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A practical method using projection operators is proposed for the treatment of nuclear collective motions
in discrete as well as continuous energy regions. Mathematical techniques which have been developed by
Feshbach and his collaborators in formulating nuclear reactions are fully made use of. As a special case this
method includes an approximation procedure using a commutator of the nuclear Hamiltonian and the
relevant transition operator, previously developed and applied to the study of hindered 8 transitions. The
relationship between the present method and the one due to Tomonaga is discussed.

1. INTRODUCTION

FTER the so-called Bohr-Mottelson model ap-

peared, several attempts!'—® were made to place it

on a theoretical basis starting from the nuclear forces.

Following the elementary theory due to Tomonaga,! we

expand the potential part V of the nuclear Hamiltonian

H into a Taylor series with respect to the collective
coordinate £:

H=THV=T+VOLVOLLV@e4 .. (1.1)

When the coefficient V@ of the £ term is replaced by
an expectation value (V' ®) over internal coordinates,
the term 3(V®)g% gives the potential energy for the
collective motions.

For actual collective motions of nuclei, the collective
coordinate ¢ is supposed to be a quite complicated
velocity-dependent one. It is then more practical to
treat the collective state £|) rather than £ itself, where
|4) represents a nuclear state. By applying the particle-
hole picture? to the state £|7), the shell aspect can be
incorporated into the collective model.

It is simple to separate the collective part from H, by
defining the projection operators, P and Q, as

R
ot .
(i E¢ld)
H can be decomposed into
H=H o+ (Hpo+Hqr)+Hepp, (1.3)

where Hpp=PHP, etc. It is apparent that Hpp repre-
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sents the collective Hamiltonian

HPP=P<Ei+A) ’
A= G| ETH,E]| 1)/ G £l )
H|i)=E;|1). (140)

The eigenstate £|7) of Hpp has the energy eigenvalue
E;+A. The second term of (1.3), H po+H ¢ p, represents
couplings between the collective state £|i) and the
other states:

Hop=(Hpq)"
={[H,£]— A} |0)i| &/GEEld)  (1.5a)
=QLH,£][3)(i| &/(i| £¢4). (1.5b)

Therefore, if the random phase approximation (RPA)?
(or the Ahrens-Feenberg approximation®:)

{{H,£]—A}|)=0 (1.6)

is valid with good accuracy, the coupling terms
Hpo+Hgqp vanish in (1.3). Of course, higher collective
modes can also be treated, if necessary, by defining
suitable projection operators to replace (1.2).

The purpose of this work is to develop a theory of
collective motions starting from the Hamiltonian (1.3)
with some modifications. For that purpose several
manipulations using projection operators are made by
following Feshbach and his collaborators,”® who
developed such mathematical techniques in the course
of formulating nuclear reactions.

In Secs. 2 and 3 it is shown that, under suitable condi-
tions, an approximation method using a commutator of
the nuclear Hamiltonian and the relevant transition
operator can be derived, as previously proposed by
Ikeda and the present author®?®1 and extensively
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applied to the study of hindered 8 transitions.5:''=15 The
possibility of extending the method to diagonal nuclear
matrix elements is also surveyed in Sec. 4. Relationship
between the present and other methods is discussed

in Sec. 4.

2. PRELIMINARY REMARKS

Before treating collective motions, we shall make
remarks on some aspects of the conventional nuclear
theories and show the existence of alternative
approaches.

A. Conventional Method

Suppose that two model wave functions, |7)° and | f)°,
are given in place of the true ones, |7) and | f), respec-
tively, for which

[i)=[5)+ |51}, (2.12)
[ f)=1/+181), (2.1b)
(ilay={f1f)=1, (2.1¢0)
and
(il iYo= (51 f=0. (21d)

We discuss the possible error due to |87) or |§f) in
calculating (f]|m|1):

8(flmliy=(of|m|i)+(f|m|di). (2.2)
We assume that
(5ilsi)< e (2.32)
and
(flofse, (2.3b)

where € is a sufficiently small number, say, of the
order 4. (See also Appendix.)
Now let us discuss (8f]m|2) in (2.2). It can be shown

that
(2.4)

[{6f[m|i}|*< x| m'm]d).
A proof of (2.4) is given as follows. Defining projection
operators P and Q [using the same notations as in (1.2) ]

to be iy

m|)(i|m

P=1-Q0=———, 2.5

¢ (i|mtm|3) 25)
we obtain

[(8f]m]d)|2=(8f|P|of)(i|m'm]|d)
= (Bf1(P+Q)|8f)i|mim]d)
= e2(i|m'm|i), (2.6)

which agrees with (2.4). If we introduce the quantity

e=(f|P[])
= |{fIm]i)|*/(i|m'm|1),
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we can rewrite (2.6) as
[@fIm]d)/{fIm]i)|>< &/ 8.

The meaning of & in (2.7) is clear from the relation

52=l<ff7ﬂli>l2/§ [{f'|mli) [, (2.9)

(2.8)

which is the ratio of the relevant transition strength to
the sum rule value. Thus, if 8 is a quality of O(1), (2.8)
certainly guarantees that the possible error | (5f|m|4)/
(f|m|4)|* has the order of e. On the other hand, if 61,
the upper limit of (2.8) becomes large. It is interesting
to note that the equality sign in (2.8) is valid if and

only if
[6/)=P]8f),

as seen from (2.6). Since m|i) can be regarded as a
collective state in various problems in nuclear physics,
it can be stated that a large error in calculating (f|m|4)
arises from the admixture of the collective state m|s).

