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Details of the ground-state electron momentum density in Li, Be, B, LiF, Na, Mg, and Al have been
investigated by means of high-resolution Compton line-shape measurements. A sharp discontinuity is ob-
served in the momentum density near the Fermi Surface in Li, Na, Mg, and Al, whereas in Be the dis-
continuity (if any) is too small to be discerned. Above the Fermi momentum, these metals all exhibit high-
momentum tails in their valence-electron momentum densities which can be attributed largely to electron-
electron correlations. The momentum density in Be and Al is sensitive to crystallographic orientation, while
the density measured in Li and Na is essentially spherically symmetric. In both Be and B the measured
valence-electron densities are more 2P-like than 2s-like. The measured momentum density of LiF resembles
a superposition of calculated free-atom Li+ and F, rather than Li and Fo momentum densities. Agreement
between the data, analyzed in the impulse approximation, and Hartree-Fock calculations for the core-
electron momentum densities is good in Li, B, Na, and Mg, but unsatisfactory in Be and Al.

INTRODUCTION

'T has been known for over forty years that the
~ - ground-state linear momentum distribution of elec-
trons in solids can be investigated by measurements of
Compton x-ray scattering. ' Yet only recently have such
experiments been carried out with sufhcient accuracy to
allow observation of interesting features of the mo-
mentum distributions. 2 Unlike x-ray scattering-factor
measurements, which are insensitive to the outer-
electron charge density and are encumbered by problems
of extinction and absolute values, the Compton mea-
surements are both sensitive to and quite simply related
to the momentum distribution of the outer electrons.
Thus the Compton-scattering experiments can provide
a critical test of band calculations (especially when
correlation effects are included).

For many years, the angular correlation of positron
annihilation radiation has been used to determine the
momentum distribution of the outer electrons in solids.
In order to obtain the electron momentum distribution
from such measurements, it is necessary to (1) know the
positron wave function in the solid and (2) assume
negligible perturbation of the annihilating electron by
the positron. Since no such problems arise in Compton
scattering, a comparison of Compton x-ray and positron
experimental results provides direct information about
(1) and (2) ('both of which have also been examined
theoretically). ' The outer-electron momentum distri-
butions determined from the present x-ray results and
from previous positron results exhibit both similarities
and differences, suggesting that these two techniques
may be complementary.

The experimental work reported here is of Compton
line-profile measurements on Li, Se, 8, LiF, Na, Mg,

'For a review of early work, see A. H. Compton and S. K.
Allison, X-Rays in Theory and Experiment (D. Van Nostrand, Inc. ,
Princeton, N. J., 1967), 2nd ed.' M. Cooper and J. A. Leake, Phil. Mag. 15, 1201 {1967).' J. Melngailis and S. DeBenedetti, Phys. Rev. 145, 400 (1966);
J. P. Carbotte and S. Kahana, ibid. 139, A213 (1965).

and Al. The results presented indicate the detail pres-
ently attainable with a slightly modi6ed commercial
x-ray spectrograph. Although the resolution provided
by this apparatus is better than that employed in
previous Compton line-pro6le investigations, still
higher resolution can be achieved with a more special-
ized instrument.
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W. E. Duncanson and C. A. Coulson, Proc. Phys. Soc.
{London) 57, 190 (194S); G. E. Kilby, ibid. 86, 1037 (1965);
P. M. Platzman and N. Tzoar, Phys. Rev. 139, A410 (1963).' G. F. Chew and G. C. Wick, Phys. Rev. 83, 636 (1932).
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THEORY

The theory of the Compton line shape has been given
by several authors. ' Platzman and Tzoar, by consider-
ing time-dependent scattering theory, justify the use
of the impulse approximation. ' The impulse approxi-
mation is valid if (1) the photon interacts with only a
single electron and (2) the binding forces between the
ejected electron and the other particles in the system
are essentially constant during the time of the collision.
If the incoming-photon energy is large compared with
the energies of the electrons in the system, condition
(1) is satisfied. Furthermore, if the 6nal energy of the
Compton electron is much greater than its initial
energy, the collision time will be much shorter than the
time required for any rearrangement of the remaining
electrons, and condition (2) will be satisfied. The net
effect is that the photon and electron exchange energy
and momenta in a constant potential field.

In the impulse approximation the Compton cross
section for an electron scattered into a plane-wave
state with momentum y is given by
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FiG. 1. Diagram of the Compton process
in a plane in momentum space.

X(g) = (2m) '" d'r e '&'(p(r) . (2)

( t units). The final and initial photon(using atomic uni s .

one-electron wave function of the electron before it is
ejecte, ~= vp —vd, hE = h(vp —v) is the energy loss of the photon,
and the 5 function signi6es conservation of energy.
X(g) is the momentum eigenfunction, i.e., the momen-
tum transform of &p(r):

where

do'

2Ã
dk

I x(Pp) I 'P&pp—=J(s)
I~l

2
I x(Pp) I'=- ~(r)i-(P«)"«

Calculated values of the Compton line shape J(s) for
Hartree-Fock free-atom one-electron functions have
been calculated using Clementi wave functions. ' These
calculated J(s) functions will be used in describing the
results reported here. It is conveinent to introduce a
parameter q w ich' h has the dimensions of momentum
an is propor ionad t' nal to the wavelength separation l from
the center of the Compton line for an unbound electron:

in momen um spact ace normal to the scattering vector
k—kp and at a distance pp cosp from the origin.

