do not contribute t:o (2.6), but hadron-coupling.
shift terms such as bR'/(W' —3I') do contribute, as
well as the new cuts associated with one-photon
exchange, ym exchange, and so forth. Since the in-
tegral is taken clockwise, contributions from terms
BT 8R '/(W, '—M') on the right cut pick up a
minus sign (—8R '). Left-cut terms can be rewritten

8T,(W,) =X pbTp(W„), (2.7)

where X p is the static crossing matrix. Kith static

R. Da,sheQ 3,Ild S. I'ra, Qtschl) Phys. Rev. 137) 31318 (1965).
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kinematics, contributions from left-cut terms isfies
SENT'

bEp'
5Ts(W„) Xs =X„-

W„—M' —W, +2M' —M'

retain the plus sign (X pbR'') when the clockwise
integral is performed. Thus we may write (2.6) in the
form

bR '(W)dW

+ X sbRp(W)dW+bR ', (2.8)

where the first (primed) integral includes all s-channel
terms except the E or E* coupling, the second integral
includes all u-channel terms including the yE inter-
mediate state, and the t-channel contributions including
one-photon exchange are lumped into 8E. '. This is the
exact speci6cation of our basic equation (1.1).

Before proceeding further, we would like to make two
comments about Eq. (2.8):

(i) The equation, and therefore all the discussion in

this paper, is valid only in the static model. Speci6cally,
its derivation depended on the use of linear D functions
and static crossing relations in which the full infinite-
dimensional crossing matrix is replaced by the finite,
energy-independent E-wave crossing matrix I p.

(ii) Carrying the separation of E and 1V* coupling
shifts from the other contributions a step further, we

can write

PR '(W) —X sbRs'(W) jdW+bR. ', (29)

where 5E refers to E and E*couplings and the primed
integral to all other s- and u-channel terms. The re-

mainder of this paper will deal with the equation in this

form; the first term on the right being discussed in

Sec. III, the integral and 8R„' in Sec. IV. Note that
Eq. (2.9) is a special case of the Dashen-Frautschi
relation"

bR =A sbRp+D, (2.10)

with the "A matrix" becoming simply the crossing
matrix in our model, and the "driving term" supplied

by the remaining s-, u-, and t-channel contributions in

(2.9). Thus the search for unit eigenvalues of A be-
comes a search for unit eigenvalues of the crossing
matrix, and the explicit formulation of (2.9) makes
some study of the driving terms possible.

and therefore all its eigenvalues are &1."
In the study of perturbations on the Chew-Low

model, however, only part of the complete set of all xS
E' waves is Used, because we begin with particles in the
1-1 and 3-3 states, but not the 1-3 and 3-1 states. As a
result, only part of the full crossing matrix comes into
play, and the eigenvalues of this part of the crossing
matrix are rot all ~1.In the present section, we wish to
spell out the relationship between the full crossing
matrix and the truncated crossing matrix used in the
perturbation studies.

There are ten different xE scattering reactions, and
two 8 states (J=—,'and —,') for each, so the fll/8 wave-
crossing matrix operates on a 20-dimensional space.
It is convenient to choose as a basis the 20 linear
combinations

bR(~+p ~~+p;
bR(~+p~ ~+p;
bR(m+e ~ ~++;
bR(~+n ~ ~+n;

bR(vrop ~ m'p;

bR(m'rs —+ ~'e'
bR(m+e —+7r'p;

bR(m+~~ m.op.

bR(op~ m'e;.
bR( p'I;—
bR(~+p -+ ~+p;
bR(m+p —+ m+p;

J=-12+)+bR(m —p~ ~—
p;

-,'+)—bR(~-p-+ n.-p;
—',+)+bR(m —e —+ w m;—
-',+)—bR(~-e~ ~-";
1+)

1+)

',+)+bR-(~o" ~ ~-p;
-',+)—bR(mom ~ m.

—
p;

-',+)+bR( op +";
-,'+)—bR(m'p ~ n.+~;

,'+)+bR(~-p —~~-p;
-',+)—bR( -p -p;

etc., for J=-,'+.

J 1+)
1+)

1+)

1+)

1+)

1+)

1+)
1+)

o+)

o+)

(3.2)

where the numbers —
3 3 3 and 3 refer to static spin

crossing coefficients relating the J= 2+ and J= ~+ states
of the s channel to those of the u channel, and

(3.3)

In this basis, each linear combination of charge states
crosses to itself, and the crossing matrix has the simple
form

III. EIGENVALUES OF THE TRUNCATED
CROSSING MATRIX

The full crossing matrix, connecting the comPlete» See, gorezamp~e, R. C. Hwa and S. H. patil, ph . R . 138
set of all xÃ P-waves in the Chew-Low model, sat- 8933 (1965}.
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gives the crossing between s- and I-channel charge
states. Since the spin crossing matrix

has eigcnvalues &1,one easily sees that the full crossing
matrix has ten +1 eigenvalues and ten —1 eigenvalues.