(2.10)

B. Alternative Methods

As discussed in Ref. 9, we can construct many
identities of the type

(flmli)y=(flmes:(£))|3),

in which m.: is some function of m, H, E;, E,, etc. For
later convenience, only the dependence of m.; on E; is
explicitly written in (2.11). As an example

(2.11)

(fIme O (E)) | iy=( 1——~—~—EH”"]"'”A' 2.12
off o= E—En fi> (2. a)
(fIO[Hm]]|)
= (2.12b)
E;—E—A

where G )
LGl m]li

(2.12¢)
(i |mtm| i)
In place of (2.4) we have
|3 [mets(E) |4) |2 S €t mess™ (Ep)mees(B)) [3)  (2.13)

for a general me; in (2.11). Let us show that
(2| mese'mess| 1) is generally not equal to (i|mim|d). If we
write

(fImess(Eg)|§)=F-YE)(f|these| 5y,  (2.14)
we are led to
(i l meffT(Ef)meff(Ef) J 1)
=z; [{f' | mese(Ey) 1) ]2
= IF(Ef)I~2§; [{f’ |#vess| )| 2 (2.15a)

= lF(_Ef)l-2§ [F(Ep) |2]{f'|m|i)|? (2.15b)

_IP@®)

IP(Ey) | (2.15¢)

(ilm'm|i),
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where

(1 F(E) [ 2av
=§IF(Ef')IZKf/ImIi)Iz/;I<f’iMIi>l2» (2.16)

At the step from (2.152) to (2.15b) we made use of the

relation,
(f'Im|iy=(f'| mesi(Es) |3

=F~YEp)(f |hets 1), (2.172)
but it should be noticed that in general
(f'[m| 0= (' | mese(E) |5). (2.17b)
In the special case (2.12a), (2.15c) becomes
(3| mots DT (Ep)mess ™ (Ey) | 3)
=——(i|m'm|i), (2.18a)
(Ej—Ei—A)?

where M, represents the second moment of transition
strength distribution:

__:Zf’ (Epr—Ei— A {(f'|m|i)]|*
X [4f | mi)]? '

From (2.13) and (2.18a) we can conclude that, for the
value of E; satisfying M<K (E;— E;,— A)? the possible
error | (8f|meie|2)|? is expected to be much smaller
than |(8f|m|)|2

Another example is given in (2.11b) of Ref. 9;

(flota,LHm]]]4)

(2.18b)

2

eff(z) Y= 5 219
(f | mess @ (Ey) | 4) (B (M) (2.19)
for which
(i | Mess DY (Ep)mess @ (E;) | 1)
(|(BE=E)*—(A*+M>)| 2>av/_ ,
= (i|mtm|)
[(E;—E)*— (A M)
_ Mt 4MA+ M (A% M) (i|mtm|dy. (2.20)

(B~ E)— (a4 M) P

The present argument is based on the assumption
that |4), Es, Ey, and A are somehow known or calculated
from H with sufficient accuracy, and it was shown that,
in this situation, it is better to use . in place of m to
prevent a large possible error (3f|m|i) arising from
[8f). In other words, some higher-order effects are taken
into account in terms of A and a numerator of (2.12)
which is different from the original transition operator
m.

In principle, if we find mes¢ such that (i |mesemese|7)
K (i|m'm|i), it gives a good estimate for (f|m|7).
However, in practice, a complicated effective transition
operator like #:® in (2.19a) can hardly be convenient
to treat. Therefore, instead of examining the general #ss
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further we shall try to make the meaning of the identity
(2.12) clearer, and find the condition for which (2.12)
become useful as an approximation method in the next
section.

It should be remarked here that most of the argu-
ments in this section are also valid if |4) is replaced by a
model wave function [7)° in every place where |7)
appears, as seen in the next section.

In the case of Gamow-Teller matrix elements, for
which the identity (2.12) was used as the basis of an ap-
proximation method, A is essentially equal to the single-
particle Coulomb displacement A,, having the order of
magnitude 15 MeV for heavy nuclei, and the largest
contribution to [H,m] comes from spin-orbit forces
which are estimated to be considerably smaller than
| E;— E;— A|. Therefore the relation M<K (E;— E;— A)?
is fairly well satisfied.

3. FORMULATION OF COLLECTIVE MOTIONS

If the RPA (1.6) for a chosen £ is valid with good
accuracy, the original decomposition of H, (1.3), should
give a good starting point for the treatment of collective
motions. However, as discussed in Ref. 5 the RPA is
known to be valid very well only for the Coulomb part
of H. Therefore we start from another decomposition
of H corresponding to the conventional shell-model
approach or its variations:

H=pr+(Hpq+qu)+Hq4;

where p and ¢ are a set of projection operators satisfying
p+g=1and pg=gp=0, and H,,= pHg, etc. We assume
that explicit calculations are carried out in the subspace
projected out by the projection operator p. However, as
pointed out in Sec. 1 such calculations might have large
errors if collective effects exist in the ¢ subspace. Our
basic idea is to introduce the collective decomposition
similar to (1.3) only for a part of H, H yq:

Hoo=Hqq,qot+(Hpg,qot+Hqq,oP)+Hpq,qp,

where

3.1)

3.2)

Hpq,ee=PqHqQ,

For simplicity we assume that all the relevant states
have a discrete energy spectrum, and the continuous
case is discussed in the next section.