For a one-electron wave function separable into
an ular and radial parts I p(r)= 0'(8)C(P)R(r), where
the angular functions are the hydrogenic one-electron
solutions), it can be shown that

2r i/2

X.prr)=~ —
~

p(tr)e(p')fz(r)j. (jrrr)rrrgr, (4)
&~i

where 8' and P' are the corresponding angular varia les
t s ace and the subscript e denotes the

r i0 1 2 3 forone-electron orbital quantum number 0. . . or
s, , d, f, res ectively). If we are dealing with s electrons
or make measurements which average over the angular
variables, integration over the plane in momentum
space gives for Eq. (1)
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Th if k and kp are fixed experimentally, pp cosp lsus) i p

r Analunique y e1 determined and the summation over
er a lanestates p becomes essentially an integration over a p ane

The factor (2ir) "' ensures normalization of X in mo-
mentum space when q is normalized in con6guration
space.

andReferring to Fig. 1, conservation of momentum an
energy yield respectively

p'= pp'+ Ik—kpI' —2pp cosqbIk —kpI,
p'= ppp+ 2mhhv.

Therefore,

q—=mc
2) 0 sin8,

( 2h sin'8, ) 2h
l=X—

I
Xp— I,

—=0.04852 A,
mc i mc

where 28. is the Compton scattering angle, Xp is the
'd t avelength and X is the final wave engt .

0 &60'For conditions ordinarily met in practice
Xp . , Z=q.0.7 A) —. Some values of s as a function of q
for Mo En radiation (Xp——0.71) and for several va ues
of 8, are given in Table I. The differences (s—q) are
only of the order of a few percent.

Equation (5) is the fundamental working equation for
Compton line-shape measurements of polycrystalline
samples in the impulse approximation, assuming that
the electrons are described by free-atom wave functions.
From a measurement of J(s) one can obtain Ix(pp) I' y
inversion, i.e.,

1 dJ

2' z dz
I x(Po) I'=

dJ
47r

I x(p p) I
'pp'= I(pp) = 2s—,

dZ

. 17'R. J. Weiss, W. C. Phillips, and A. Harvey, Phil. Mag.
146 (1968).
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TABLE I. Values of s versus q for Mo E'n radiation () =0.71 A) for
three values of the Compton scattering angle 8c.

q (a.u.)

—40—3.5—3.0—2.5—2.0
1.5—1.0—0.5
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5

0,=45'
—4.01—3.50—3.00—2.49—1.99—1.49—0.99—0.49

0.00
0.49
0.98
1.46
1.94
2.42
2.90
3.37
3.84
4.31
4.78
5.24
5.71
6.16
6.62
7.08
7.53
7.98

s (a.u. )

e.=75'
—3.99—3.48—2.97—2.47—1.97—1.47—0.98—0.49

0.00
0.48
0,96
1.43
1.90
2.37
2.84
3.30
3.76
4.21
4.67
5.1,2
5.56
6.01
6.45
6.89
7.32
7.75

e, =90'
—3.98—3.47—2.96—2.46—1.96—1.47—0.98—0.49

0.00
0.48
0.95
1.43
1.90
2.36
2.83
3.29
3.75
4.20
4.65
5.10
5.54
5.98
6.42
6.86
7.29
7.72
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where j(po) is the linear momentum density between

p, and po+dpo. Furtherinore, since (&(pa) (' gives the
probability per unit volume in momentum space of
finding an electron with linear momentum po, one can
also obtain the expectation value of the kinetic energy:

(KE)= 2'
~ X(pa)

~
apa4dpa (atomic units). (9)

Vnder conditions of very large energy transfer (com-
pared with the binding energy), there is also the con-
dition that

J(s)dz=1 —f'(sin8, /Ao)

per electron, where f is the x-ray scattering factor.
For a many-electron atom, the Compton cross section

is a sum of the contributions from each electron. In
dealing with aspherical momentum densities, .:Eqs.
(5)-(9) must be modified. In this case, Eq. (5) involves
the momentum distribution in a plane normal to the
x-ray scattering vector and at a distance

~
s~ from the

origin.
The discussion above has been limited to free atoms.

For electrons in a crystal lattice, Berko and Plaskett
have shown that for Bloch electrons with wave function
f.(r),

~
X„i(po)

~

' involves a sum of contributions
~X„(pa) ~' from all Bloch electrons whose wave vector x
either equals po or differs from po by a reciprocal lattice
vector. ~

' S. Berko and J. S. Plaskett, Phys. Rev, 112, 1877 (1958).

I
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RADIATION SM I ELD

FIG. 2. Schematic drawing of the apparatus. The angle between
extreme rays de6nes the collimator divergence angle.