IQ our model of perturbations we sct some of the 8E.
equal to zero, for two reasons. The 6rst reason is time-
reversal invariance, which provides the four conditions

bE(Ir+n —+ Ir'P; J) bE—(Ir'P -+ ~+rI; I)=0,
bE(Irom —+Ir p; J)—bE(Ir p —+Ir'I; J)=0,

(3 4)

To see the CGect of removing these four linear combina-
tions, we choose a new basis in which the 6rst eight
linear combinations of residues satisfy time-reversal in-
variance and the next two do not:

bE(Ir+P -+ Ir+P; ,'+)+bE(s-P ~—IrP; —,'+),
bE(~+p ~ ~+p; —,'+)—bE(~-P ~ ~-P; —,'+),
bE(~+I ~+~ -'+)+bE( -~ -~ -'+)

bE(w+rI -+ Ir+n; —,'+)—bE(Ir II ~ Ir rI; 2+),

bE(m'p +m'p; -',+),—

bE(~ON ~ ~'~ '+)-
LbE(:--- p; —,")+bE(-p-:.; —,"»

+LbE(~'II ~~-p; —,'+)+bE(~-p ~ ~'rI; —,'+)j,
LbE( +e 'p -'+)+bE( 'p +~. -'+)]

—LbE(Ir'II ~~—
p; —,'+)+bE(Ir-p —+ s'e; —,'+)j,

LbE(7r+II ~ Ir'p; -',+)—bE(Irop —+ Ir+I; —,'+)j
-p; —,'+)—bE( -p '; —,'+)j,

LbE(Ir+rl -+ Ir'p; —,'+)—bE(Ir'p -+ n.+rI; —,'+)j
PE(~orI ~~ p; —2+) bE(~ p~—~orI; 2+—)j, -

and, similarly, for J=~+. The crossing matrix in this
new basis turns out to be just the same as before LEqs.
(3.2} and (3.3)j.Thus one easily sees that the combina-
tions which are noninvariant under time reversal cross
only among themselves, with two +1 rigenvslues and
two —1 eigenvalues. Dropping these combinations
froI11 consldcI'Rtlon oQc ls left with R 16+1.6 crossing
matrix which hRs clght +1 clgcQvRlucs Rnd clght
eigenvalues.

The second consideration which further reduces the
number of bE's in our model is that some of the residues
of the%andÃ*polesLnamely, bE(I= —,

' -+ I=s3; I=-,'+)
and bE(I= —',~ I= 12; L= 2+}j correspond to SU(2)
symmetry breaking at both vertices simultaneously
and are thus negligible, of order e4 (these residues would

appear in an order t,' calculation such as ours if there
were low-mass physical particles with I= ~~, J= ~3+ and
I= ~3, J'= —,'+). Removing the linear combinations

representing. these six states from the list of bR's, we
are left with ten 8E.'s, i.e., with a j.OX 10crossing matrix.

Since the 10&10crossing matrix arises from truncat-
ing R 16+16 DlRtrlx lQ this Inanncr~ lts clgcnvRlucs arc
not Rll &1. Speci6cally, Thornber' finds that it has
three +1 eigenvalues and two —1 eigenvalues, with the
rest at the intermediate values 5/9, 1/3, —1/9, —7/9,
—7/9. These values are consistent with the following
general statements.

(i) Each bE removed in the truncation process can
be expressed as a linear combination of eigenvectors of
the crossing matrix. Sy suitable choices of the degener-
ate eigenvectors, the first 8E. can always be taken as a
linear combination of at most one eigenvector cor-
responding to eigenvalue +1, and one eigenvector cor-
responding to eigenvalue —1. Thus after the crossing
matrix has been reduced from 16X16 to 15&15 by re-
moval of the first bE, there are still at least seven +1
eigenvalues and seven —1 eigenvalues. Similarly, each
succcsslvc 8R I'cInovcd cRQ always bc tRkcn as R linear
combination of at most one of the remaining eigen-
vectors with eigenvalue +1, and one remaining rigen-
vector with eigenvalue —1, plus the mixed eigcnvectors
with nonunit eigenvalues produced by previous trunca-
tions. By this general reasoning, at least two (=8—6)
eigenvalues +1 and two eigenvalues —1 must remain
RftcI' the CI'osslng matrix ls truQCRtcd fI'oIQ 16+16 to
10&10.Actually, Thornbera finds three eigenvalues at
+1 and two at —1, which means that the six removed
$g had components a]ong only 6vc independent djrec
tions in the space of eigenvectors with eigenvalue+1.