As in (2.1) the wave functions can be rewritten as

|9)= 1| pi)+|qi) (3.3a)

etc.

and

|N=12NH+1af), (3.3b)

where |pi)=p|i) and |pf)=p|f). The present for-
malism can be applied to any choice of p, but an example
of p common to conventional theories is to project out
the states corresponding to few lowest levels of a
harmonic-oscillator potential, the closed core being
assumed to be inert.

Two kinds of basic assumptions can be adopted.
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(i) H is given, p being specified. Then we can solve

the equation
(3.4)

(pr"Ef)IPf>=0y
and similarly for | p7).
(ii) In addition to H, H’ as stated below is also given,
$ being specified: According to Feshbach’s procedure,”
we can obtain |pf) and E; by solving

(pr,_Ef)Ipf>=0: (3.5a)

where
Hpp'=H pptH o Ey—H g0) 7 H g, (3.5b)
and similarly for |pi) and E;.

In this section we adopt the latter assumption (ii),
and the model wave function | f)° in (2.1b) is identified
with |pf) in (3.5a). Another case will be discussed in
the next section.

Let us define the quantities e; and e; by

(aflaf)=es? (3.62)

and

(gilgi)=es, (3.6b)
analogously to (2.3). These are assumed to be con-
siderably smaller than 1. (See also Appendix.) Since we

have the relation”

l9f)=(E;—H ) 'Hp| p1), (3.7)
the relations (3.6) can be rewritten as
<Pfl Hpo(Ey—H o) *H ¢p l Pf) =¢;* (3.8a)
and
(Pt H po(Ei—H 9) "2 H o | p1) = €:2. (3.8b)

Using (3.7) we obtain the conventional formulas
written in the projection operator formalism,

<le!f>=<Ple(1+(Ef_qu)“1qu)Ipf>/

flef), (3.9)
(flm| f)=pf|(A+H po( E;— H 10) )
X(1+(Ef"qu)_1qu)lpf>; (3-10)
and
(flm| )= {pf|A+Hpo( E;—H ;o) Ym|i) (3.11a)

= (f)f] (A+H po(E;—H 4)"Ym
XA+ (Ei—H ) 'H yp) | pi)  (3.11b)

for i f. Although (3.9) is a special case of (3.10), it is
separately written in a different way because H is
special. It should be remembered that | f) is normalized,
{flf)=1, but |pf) is not, in general, and similarly
for |4).

In the following we examine the above three cases
individually, estimating possible errors due to |¢f) or
|gi). If the errors are large because of “collective
effects,” we introduce the decomposition of H 4 in (3.2),
in which the projection operator P, defined in (1.2),
corresponds to relevant collective motions in nuclei.

JUN-ICHI
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A. Expectation Values of Energy

In this subsection the formula (3.9) is examined. The
possible error is given by

bf1H|p))?
-2
! s oflpf)
_ (PfIHMIQﬂ’zé &' (Pf|Hpall | pf) (3.12)
of12f) 1—e  (pflpf)
as in (2.4). The equality sign in (3.12) is valid if and
only if
I9f>=PHIQf>> (3.13a)
where!6 oyl 5o S| H
= ap pf Pf »pgq ) (3‘13b)
(Pf|HpoH 05| pf)
If we introduce the quantities
o= [pfIHp )Y/ Cp | 2| p /XS] £F)  (3.14a)
and'’
K*=(pf| HpoH op| 1)/t f 1 H?| 1), (3.14b)
then (3.12) becomes
H 2 T
(fIH|fXpf1pf) Je o (315

(ef1H|pf) (1—¢2)? &
Therefore, we can draw a conclusion from (3.15) that
if 6=0(1), the error is of the order e/X; if |§/kes|<K1,
the error could be as large as |«e;/8].

In the latter case we introduce (3.2) in estimating the
possible error. The following formulas are useful:

1 1
P= P
E;—Hqy  E;—Hpg,qp
1
‘IL HQq,qF P, (3163)
Ef"qu f“HPq,qP
P ! Q !
V= Hpq,e0Q 0, (3.16b)
E/_qu Ef—HPq,qP ~fT il qq
and, (3.16b) being inserted into (3.16a),
1 1
P P= P(l—f-Hpq,qQ
Ef_qu Ef‘HPq,qP

1 1
XQ QHqq,qp ) . (3.16¢)
Ef“qu Ef* Pgq,qP

16 In place of (3.13b) we can define Py by Py=H H/
(pf|H?[pf). In such a case (3.13a) is replaced by Iqj)lift])](’fzjf‘qu)
Similar arguments can be applied to P, in (3.28).