EXPERIMENTAL DETAILS

The basic technique for obtaining our Cornpton pro-
6les has been used previously. ' Figure 2 shows a sche-
matic diagram of our appratus, a modified Norelco
spectrograph. A molybdenum-target x-ray tube operat-
ing at approximately 50 kV (full-wave rectified) and
50 mA was employed. Molybdenum Soller slits fixed to
the x-ray-tube window reduce the divergence of the
beam striking the sample to 2.2'. (Divergences are
taken as the angle between the extreme rays. ) X rays
scattered by the sample through 117' are collimated
by a second set of Soller slits (divergence 0.14'), then
diffracted by a LiF analyzing crystal (in symmetric
refiection), and lastly collimated by a third set of Soller
slits (divergence 0.14') fixed to the NaI detector. In
conjunction with the detector amplifier, a pulse-height
analyzer is used to reject pulses with wavelengths far
from the Mo En line () 0.7 A). The x-ray-tube output
is monitored by a second NaI detector and pulse-height
analyzer which samples a broad beam of x rays
()i 0.7 A) scattered from the LiF analyzer through

80' to 140' (see Fig. 2). A Zr filter further enhances
the 0.7 A monitor signal. Data are obtained by ac-
cumulating counts at a fixed detector angle 28 (analyz-

M. Cooper, J. A. Leake, and R. J. Weiss, Phil. Mag. 12, 797
(1969).
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curve, and their area ratio satisfies Eil. (10).

ing-crystal angle 0) for a predetermined number of
monitor counts.

The main effort in these measurements was to achieve
higher resolution in momentum (g) space then had
been previously achieved. This was accomplished by
using the three sets of Soller slits and a I.iF analyzing
crystal with a rocking curve width of 0.1', comparable
with the divergence of the second and third sets of slits.
The LiF (600) reflection was used in obtaining most of
the data. When necessitated by low counting rates, the
(400) reflection was employed, increasing the intensity
by a factor of 3, with some loss of resolution. The
geometry of the analyzing system requires that the
28-to-0 relationship between the detector slits and the
analyzing crystal be accurately maintained. This
introduces a major experimental difhculty, particularly
at small 20, because it requires high precision in the
2-to-1 goniometer reduction gears.

The MoEn x rays scattered from a typical sample
consist of an unmodified "elastic" component (Bragg
and thermal diffuse scattering) and a broad Compton
line. Similar elastic and inelastic scattering from the
bremsstrahlung continuum produce a smooth back.-

ground. Figure 3 shows data for polycrystalline Li. The
ratio of Mo Eo. Compton scattering to the continuum
background at the Compton peak is 4.5. This ratio is
4.5 for Be and 1.8 for Al Lfor the LiF (600) reflectionf.
The counting rate at the Compton peak is 750 x rays
per min for Be, 80 x rays per min for Al.

The intensity ratio of the n~ to the o.2 component is 2
and the wavelength separation is 0.00429 A (for Mo).
Thus it is straightforward to separate the 0.~ component
in the Compton data (after the background has been
subtracted and the reactivity of the analyzer and ab-

sorption in the sample have been accounted for), using
the Rachinger method. ' %ith this procedure the short-
wavelength half of the separated o.~ Compton line is
more accurate, particularly where the slope is large, and
therefore this side of the line was used for most of the
valence-electron analysis. In obtaining the separated
n~ line, the Rachinger procedure was applied to a
smooth curve drawn through the data.

Several features of the separated n~ Compton pro6le
for Li shown in Fig. 3 should be noted. There is a rapid
change in slope at 28=66.95' and 68.14' (z~&0.6)
associated with the discontinuous change in momentum
density at the Fermi surface. Positive and negative
values of z (right and left sides of the Compton line,
respectively) correspond to the ejection of an electron
whose component of initial momentum along the k—ks
direction is in the same and opposite direction, respec-
tively, as the momentum transferred to the electron
by the photon. The dashed curves indicate (1) the calcu-
lated Hartree-Pock contribution from the two core
electrons (is') and (2) an inverted parabola (free-
electron theory) fitted to the valence-electron contribu-
tion. It can be seen that the valence-electron
contribution has a "tail" extending beyond the dis-
continuity at the Fermi momentum. These higher-
momentum components are expected in metals when
electron-electron correlation effects are considered. '
Higher-momentum components are also introduced by
terms in the free-electron wave function which involve
Gnite reciprocal-lattice vectors. The latter contribution
appears to be of secondary importance in the Compton
data, since (1) the observed valence-electron intensity

' W. A. Rachinger, J. Sci. Instr. 25, 254 (1948)."E.Daniel and S. H. Vosko, Phys. Rev. 120, 2041 (1960).
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at high momenta does not show structure commensurate
with the reciprocal lattice or any marked dependence on
crystal orientation (for single-crystal samples) and (2)
in Li and Na, where both positron-annihilation and
Compton measurements have been made, the valence-
electron intensity at high momenta is signi6cantly
larger in the Compton results.

The area under the core contribution should be nearly
32 of the total area, since f' is very small for all electrons
for the experimental conditions used [Eq. (10)].The
experimental core-electron curve is not symmetric
about s= 0, because of binding effects (see also Fig. 13).
The binding energy of the core electrons is 55 eV."
Since the Mo Eo.&-n2 energy separation is 105 eV, the
onset of the Compton scattering in Li occurs under the
unmodi6ed Mo Ee doublet, prohibiting an exact de-
termination of the Compton line shape in this region.
Thus the experimental curve has been extrapolated to
the background at 55 eV above the Mo Eo.~ position.