(11) It cRI1 also bc sllowll tllat lf Rll clgcllvalllcs of tlM

full crossing matrix were &1, the eigenvalues X; of the
truncated crossing matrix must satisfy —1&A,;&1.
Again, this is consistent with Thornber s results.

The analogous arguments for the truncated SU(3)
version of the static model, with 8 and 6 poles, do not
require any &1 eigenvalues but do of course predict
—1&X;&1.Detailed ca1culations"*" have shown that
lll fRct 811 clgellvslllcs satisfy —1 (XI(1 111 thc SU(3)
static model. Some of the eigenvalues did lie near +1,
however. From the present point of view, this represents
a near-survival of a few of the +1 eigenvalues in the
full untruncated crossing matrix

IV. CONTRIBUTIONS FROM OTHER TERMS

Aside from the crossed channel Ã and E~ poles,
many other terms contribute to 8E . In the linear-D
RpploxlInatlon vGth stRtlc CI'osslng lclRtloQS wc have~

according to Eq. (2.9),

)ATE '(W') XebES'(W') gd W'+ b—E ', (2.9)

"R. Dashen, Y. nothin, S. Fra,utsc&, and D. Sharp, Phys.
Rev. 151, 1127 (1966).
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where the BR ' are the s-channel contributions, the
X pBRp' are the I-channel contributions, and the
t-channel eGects have been lumped together in M '.

We may think of (2.9) as an inhomogeneous equation
in the E and S* residues BE, which has homogeneous
solutions corresponding to the unit eigenvalues of the
truncated X,

Xep~p ~a ~ (4.1)

5R '—X ebRe'= (8R '—bR ') =0 (4 2)

to an eigenvector satisfying (4.1). Note that the full

untruncated X matrix may occur in some of these s-

and I-channel terms, but the additional terms this im-

plies are orthogonal to the eigenvectors satisfying (4.1).
Turning to t-channel exchanges, we erst note that the

t channel contributes equally to J=~+ and J=~+ cou-

plings in the static limit. To see this, recall that the
I=/&i amplitude, f~*=e'"+ sinai+/q, is related to
partial-wave projections on the invariant amplitudes
3 and 8 by"

ft += (1/32vrW )([(W+M) —p'7[A (+ (W—M)8i]
+[(W—M)2—pi][—A(~i+(W+M)Il(~, ]}. (4.3)

In the static limit [p/M~0, (W M)/M~ 07, the-
coeflicient of A &+i is down by a factor [(W—M)2 —p']/
4M' compared to the coeScient of A~. Explicit evalua-
tion shows that the t-channel contributions to Ag~~

(unlike the s- or u-channel contributions) cannot pro-
vide compensating factors of M/p, or poles at W=M,
and therefore they can be neglected. Similarly, the
coefficient of B~+~ relative to B~ in the static limit is

[(W—M)' —p'7/2M(W —M), and t-channel contribu-

"S.W. MacDowell, Phys. Rev. 116, 774 (1960).

There are two possibilities:

(i) The homogeneous solutions are orthogonal to
the right-hand side of (2.9). In this case they are finite,
but our equations do not determine their size or require
them to be large.

(ii) The homogeneous solutions are Not orthogonal to
the right-hand side of (2.9). In this case the solutions
of (2.9) diverge, but if the eigenvalues are perturbed
slightly away from unity (e.g., by adding a nonlinear
term to D), the corresponding eigenvectors are deter-
mined by the equation to be large ("enhanced") and
finite [of the form 8R = (1—X) e

' (right-hand side) e].
We now proceed to show that in fact all terms on the

right-hand side of (2.9) are orthogonal to the homo-

geneous solutions, so that possibility (i) is what occurs,
unless t-channel exchanges with J~=o", 2+, ~ are
included. For each s-channel term, together with its
I-channel partner, the proof is immediate. Each
s-channel contribution crosses (in the static model
with linear D function) in the same way as the X and
Ã* residues did. Thus each BE.' contributes

tions to B~~i do not provide compensating factors, so
the 8~ term dominates 8~~~ except in a circle about
8'=3l whose radius shrinks to zero in the static limit.
Since the t-channel contributions to B~+~ inside this
circle are finite (again unlike the s- and u-channel case),
the t-channel part of Bg~~ can be neglected altogether
as the circle shrinks to zero radius. Thus, to the leading
order, only the terms A& and 8& which contribute the
same to J=/& —,'survive.