7If we use the closure approximation for (3.8a), we obtain
k2= e (Er—(H ))*/(pf|H?| p[). Therefore, the right-hand side
of (3.15) usually has the order ¢,%
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Assuming that P= Py defined in (3.13b), we obtain
from (3.16a)

<Pf!HIQf>=<?lepqr-'qu|Pf>

f 4 qq
=(pf|Hpo(Eg—H 10)"PH gp| p f)
={(pf|Hpo(Es—Hpq,qp)"Hop| pf)

+<?fl Hpq(Ef_qu)_lHQq,qP

X(Ef—Hpq,qp)*Hgp ] pf). (3.17)
If we introduce the quantity (H,,), defined by
Hpg,qp= <qu>P, (3.18a)
where oo o] )
(Hod= (B HpeH 4oH 0| p , (3.18D)
) (pf|HpoH o pf)
we obtain
1 (Bf1HpoH oo )
(flH|fy=——10f|H|pf)+
] U <f’ f> l ~<qu>
<‘]f(QquPqule>
} (3.19)
Ef_ (qu>

Now, let us examine the last term in the parentheses
of (3.19):

<‘]fIQquPqul?f> 2

E;—(Hqq)

DL

(B~ (Hq))?
g X{pfl HququQquPqulPﬂ , (3.202)

1

- (Ef- <qu>)2

X <Pﬂ Hpq[qu“ <qu>]2qu|Pf> ’ (3-20b)
where we used the relation,

Hpqgo=PH Q=P(H—(Hy)). (3.20c)

In the limit of RPA being valid, we have H pq,00=0, the
right-hand side of (3.20) vanishes. If we define the
quantity ux by the relation

S| HpHog— (H o) "H o 2
@S Hall w2
(3.20) can be rewritten as
(¢f|QH ooPH 0| pf)|?
Ey—(H o)

, (3.21a)

@ Holl | 21))?
E~(Hygy |

Seun

(3.21b)
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From (3.19) and (3.21b) we are led to the formula!8

H -
Gn= f>{<pfl 12)

(Pf| Hoa ool 2)
N - (H qq>

It can be noticed that the second term in the paren-
theses of (3.22) is obtained also by adopting the closure
approximation

[14-O0(emm) ] - (3.22)

(Pf|HpoH 0| 1)
= (qu) .

The magnitude of error involved in this approximation
is prescribed by the parameter ug defined by (3.21a); if

qul )= (3.23)

il qq

(bf1 Hpq

uer<l, the contribution of the third term in the

parentheses of (3.19) may be neglected.

B. Diagonal Matrix Elements

We start from the formula (3.10). The possible error
can be estimated by the relation,

[{flm| )= (pfim|pf)l = [{pflm|gf)]

+14afImlp )|+ {gfImlgf)], (3.24)
where
[gfIm|pf)12= espfImiqm|pf)  (3.25a)
e (o Imgm|af)
q m\q
( pg o RPN g o5
[{gfIm|qf)]*= Wl
We can rewrite (3.25a) as
L Sex/87, (3.26a)
oflm|pf)
where (o7 1m| 212
_1\pimiple (3.26b)
(pf|mtm|pf)
and ol )
(oo P miamlp ) (3.260)
(pf|mim|pf)

provided that (pf|m|pf)>£0. By making use of the
formula (3.16a), we can proceed as follows:

<9f[ ml?f>= <Pf|Hpq(Ef"qu)_lmlpf>
={pf| HpoP u(Es—H 40) " "Prmgm| pf), (3.27)
where Py is given by (3.13b) and

_amlpfXpflm'q
(pf|mtqm| Pf)

18 From (3. 20a) we can see that e;ux gives the upper limit of the
possible correction term. If e;ug<<1, the correction term must be
small. However, if e;un is not small, the third term in the paren-
theses (3.19) must be examined more carefully.

(3.28)
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assuming P=P,, and using (3.16a), we get

{gflm|pf)
_ @S| Hpim ) (qleququwﬂ’ (3.29)
Ep—(H o) E;—(H )
where (pf |t H oqm| )
1,y =2 H el 21) (3.29b)

(of|mtm|pf)
Then, it can be shown that

[{9/f|QH 1oPgm| pf)|*
S e Xpflm' (H oq— (H o)) 2qm | p ).

If we define the quantity u. by
) <Pf[ m ' (H gq—(H o)) *qm | pf)
I(Plepqmlﬁsz

we are led to the formula

(Ple:oquPf)
Ef - <H qq>
From the symmetry between P, and Py in (3.27) it is
clear that the same type of formula is valid for P, if

(H 44) s given by (3.18b) and u., is replaced by uz.
The third term of the right-hand side of (3.24) can
be treated similarly, and leads to (3.25b):

[{afIm|qf)|*=[{qf|m(E;—H o) *H op| p)|?
S e Xpf1 H op(Ey— H o) " 'm'qm
X(E;~H 4q)*H op| p1)
=e/qf|mlqm|qf)/(af1af), (3.32b)

in which the equality sign is valid if and only if |gf) is
an eigenstate of m. If RPA is assumed to be valid for
P=Py, we get an estimate from (3.32a),

(Pfl Hpquqp,?ﬁ
(Ey—(Ha))?

In the usual situation, {gf|m|qf) is, of course, expected
to have the order €2
Thus, we are led to the formula

(Pfl (H pgm~+m'H 4p) ]Pf)
Ef" (qu>
X[14+0(esum) J+0(e2) .

If RPA is valid for P=P,,, the O(esun) term should be
small.