With the above values of scattering angle and incident
wavelength, the energy transferred to valence electrons
is between about 500 and 1100 eV. The center of the
Compton line (z= 0) corresponds to a photon energy loss
of 834 eV. Thus for these electrons the use of the impulse

approximation is surely justified. The energy transferred
to the core electrons is greater than about 1000 eV on
the long-wavelength side of the Compton peak where
the core contribution was carefully analyzed, and to the
extent that this energy is very much greater than the
core-electron binding energy, the use of the impulse
approximation is also valid.

While separation of the smooth bremsstrahlung
background is straightforward, occasionally unwanted
discrete lines appear in the vicinity of the Compton line.
These are due to (1) Bragg scattering by a single-crystal
sample, (2) fluorescence of impurities in the sample, and
(3) thermal diffuse scattering of W Ln contamination on
the x-ray-tube target. Sragg scattering from a single
crystal could be eliminated by a slight reorientation of
the sample ('Bragg scattering from polycrystalline
samples was too weak to observe). The W Ln lines, and
most impurity Quorescence lines, occurred at wave-
lengths suKciently removed from Mo En that they
could be eliminated by a combination of 6lters and
energy discrimination.

From a measurement of the unmodified Mo Eo, lines
the resolution function of the analyzing system (second
and third Soller slits and LiF crystal) was determined to
be essentially Gaussian with a full width at half-maxi-
mum hz= 0.15 [for the (600) refiection]. The divergence
of the first Soller-slit set (2.2') defined a resolution
function with full width at half-maximum As=0.06,
due to the shift in the Compton line as function of 28,
[Eq. (11)].As 28, approaches 180', the initial beam
divergence can be increased without loss of resolution,

"J.A. Bearden and A. F. Burr, Rev. Mod. Phys, 39, I25
(1967).

but physical limitations of our spectrograph did not
permit a scattering angle greater than 120'.

In the data the 6nite instrumental resolution smooths
any discontinuity in slope and obscures structure
wherever the true J(s) is not essentially linear with s
over the resolution width. In order to determine ac-
curately the position of the Fermi momentum dis-
continuity and to resolve structure in J(s), it is neces-
sary to take account of the effects of the instrumental
resolution. The magnitude of the statistical fiuctuations
in the data precludes working directly with the experi-
mental slopes. The most successful method found for
obtaining the true profile J*(s) is an iterative procedure
which convolves successive trial J*(s) functions with
the known instrumental-resolution function until
agreement with the measured J(s) is obtained. In the
analysis of the valence-electron data presented below
this procedure is employed.

The center of the Compton line (for the valence
electrons), which corresponds to zero component of
electron momentum along the scattering vector, is
shifted in wavelength from the Mo Eo, by the well-
known expression

b,X= (h/mc) (1—cos28,) . (11)

Using a single crystal as the scatterer, it is possible to
obtain Bragg reflections from the continuum and de-
termine 20,. In this way, Eq. (11) was verified to about
k%.

All samples had a Rat surface intercepting the entire
beam and were oriented approximately perpendicular
to the scattering vector, with the exception of the Se
single crystal, a 8-in. -diam cylinder with its axis along
(1010), the Li single crystal, a ~-in. -diam cylinder with
its axis along (110), and the B polycrystalline sample,
which consisted of several odd-shaped pieces of grey-
black crystalline B (presumably the tetragonal form).
Some LiF and Al single crystals were ~', -in. thick; the
other samples were about —,'-in. thick. No multiple
scattering was observed in the data presented here.
Oxidation of the Li and Na was prevented by a paragon
or oil coating thin enough that it did not give rise to
appreciable scattering. All data were taken with the
samples at room temperature.

RESULTS

Li and Na

As shown in Fig. 3 and discussed in the preceding
section, a Hartree-Fock 1s' free-atom calculation
[Eq. (5)]provides a good fit to the experimental Li core
at high values of momentum (s) on the long-wavelength
side of the Compton line. In the region of the unmodified
line (shortest wavelengths), binding becomes important
and precludes the use of the impulse approximation. In
Na agreement is again within the experimental error
between a calculated Hartree-Fock 2s' 2p' core and the
experimental J(s) for large z, even on the short-wave-
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LI

turn densities I(pe) for Li and Na, obtained from the
slopes of the experimental J(s) curves after correcting
for instrumental resolution as explained above. The
discontinuities associated with the Fermi momentum
are clearly seen, as are the high-momentum tails above
the Fermi momentum (pr), which are associated with
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Fro. 4. Momentum density for the valence electron in (a) poly-
crystalline Li and (b) polycrystalline Na, obtained from the slope
of the measured En~ Compton line (corrected for absorption and
instrumental resolution), after subtracting background and the
calculated Hartree-Fock core (1s' for Li, 2ss2P' for Na). The
cross-hatched areas represent the experimental uncertainty, which
arises principally from the uncertainty in determining the slope
of the Compton line. The dashed curve in (a) is from Ref. 13.

length side of the Compton line. Binding appears not
to affect signiicantly the Na line shape except in the
immediate neighborhood of the unmodified line. (The
binding energies for the Na core are 63 and 3j. eV for
the 2s and 2p electrons, respectively. " On the long-
wavelength side of the Compton line the 1s electrons
can also be excited, since the is binding energy is
1072 eV, but in the experimental pro6le the 1s elec-
trons did not contribute a measurable intensity. ) The
calculated core functions, when fitted to the Li and
Na data, satisfy Eq. (10) within the experimental error.