The pattern of t-channel contributions to different
charge states depends on whether the t-channel ex-
change couples to a symmetric or antisymmetric mm.

charge state. Biswas, Patil, and Saxena' have shown
that exchanges coupling to symmetric m.m charge states
are eigenvectors of C.„(the untruncated s- to I-channel
charge crossing matrix) with eigenvalue +1, and ex-

changes coupling to antisymmetric m.m. charge states
are eigenvectors of C,„with eigenvalue —1. Since the
pions satisfy generalized Bose statistics, these results
also imply that even- (odd-) J exchanges contribute only
to couplings which are eigenvectors of C,„with eigen-
value +1 (—1). Furthermore, since the t channel con-
tributes equally to J=-,'+ and J=~+ couplings, and
equal 2+ and ~+ couplings constitute an eigenvector of
the s- to e-channel spin crossing matrix

3 3

(4.4)

Ri+——lim [(W M)fi+7;—(4.6)

"S. N. Biswas, S. H. Patil, and R. P. Saxena, Ann. Phys.
(N. Y.) 42, 494 (1967)."G. F. Chew, Phys. Rev. Letters 9, 233 (1962).

with eigenvalue +1, we see that the above statements
apply to the combined charge and spin crossing matrix
X as well as to C. An immediate consequence is that
vector exchanges (y, p, ~, P), being odd in J, contribute
nothing to coupling shifts which are eigenvectors of X
with eigenvalue +1, as can be verified by direct calcula-
tion. This conclusion survives the truncation of the
E-E* crossing matrix, of course, because contributions
which are orthogonal to all eigenvectors of X with
eigenvalue +1 before truncation must remain orthogonal
to the surviving eigenvectors with eigenvalue +1 after
truncation.

It is also interesting to note that in the static limit,
as pointed out by Chew, '' atl t-channel contributions
to the residue of a pole at 8'=M vanish. Thus in a
model where the S* pole is set at the same 5" as the
nucleon pole, none of the t-channel exchanges would
contribute to coupling shifts. This behavior arises as
follows. The partial-wave amplitude simplifies to

fi (1/gx-) [A i+ (W ——M)Bi+ (q,'/4M')—
X (—A iyi+2MBiyi)] (4.5)

in the static limit. The residue of a pole at 8'=35 is



for poles at 5'=M the 8~ term does not contribute and

lln1
w~AI 2~~

(lF'—M) 1
dS"—

(lW' M) —Sm.

g
2

g
2

X ~~—
4iV2 2'

The discontinuities due to t-channel exchanges include
cuts from

(i) s= (M—p)' to (M+p)' (exchanges of mass zero
to 2p);

(n) S=M' to s= —M' along the circle I~I=M'&
(iii) S=—M' to s= 0 and —~.

Explicit evaluation of these discontinuities shows that
they cancel systematically Lthe part from s= (M —ii)'
to s=M' cancels the s=M' to s=(M+p)' piece; the
two halves of the circle cancel, and the pieces from
s= M' to 0 and—from —M' to —~ cancel). Thus the
7 channel contributes nothing to residues at 8'=ALII.
For poles at 8'=3l*/M, one must include the term
(W—M)8i, and the factor (W—M) in this term spoils
the cancellation, so the I, channel does contribute to
residues in this case.

V. MSCUSSlom

We have found several self-consistent coupling shifts
in the X-E* static model. Within the context of the
linear-D approximation, we find no particular reason
why one of these self-consistent coupling shifts should
be dominant —i.e., no simple predictions emerge.

The most closely related previous study was the
analogous investigation of perturhations on the SU(3)
static model. ' ' A similar conclusion was reached; there
were several approxin1ately self-consistent coupling
shifts. 8y the introduction of curved D functions, the
effect of mass shifts on coupling shifts was investigated
and shown to be an important effect which might domi-
nate. The present study supports this conclusion, inas-
much as we have shown that a number of other effects
fail to "drive" the self-consistent shifts.

The one case in which a single self-consistent set of
coupling shifts has been found in perturbed static
models is the parity-violating weak couplings of the
8-6 reciprocal bootstrap. ' Experimentally, this self-
consistent set fits the observed effects very well.
Theol eticRlly ll.owever lt hRS not been established that
the "driving terms" actually drive this particular set of
couplings. The results of the present paper do not bear
directly on this matter, since we have assumed C and P
conservation, so the question of the driving terms in the
parity-violating weak interaction remains open.
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