(3.30)

,  (3.31a)

Mm

(gf|lm|pf)= [14+0(esum)].  (3.31D)

(3.322)

(3.32¢)

(gf|m|qf)=

(flm|f)={pflm|pf)+

(3.33)

C. Nondiagonal Matrix Elements

We examine the formula (3.11b). Conventional
theories are based on the assumption that each term in
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the following expression,

(flm|iy={pfm|pi)+{gf]m| pi)
+{pflm|gi)+{(gf|m|q),

has the relative order of magnitude O(1), O(ey), O(es),
and O(eses), respectively. This assumption can be
examined by the relation

(gf|m| pi)
(pf|m|pi)

52| PIImI2DP?
" (pilmtm|pi)

(3.34)

2
= 6;2K¢2/6¢2 ) (3.353)

where
(3.35b)

and

o Bilmiam|pi)
o (pilmimlpi)

and similarly for | {pf|m|qi)|2 Therefore, the expansion
in (3.34) can be expressed symbolically as

(flm|ty=<pflm| pi)[1+O(esx:/5;)
+0(eixs/87)+0(eies) ],

provided that {(pf|m|pi)>£0. Namely, if «;/8;=0(1),
the term, (gf|m|pi), can be considered to be the
quantity of O(es).

Now let us examine the term of O(es) or O(e;) in
detail. Using the formula (3.16a) again, we obtain

(gf1m| pi)
= <Pf' Hpo(Ey—H o) 'm| pi)
= <PflHpq(Ef“HPq,qP)_qumlpi>

(3.35¢)

(3.36)

+{gf | QH ooP(Ey— Hrpq,or) 'gm| pi), (3.37a)
in which
_am' [ pi)(pilmg . (3.37b)
(pilmigm|pi)
If the quantity A, is defined by
EtAg=(H ) [ Homl o0 llquH”m ' % ) (3.38)
(pilmqm| pi)
(3.37a) can be expressed as
af lMIPi)=%M@[1+O(GM)], (3.392)
where e
R o e Lo S

[{pf|Hpgm|pi)|*

Similarly, we have

( H gp| i)
(pflm] qi>=if“,m—lj)7[1+0(éw)] , (3.40)

el
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where A, and uy are defined analogously to A, and u;,
respectively.!® From (3.37a) and (3.40) we obtain

(flm|iy={pf|m|pi)

<Pf!Hpam,Pi>
e I | €/l4s
o LI Olew)]

qu )
M@El‘f‘o(eiﬂf)]—*_()(eief)- (3.41)
Ei—‘Ef_ Aq,

Let us examine the special case, gm'|pf)=0, but
gm| pi)£0. Such an asymmetry between initial and final
states is frequently seen®? for the actual treatment of
heavy nuclei with (NV—Z)#0. (See Sec. 4 C.) In this
case k=0 and the third term of the right-hand side
of (3.41) may be omitted. The first and second terms
of (3.41) can be combined to yield

(pf| H pgm| pi)

E;—E;—A,
_ (Pfl (Ef_Ei—Aq)m+Hpqm1Pi>
Ej—E;—A,

(pf|lm|pi)+

,  (3.42)

(3.5) being inserted into (3.42),
_(pfICHm]—mA| pi)
E—Ei—A,

+<9f|HQPm[pi>——<PflmHP41!qi>
E;—Ei—A, )

(3.43)

The second term of (3.43) is expected to be O(es?) or
O(e?) as shown by the example in Sec. 4 C.

Thus, in the case of gm'|pf)=0 we obtain, in place
of (3.41), an approximate formula,

(eS| CHmI—mA | pi)
(flmll>_ Ef—E;—Aq ’

(3.44)

which is very similar to (2.12a).

Now, let us examine the possible error in the formula
(3.44) by starting from the identity (2.12a), provided
that E;, E;, and A are known with sufficiently good
accuracy. To A the arguments in Sec. 3 B can be applied,
and we assume that, as in the example of Sec. 4 C,

A=A~40(e). (3.45)
The relation (3.45) implies that ¢ can be replaced by 1
in the definition of A4, (3.38). Then the identity (2.12a)

1 Explicitly, Er+A," = (pf|mHoqm* | pf)/p(f|mmt|p[).
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can be rewritten as
(flm]d)
UL+ Bo= 8 ]
E;,—E,—A
_{ILH T mAdl) e
E;—E;—A,
_ @S IRIpi+{f IR|pi)+ (2SR gi)+(af IR gi)
Es;—Ei—A, ’
(3.46b)
where
R=[H,m]—mA,. (3.46¢)

The second term in the parentheses of the numerator of
(3.46) satisfies the following inequality:

[{af|R|pi)| *< e/%(pi| RTqR| pi).  (3.47a)
Similarly, we have
[f|R|gi)| < eXpfIRqR|pf).  (3.47b)
The relation (3.47a) can be rewritten as
R|pi)|*
—————<Qfl l?’) Se%2/62, (3.48a)
(¢f|R|p5)
provided that (pf| R| pi)s<0, where
R|pi)|?
5om i<gfl |23)] (3.48b)
(pi| R'R| pi)
. (bi | RigRI i)
i
ki2= u . (3_48(:)
(pi| R'R| pi)

Since (pf|R|q¢i) can be treated similarly, we can write
(3.46) symbolically as

(flm]|i)
_ (pf|R| pi)[14-0(esks/ 5:)+O0(eiks/57) 4O eses) ]
E;—E—A, '

(3.49)

Summarizing this subsection we can make several
remarks:

(a) The second and third terms in the parenthesis
of (3.36) can be rewritten as in the right-hand side of
(3.41). If RPA is valid either for m| pi) or for m'| pf), or
both, collective effects included in the O(es) and O(e;)
terms can be easily estimated by (3.41).