The intensity not accounted for by the calculated
core J(s) arises from the valence electron in Li and Na.
Plotted in Fig. 4 are the valence-electron momen-

- I.4
I I

"I.O

z (o.u.)

I

-0.6
I

-0.2

Fzo. 5. Experimental Compton lines in the region of the Fermi
momentum for polycrystalline (a) Li and Be and (b) Na and Al.
The instrumental resolution function is shown in (a). In (c) are
shown Compton lines (Xaq components) obtained from these
data, using the iteration procedure to eliminate the broadening
at py caused by finite instrumental resolution.
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electron-electron correlation. Several experimental runs
have been averaged to obtain the data represented in
Fig. 4. The un. certainty in determining I(ps) is denoted
by the cross-hatched region and arises principally from
the uncertainty in calculating the slope of the measured
J(s) curve. In Fig. 5, typical data from Li, Na, and Al
in the region of pr are shown, as well as the Je(s)
functions found by the iteration procedure. Also shown
is the analyzer resolution function, which is given by
the pro6le of the sharp, unmodi6ed lines, whose known
line width is about 20% of the resolution width )for the
LiF (600) reflection].

The discontinuities at p& in Fig. 4 are shown as sharp
breaks because the J*(s) obtained with the above
mathematical analysis appears sharp, i.e., the resolution
width is sufficient to account for the observed rounding
at py in Li and Na. The experimental values of ps are
0.593&0.015 a.u. in Li and 0.509+0.02 a.u. in Na.
(Significantly larger values of ps can be arrived at when
the effects of finite resolution are not considered. ) The
free-electron values of p~ are 0.588 a.u. for Li and 0.481
a u. for Na. Thus P~ for Li determined from the Compton
profile is in agreement with the free-electron value
(agreement is also obtained in both Al and Mg), while

pr for Na is slightly larger than the free-electron value.
This discrepancy is not understood.

In contrast to the Compton measurements, positron-
annihilation experiments in Na and Li yield momentum
distributions closer to those given by free-electron
theory LI(ps) = 3pss/p~s for po(py, I(ps) = 0 for
p) p~]" The dashed curve in Fig. 4(a) is a calculation
by Geldart, Houghton, and Uosko for an interacting
electron gas with parameters appropriate to Li."The
effects of correlation are obvious, although the area
under the correlation tails is not so large as that found
experimentally, where 14% of the total area in I(ps)
for Li and Na is associated with the region above pr.
The absence of high-momentum tails (electron-electron
correlation effects) in the positron measurements can
be understood conceptually. The average distance be-
tween the positron and the electron with which it
annihilates is of the order of the positronium Bohr radius

( 1 A), whereas the average distance between valence
electrons in Li and Na is 3—4 A. Thus the positron-
electron pair appears partially neutral to the other
electrons and electron-electron correlation effects are
reduced.

The Compton profile from a Li single crystal was
studied with the scattering vector along three crystal-
lographic directions: 1100], L110], and L111].Within
the experimental uncertainty of about &3%, no devi-
ation from spherical symmetry in J(s) was found.
Positron-annihilation experiments in single-crystal Li
have resolved small anisotropies. '2

' J. J. Donaghy and A. T. Stewart, Phys. Rev. 164, 391(1967);
164, 397 (1967)."D. J. W. Geldart, A. Houghton, and S. H. Vosko, Can. J.
Phys. 42, 1938 (1964).
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FIG. 6. Momentum density for the two valence electrons in
polycrystalline Be (solid line) obtained from the slope of the E~&
Compton line I'corrected for instrumental resolution, background,
and absorption). The calculated Hartree-Pock 1s' core has been
subtracted from the measured Compton line to obtain the curve
shown. The cross-hatched area denotes the experimental un-
certainty. The dashed curves show (1) the Hartree-Fock 2s'
momentum density and (2) a calculated 2p' momentum density,
with J(s) = (Ss'+y')/(s'+y')' p'=0.672.

r4 T. L. Loucks and P. H. Cutler, Phys. Rev. 133, A819 (1964);
C. Herring and A. G. Hill, ibQ'. 58, 132 (1940).

Large deviations from free-atom behavior are evident
in single-crystal and polycrystalline Be. The experi-
rnental momentum density I(ps), corrected for instru-
mental resolution, for the two valence electrons in
polycrystalline Be is shown in Fig. 6. This momentum
density was obtained by subtracting from the data a
calculated 1s' contribution satisfying Eq. (10). Also
shown in Fig. 6 are free-atom momentum densities for
2s and 2P' configurations. /For 2p J(s)= ('Ss'+y')/
(s'+y')' (y'=0.672) was used to calculate I(ps).]The
data support the expectation that in the metal there is
considerable promotion of the free-atom closed-shell
2ss electrons to 2P-like states.