(b) If =0 or gm'|pf)=0, the third term of the
right-hand side of (3.41) vanishes, and the formula
(3.41) becomes (3.44), and similarly for e;=0.

(c) If &:/6; and &;/6;,=0(1) in (3.49), the correction
terms in (3.44) are small. If these quantities, the upper
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limits of (3.47), are much larger than 1, {gf|R|pi) and
(pf| R| i) must be carefully examined case by case.
However, it seems unlikely that |[¢i) includes the
collective component R'| pf) significantly, and similarly
for |gf).

(d) It must be remembered that the arguments of
Sec. 2 are based on the assumption, ¢;=0. If both |8s)
and |8f) include collective components '] f)° and
m|i)°, respectively, the formula (3.41) seems to be
better than (3.44).

4. DISCUSSION OF RESULTS

In this section we discuss the results in Sec. 3 and
examine their relations to other theories.

A. Effective Operators

The projection operator p in (3.2) can be chosen to
be the one projecting out the lowest configurations
predicted by the shell or pairing model for initial and
final nuclear states. In such a case, the expressions
(3.33) and (3.41) define the “effective operators”:

(flm| f)=<pf|mes| p1), (4.1a)
where
Hgm~+mqH
Mett=mF———; (4.1b)
Ef—“ <qu>
(flm|i)y=pf|mes| pi), (4.2a)
where
Hgm mgH
meff=m+ J]" ) (4.2b)
E'{—"Ez_‘Aq EZ_E'["."AQI
or
Hym ]—mA,
meff:[—‘“"‘l"— (4.2¢)

E;—Ei—A,

if gm'|pf)=0. In (4.1) and (4.2), (Hog) and A, are
given by (3.29b) and (3.38), respectively.

The formula (4.2) has been extensively applied to
the study of B-decay matrix elements.®1:12:1415 The
formula (4.1a) is closely related to previous treatments
of the effective coupling constant due to core polariza-
tions.20:21 If we use . instead of m, collective higher-
order effects can be taken into account, as shown in

Sec. 3.
B. Configuration Mixing Method

The projection operator p in (3.1) can be chosen in
order to project out the states corresponding to few
lowest levels of a harmonic-oscillator potential, as
commonly assumed in the conventional configuration
mixing treatments.??

Then the correction terms, in (4.1b) and (4.2b), give

20 For instance, B. Mottelson, in Iniernational School of Physics
“Emrico Fermi,” Course 15, Nuclear Spectroscopy, edited by G.
Racah (Academic Press Inc., New York, 1962).

21 T, 1. Fujita, S. Fujii, and K. Ikeda, Phys. Rev. 133, B549

(1964).
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estimates on the contributions of ¢ components of wave
functions, for which detailed calculations are not carried
out. The magnitudes of such contributions can be
easily estimated by the sum rule values,

(pflmgH|pf), (pflHgm|pi),

It seems to be desirable to check these sum rules when a
configuration mixing calculation is done. It is interesting
to note that, if gm?| pf)=0 or gm| pi)=0or ¢H | pf)=0,
the above sum rule values vanish. In such a case the
model can be considered as “self-contained.”

For B decays the configuration mixing calculations
for which gm|pi)=gm'|pf)=0 have been carried
out.5-25-25 The calculations are not only complicated,
but also sensitive to the assumed models.

etc.

C. Comparison with Solvable Models

In order to make the physical meaning of above
arguments clearer, a solvable model is treated in the
framework of the present formalism. Suppose that

H=H+H, 4.3)

where
H°=E, §1 el +(Eo—0) | fo){fo]  (4.42)

and

N N
H=G(L ([T (o)), ap)

the sth unperturbed state being denoted as | f,). If we
put 6=0, (4.3) agrees with the degenerate model
proposed by Brown and Bolsterli.# The case of §5<0 has
been discussed!®?! in connection with the hindrance
factor for 8 decays.

Let us introduce the projection operators p and ¢
prescribing the model space; for s=0,1, -+, NV,

Plfs>=53,0lfs> (458.)
and
QIfS>=(1_5s,0)]fs>7 (45]3)
or more explicitly
p=1fo){fol (4.6a)
and
q=§l | fs){fa] - (4.6b)

22R. J. Blin-Stoyle, Proc. Phys. Soc. (London) A66, 1158
(1953); A. Arima and H. Horie, Progr. Theoret. Phys. (Kyoto)
11, 509 (1954); H. Noya, A. Arima, and H. Horie, zbid. Suppl. 8,
33 (1958).