A discontinuous change in the slope of J*(s) was not
observed in Be, in contrast to Li, Na, and Al, as shown
in Fig. 5. However, in both single-crystal and poly-
crystalline Be the maximum curvature in the Compton
line occurs at p=1.05&0.025 a.u. The free-electron
Fermi momentum is py=1.027 a.u. Thus the point of
maximum curvature can be associated with the location
of the Fermi momentum. While current band calcu-
lations are unable to account for the high-momentum
tails because they do not include correlation, the calcu-
lations of Loucks and Cutler and of Herring and Hill
exhibit a considerable reduction in the density of states
near the Fermi surface Lcompared with the parabolic
free-electron I(ps)].'4 Such a reduction would reduce
the magnitude of the discontinuity in I(ps), consistent
with our observation. Also, a reduction in the density
of states near the Fermi surface associated with
a nearly complete p character would explain the
failure to observe a significant Knight shift in Be NMR
measurements.
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Fro. j. (a) Long-wavelength half of the measured valence-
electron Compton line (En& component) for single-crystal Be
with the scattering vector in two crystallographic directions. The
calculated is' Hartree-Fock contribution and background have
been subtracted from the data. The effects of instrumental
resolution have not been removed. (b) Slopes of the curves
shown in (a), and of a similar curve for the (1121) direction. The
magnitude of the experimental uncertainty (not shown) is ap-
proximately the same as that in Fig. 6.
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Single-crystal measurements were made with the
scattering vector in the L1120], (1121$, and $0002]
directions. The long-wavelength side of the experi-
mental Compton line for the outer electrons in two
directions is shown in Fig. 7(a) (the calculated 1s'
contribution has been subtracted from these data).
In Fig. 7(b), the magnitude of the slope of the Compton
line for the outer electrons is plotted for the three
directions. These results are very similar to those of
positron-annihilation experiments (except for the
higher-momentum components in the Compton results)
and show that the momentum density (and hence the
charge density) is flattened along the basal plane. "
Measurements at the center of the line LJ(0)j with the
scattering vector along the c axis and in the basal plane
give (J(0) for L0002j)/(J(0) for L1120j)=1.045&0.01.
Thus a slice in the basal plane in momentum space (or
real space) contains about 4.5%%u~ more momentum
density (or charge density) than a slice perpendicular
to the basal plane in the L11207 direction. This is
qualitatively consistent with the known c/a ratio
(1.568) being 4% less than that for close packing of
spheres (1.63).

The results for the Be core is' electrons are par-
ticularly puzzling. Figure 8 shows the measured J(s)
(for long wavelengths) and I(ps), as well as the Hartree-
Fock free-atom J(s) and I(p,). )The area of the calcu-
lated curves has been normalized according to Eq. (10).$
If it is assumed that the core is essentially unchanged

'5 A. T. Stewart, J.B.Shand, J.J.Donaghy, and J.H. Kusmiss,
Phys. Rev. 128, 118 (1962); S. Berko, fftfd 128, 2166 (196.2).

FIG. 8. (a) Measured J(s) (solid curve) and Hartree-Fock 2s'
J(s) (dashed curve) for Be. The ratio of the areas under the mea-
sured and calculated curves satisfied Eq. (10). An extrapolation
of the measured J(s) having the correct core area is also shown.
(b) Experimental (solid curve) and Hartree-Fock 1s' (dashed
curve) momentum densities determined from the slope of the
corresponding J(s).

between the free atom and the solid, the difference
between the experimental and calculated curves is too
great to be accounted for. Thus it must be concluded
that the core in Be metal is not simply free-atom-like.
(If, in obtaining the experimental valence-electron
curves shown in Figs. 6 and 7, the experimental core
contribution shown in Fig. 8 is subtracted from the
data, rather than the calculated 1s' free-atom contribu-
tion which was used, little change occurs, except that
the high-momentum tails become more pronounced. )

Measurements were made on cr'ystalline boron. A
calculated free-atom is'2s' momentum density provides
a good fit to the experimental momentum density for
z& 2 a.u. The experimental valence-electron momentum
density for B, obtained by subtracting the calculated
Hartree-Pock is' contribution, is shown in Fig. 9. No
sharp discontinuity is evident in I(pp) after the instru-

mental resolution has been accounted for. There is a
distinct difference between the calculated free-atom
2ss2P momentum density and the density measured in

the solid. As in Be, the valence electrons appear more
2p-like than 2s-like. The experimental I(ps) is even

more expanded than the calculated free-atom 2p'
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Fro. 9. Measured valence-electron momentum density (cor-
rected for instrumental resolution) and Hartree-Fock 2P' mo-
mentum density for B. The Hartree-Fock is' core contribution
has been subtracted from the measured J(z) to obtain the valence-
electron density. The cross-hatched area denotes the experi-
mental uncertainty.

density shown in Fig. 9, a clear demonstration of the
eRects of bonding.

The measured Compton line profile J(s) of single-
crystal LiF $110$ is shown in Fig. 10, together with
two calculated Hartree-Fock curves, a superposition of
I.i+ and F and a superposition of Ii' and F'. The
measured J(s) definitely favors the superposition of
ionized atoms. (The F is electrons have a binding energy
of 690 eU and make a very small contribution to the
long-wavelength side of the line. )

~w&z
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FIG. 10. The EaI component of the measured Compton line
{corrected for instrumental resolution and absorption and with
background subtracted) for a I,iF crystal with the scattering vector
along L110) (solid curve), and the calculated Hartree-Fock J(z) for
Li+F PLi(is')F(lsz2s'2pz)) and for Li'F' LLi(1sz2s)F(lsz2sz2pz))
(dashed curves).

A1 and Mg

Figure 11 shows the valence-electron momentum
density measured in single-crystal aluminum, obtained
by subtracting the calculated 2s'2Ps free-atom core
from the data averaged over the three principal crystal-
lographic directions. The valence electrons appear to be
free-electron-like, except for a pronounced high-momen-
tum tail due to correlation eRects. The momentum

0.2 0.4 0.6 0.8 I.O ).zs

f z(a.tL)

Fro. 1i. The Al valence-electron momentum density obtained
from the data corrected for instrumental resolution fJ~(z}),
averaged over the three principal crystallographic directions af.er
subtracting the calculated Hartree-Fock 2s'2p' contribution. The
experimental uncertainty is shown by the cross-hatched area.
The dashed curve is from Ref. 13.

surface is spherical within the experimental uncertainty,
although anisotropy is found near a=0. Magnesium-
single-crystal measurements also show considerable
structure near s=0. (These details will be studied
further with a higher-intensity x-ray source. ) As in Li
and Na, there is a sharp break in the experimental
Compton line (corrected for instrumental resolution) in

Al and Mg associated with the Fermi momentum. In
both metals the break occurs, within the experimental
uncertainty, at the free-electron values, which are 0.926
a.u. in Al and 0.723 a.u. in Mg. In both single and poly-
crystalline Al the experimental value of pr is 0.922&0.02
a.u. In Fig. 11, the calculated I(ps) for the interacting
electron gas with parameters appropriate to Al is
shown. " The measured correlation eRects appear
somewhat larger than those given by the calculation.
Positron-annihilation results in Al are (1) approximately
free-electron-like, with pr=0.95&0.01 a.u. (a depen-
dence of py on crystal orientation is observed) and (2)
essentially devoid of higher momentum components
above pr. "

An interesting feature of the Al data is the dis-

crepancy between the measured core-electron momen-
tum density and the calculated Hartree-Fock 2s'2p'
density, shown in Fig. 12. (The 1s' electrons are not
excited. ) The measured momentum density for the Al
core is more extended in momentum space than that
for the free-atom calculation, whereas in Mg the mea-

sured core density is in agreement with the calculated
free-atom 2s'2p' core. Qualitatively, this corresponds to
the results of DeMarco for the x-ray scattering factor
of Al, which suggest an expansion of the core-electron

charge density (in real space), and the results of Weiss
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TABI,E II. Measured and calculated total Compton cross
section (Z-5) for Mo Ea scattered 120' (sine/X=1. 22 A '), in
electron units.

Calculated Measured

Valence
contri-
bution Core Contribution

O
CL

M
Be
Al
LiF
Li
Na

3.91
11.2
10.95
2.98
9.6

3.93+0.06
11.2 +0.2
11.2 &0.2

2.00
3.00
8.00
1.00
1.00

1.91
(2s'2 p') 8.0,(1s')0.2
(Lilsz)1 98, (F1sz)0 97

1.98
(2s'2p')8 0,(1s')0.6

0
z (a.u.)

radiation, t the sample thickness, and $ the relativistic
correction given by

FTG. 12. Measured Al core-electron momentum density and the
Hartree-Fock 2s'2p' momentum density (dashed curve). For
s(2.6 an estimated valence-electron contribution has been sub-
tracted from the measured J(z) to obtain the curve shown. The
experimental uncertainty is denoted by the cross-hatched area.

for the x-ray scattering factor of Mg, which show
agreement with the calculated free-atom scattering
factor. "

The core-electron momentum densities determined
from the Compton-scattering measurements are in
agreement with those obtained from Hartree-Fock
free-atom calculations in Li, B, Na, and Mg, but not
in Be and Al.

TOTAL COMPTON CROSS-SECTION
MEASUREMENTS

The measurements reported above are not absolute
and, indeed, need not be, except that the separation of
core electrons and valence electrons depends partly
on the total cross section for each electron group LEq.
(10)j. A separate, absolute measurement of the total
Compton cross section was made in the following way.
A monochromatic beam of Mo Enx rays Lselect'ed by
a LiF (200) monochromator) was scattered through
120 in symmetric reQection from a Rat sample. The
incident beam power Io was determined by direct
counting, using calibrated absorbers. The scattered
power I is given by

e' ) z (1+cos'2n cosz28.) AS
mc' j k 1+cos'2n JR'(fz+Iz*)

X (1+e (v cv*)tloocpc)—J(q) dg, (12)

' J. J. DeMarco, Phil. Mag. 15, 483 (1967); R. J. gneiss, ibid.
16, 141 (1967).

where ez/mc' is the classical electron radius, n the
Bragg angle of the monochromator, 20, the scattering
angle, A/R' the solid angle subtended by the detector,
S the number of atoms per cm', p+p* the linear
absorption coeKcient of the unmodi6ed and modified

(hvp/mc')'(1 —cos28.) '
1+

(1+cos'28.)L1+(hvp/mc') (1—cos28, )j
t' hvp

X i 1+ (1—cos28,) . (13)
mcz

Between the sample and the detector was a Y203 61ter
(absorption edge at 0.727 A) which transmitted the
modified radiation but absorbed essentially all of the
unmodified radiation. A separate measurement was
made to determine the transmission eS.ciency of the
61ter over the wavelength range of interest. Thus the
total cross section J'J(q)dq could be deduced, since all
the other quantities in Eq. (12) could be determined.
LA small fraction of the Compton line ( 4'%%uo) occurs
at wavelengths shorter than 0.727 A and thus is
absorbed by the 61ter, but this could be calculated
with suKcient accuracy from the experimental line
shape. $ The measured values of the total cross section
are given in Table II, along with the calculated cross-
section values of Freeman (commonly denoted Z—5)."
While absolute measurements were not made for Li or
Na, the agreement between the measured and calculated
values shown in the table provides a justification for
using the calculated cross sections in these two metals.