23 T, Hamamoto, Nucl. Phys. 62, 49 (1965).

( 2 Jj A. Halbleib and R. A. Sorensen, Nucl. Phys. A98, 542
1967).
% R. M. Spector, Nucl. Phys. 40, 338 (1963).
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Now we introduce the model transition operator

= |l @)

and the corresponding projection operator
N N
P=1-0=[1/(N+DXL [FN(Z {fel). (48)

Using these projection operators, H in (4.3) can be

rewritten as

H0=E0q+ (Eo—' 50)P (49&)

and
H'=(N+1)GP, (4.9b)

in which the part of H° connected with |7) is omitted
for simplicity. It is easily recognized that

Pp—pP=[1/(N+1)]
N N
X[ {:1 lfsxfol - If0> §1 (fs"] (4-10)

is not zero in general.
The following expressions are easily derived:

Hpp=(Eo—60) | fo)fol +G| fo){fol , (4.11a)

Hu=EaE | EXAIHGCE, LD(E (o) 110)

and

N
Hpq:(qu)fZG!ﬁ)z::l(fsl; (4.12)
Hpp= P(EH—A) ) (4.13&)
where
E+A=Eq—68o/(N+1)+(N+1)G; (4.13b)
Hpq,qp‘—‘ P(Erf"Aq) s (4148.)
where
Ei+Ay=(E+GN)N/(N+1). (4.14b)

In Refs. 15 and 21 the exact solutions are obtained
in this model, and for N>>1 we have

(flm|i)= 8/ (NG+30). (4.15)

Since we can see that A=A,4O(N-Y) and E;=E,
—8[1—O(N-1)7], it can be proved that

IICHmI=mAdi) b
E;—E—A4, NG+3do

for N>>1 in this model. Comparison of (4.15) with (4.16)
shows the validity of (4.2b).

(4.16)

D. Extension to the Continuum Region

Even if | f®) belongs to the continuum region, the
formula (2.12) is valid;
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o @I Ml
G mliy==— =,

(4.17)

provided that E;# E;-+A. However, it is convenient to
express the right-hand side of (4.17) in terms of |Qf@),
which is a solution of

(Hoo—Ef) |QF®)=0. (4.18)

It is to be noticed that |Qf®) includes the states in
open channels. The result is given by

(OF®|[Hm]|i)

, (4.19)
Ej— Ei~ A'+43T

(f®|m]i)=
where
A'TFiT= A+ (P [ | H po(E;— Hoqie) !
XHop|Pf)/(Pf®|Pf®),  (4.20a)

or

@
A'—A=(i|m'Hpg————Hqpm|i)/
r—Haq
(i|mtm|i)y, (4.20b)
and
T'=2m(i|m"H pod(E;—Hqo)H orm| 1)/

(4.20¢)

P being defined by (2.5) and ® representing the principal
value.

The formula of Breit-Wigner type (4.19) has been
derived previously® and applied to electromagnetic
transitions. For the sake of completeness, let us briefly
sketch the proof of (4.19) here. Solving the simultaneous

equations
. (Hoo—E;)|Qf)=—Hqr|Pf) (4.21a)
an
(Hpp—E;)| Pf)=—Hpq|Qf), (4.21b)
we obtain
| PfO)=(Ey—Hpr)Hro| Q%) (4.222)
and

[Qf®)=[Qf®)
+(E;— Hoqie)'Hqp| Pf®) (4.22b)

= |QF )+ (Ey— Hoqie)Hop
X(E;—Hpp) Hpg|Qf®). (4.22c)

Then multiplying (Pf@® |Hpq from the left of (4.22c)
we obtain

(Pf® | Hpo|Qf®)=(Pf® | Hpo|QF®)
+(Pf® |Hpo(E;—Hoq=ie) 'Hop| Pf®)
(Pf® | Hpo|Qf®)
(Pf&® ]Pf(:t)>
which leads to (4.19) straightforwardly.

, (4.23)
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The formula (4.19) shows that the transition ampli-
tude (f&|m|:) looks like a giant resonance which has
the peak energy E;+A’ and total width T', and the fine
structure should be given by calculating the numerator.

It should be pointed out that the formula (4.19) is
useful as the basis of an approximation method in the
sense of the arguments in Secs. 2 and 3. The main point
is that, when the wave function |Qf®) in (4.19) is
replaced by a model wave function, we do not have to
worry about the P component in the model wave func-
tion because of the presence of the Q operator in front
of | f@®). The arguments in Sec. 3 can be easily extended
to the continuum cases. It is shown that there is a close
relationship between the validity of (4.19) and that of
RPA. According to Feshbach’s terminology our collec-
tive state m|1) corresponds to a “doorway state.” Since
the formula (4.19) has been already explored in the
study of nuclear reactions,®!¥ we return to the discrete
case in the next subsection.

E. Relations to Tomonaga Theory

Generally speaking, if we construct » collective
coordinates from spatial 34 coordinates for 4 nucleons,
the remaining degrees of freedom become (34—n).
However, if 34>>n, (34 —n) can be regarded as approxi-
mately equal to the original degrees of freedom 34. In
Tomonaga’s theory,! the approximation in which 1/4
is neglected compared with 1 plays a central role.

To the present treatment we applied this idea in a
somewhat different way: In the p subspace we make
use of the model wave functions obtained from the shell
model or its variations, whereas the higher admixed
states belonging to the g subspace are treated by adopt-
ing the RPA (corresponding to the 1/4 approximation).

Therefore, the present procedure seems to be appro-
priate for the treatment of incomplete collective modes
on the basis of conventional shell theories, and may be
regarded as a new type of “unified theory.”