DISCUSSION

These are probably the first Compton line-shape
measurements made with su6icient resolution to allow
a determination of momentum densities. The principal
advantage of this experimental technique is its sensi-
tivity to the valence electrons, and this should provide
a good test of band calculations. In addition, the
magnitude and position of the discontinuity in the
momentum density of metals can be determined from
the data.

While the information obtained from the Compton
measurements in solids appears promising, it would
certainly be desirable to make accurate measurements
on a simple system such as an inert gas, in order to
further explore problems such as the validity of the

~r A. J. Freeman, Phys. Rev. 113, 176 (1959); Acta Cryst. 12,
929 (1959); 13, 190 (1960).
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TABLE III. Values of y versus q for Mo En& () =0.7093 A),
28,=118', for binding energies of 0 and 112 eV. j

'
I

'
j

q (a.u.)
—3.50—2.00—1.00

0.00
1.00
2.00
4.00
6.00
8.00

—5.15—2.30—1.05
0.00
0.91
1.74
3.15
4.35
5.35

y (8=112eV)

—/. 27—3.11—1.69—0.55
0.42
1.28
2.76
4.01
5.11

V)

~ 6

K

CO
K y

O
LU

~
V)

X
UJ

Zt7 2'

dh Ik—kpI ivi

Ix(pp) I'podpo,
(&4)

y= Ik—kpl p= Ik—kpl —L2m(b'av —B)g't'.

For small g and B=O, y (the electron momentum) is
again g. However, as the binding energy increases,

y and q differ appreciably, as shown in Table III for
Mo En, 28,=118 . The effect produces a large asym-
metry in the line shape as well as a shift of the centroid
to longer wavelengths. It is clear from our data that
the adiabatic approximation is only valid in the im-
mediate vicinity of the binding energy. In Fig. 13, the
data for polycrystalline Be has been folded about &=0

impulse approximation and the accuracy of Hartree-
Fock calculations of momentum densities.

The x-ray intensity produced by available x-ray tubes
has, to date, limited the Compton measurements to
elements below atomic number 15, because of the
competing process of photoelectric absorption. However,
there appears to be no technical reason why intensities
cannot be increased, so that at least the 3d transition
metals can be studied.

The momentum density deduced for the core elec-
trons is subject to greater uncertainty than that deduced
for the valence electrons, particularly when binding
effects are important. Some of the uncertainty can prob-
ably be resolved by making measurements with two
radiations of appreciably different energy. Corrections
to the impulse approximation become important if
binding effects are significant. It appears from our data
that the impulse approximation breaks down when the
energy loss of the photon is less than about twice the
binding energy. When the energy loss of the photon is
only slightly larger than the binding energy, conserva-
tion of energy gives b'av= p'/2m+8, where B is
the binding energy. In this limit the process is slow
enough that the interelectron potentials permit the
atom to adjust to the hole being created (a sort of
"adiabatic approximation"). For kp and k fixed, IpI
is uniquely determined, since 8 is fixed. The summa-
tionover all final states p then involves an integration
over a sphere of radius

I pI (the integration is over a
plane in the impulse approximation), and the cross sec-
tion becomes

2
l z I (c.u. )

FIG. 13. Measured En& component of the Compton line for Be
(corrected for absorption and with background subtracted) folded
about a=0 to show the eftects of binding on the core. Dashed
curve (—z), solid curve (+z).

to show the eGect of binding on the core-electron
Compton profile.

By plotting pp'I(pp) versus pp' for the valence
electrons in a metal, one obtains the density of kinetic-
energy states for the band electrons. For most of the
standard calculations in solids the potential energy over
the band is essentially a slowly varying function of
energy, so that the density of kinetic-energy states
represents an approximate grogtsd state dens-ity of states.
When one attempts to obtain density-of-states curves
from soft x-ray spectra or from optical data, one uses
measurements made in the adiabatic approximation,
i.e., measurements made near absorption edges. In
these cases, either the initial- or final-state wave func-
tions are excited states, which gives rise to uncertainties
when comparing the experimental results with calcu-
lations, since the latter are generally concerned only
with the ground-state density of states. While our
results have the advantage accruing from the impulse
approximation, we have not included any such plots
here. The reason is simply that the momentum density
itself provides a crucial test of band calculations,
and little more is gained in the density-of-states
representation.

The results presented in this paper should be con-
sidered as an initial survey of the potentials of the
method. The promise of a significant increase in inten-
sity should enable the resolution in momentum space
to be increased from the present &0.015 a.u. to better
than &0.005 a.u.
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