F. Miscellaneous Remarks

(a) We can formulate the arguments in Sec. 3 by
starting from the model wave function |pf) in (3.4). In
this case we introduce the quantity &:

<6fl 6.f>= €f2;
[8/)=1H—1p]). (4.24b)

Then, the perturbation expansion can be written in the
following way:

(4.24a)
where

H=Hy+H,, (4.252)
where
Ho=Hppt+H g (4.25b)
then
~{1+ i H}] 7 (4.263)
|f> Ef—-H 1(1P])s .
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where
PO Po Pa Po
= + Hy . (4.26b)
E;~H E;~H, E;~H, E~H

In (4.26), the notation P, represents a projection
operator (1—|pf)Xpfl/{pf1pf)), which commutes
Wlth H 0

The remainder of discussion proceeds exactly in the
same way as in Sec. 3. This type of formulation of
nuclear models has been proposed previously.2s

(b) Ichimura has shown!®!! that the approximation
method starting from the identity (2.12) corresponds
to a sort of lowest-order perturbation approach.

It can be seen from (3.41b) that if gm'|pf)=0 and
A=A/,

H,

<f1mli>z<pflmlpi>+<pfiE——ff’——lpi>. (4.27)

—Fi—

2

It is recognized that the difference between the both
hands of (4.27) comes mainly from the higher-order
effects of H pq, 4q-

5. CONCLUSIONS

In this paper, being motivated to reformulate the
theory of collective motions due to Tomonaga in the
projection operator formalism, we were led to the
question of what is the best method for calculating
(flm|i), (i|m|i), and E when |i) and |f) are given
with some error |8) and |8f). In Sec. 2 it was pointed
out that, if |6f) includes collective components 7|3),
the error can be quite large. In Sec. 3 it was concluded
that such collective components can be taken out in
terms of the collective energy and a type of sum rules.
Therefore, the formulas obtained can be used also as a
basis for semiphenomenological arguments based on
experimental knowledge.’® Mathematically speaking,
the upper limits of errors were estimated by use of (2.4),
essentially the Schwarz inequality. It was shown that
validity of the equality sign in the Schwarz inequality
is closely related to the existence of a collective mode.

The main results of this paper are given by (3.22),
(3.33), or (4.1), (3.41) or (4.2), and (4.19) for energy,
diagonal, nondiagonal (discrete), and nondiagonal
(continuous) matrix elements, respectively. The correc-
tion terms were obtained in the lowest order of H p, 4.
Therefore, if RPA is a good approximation for the
relevant collective coordinate, these formulas give
convenient estimates on the effects of remaining terms.
If the correction terms are not small and RPA is not
justified, these formulas give us warning that we should
enlarge the definition of the subspace prescribed by p
and treat the higher-order terms carefully.

Briefly, the argument of this paper is summarized:
The validity and the limit of applicability of the pre-
viously proposed approximation procedure, which uses

2 J. 1. Fujita, J. Phys. Soc. Japan 19, 1528 (1964).
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a commutator of the nuclear Hamiltonian and the
relevant transition operator, was clarified by repeated
use of the Schwarz inequality, and the same basic idea
was applied to the evaluation of diagonal matrix
elements. This method is especially suitable for the
treatment of a problem in which the model wave func-
tion is mostly shell-like but with small admixtures of
collective effects.
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APPENDIX: SHORT-RANGE CORRELATIONS

In this Appendix are discussed effects of short-range
correlations which were omitted in the body of the
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paper. It is well known that nuclear forces have strongly
repulsive cores and the true wave functions must be
quite different from the shell-type wave functions
whenever two or more nucleons are close together.
However, it is generally believed?” that such short-range
effects can be approximately removed through a proper
unitary transformation U, (UTU=1), satisfying

(flm|iy={f|m|7}, (Ala)

where
LUm]=0, (Alb)
Uliy=12, (Alc)

and

ulhH=15 (Ald)
for a single-body operator 7. At the same time we have
(H—E)|1)=0, (A2a)

where
H=UHRHU-'=U(T+V)U'=T+t. (A2b)

In (A2), T and V represent the kinetic and potential
energy parts, respectively, and ¢ is assumed to be
approximately expressed as a sum of effective two-body
potentials.

In the present projection operator formalism, we can
write

(14 (Ei—H )" H ¢p]| 1)

and

|iy=U"7)= —, (A3)
[{pil 1+ Hpo(Ei— H o) *H g | pi) ]'1*
where | pi)/({pi| pi))!/% in (3.2) is identified with |7). If we assume that the approximate relations,
1
LR S S, s
<?f|< E—H, pa || ™ E—H, ap IP’>
[14+H po(Ey— Hog) (14 (Ei— H 1) H o] | 1) (Adb)

|pi)=

[(Pfl 1+Hpq(Ef_qu)_2qu I ?f)(?il 1+Hpq(Ei“qu)—2qulZ’i>]”2 ’

are satisfied independently of the value of E; or Ey, we obtain the desired property (A1). A plausible argument in
favor of (A4b) can be given as follows. First we notice that the operator (Ei—H ) in (A3) can be approximately
replaced by a ¢ number, Ei— (H,,)=E, independent of E; and similarly for (E;—H ,,), where E stands for a
typical value of excitation energy corresponding to the short-range correlations. Then the dependence of (A4)
on E; or E; can be neglected in first approximation.

2 For instance, R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955).



