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This self-consistent equation is the same as the one
Taylor obtained by another method as can be seen by
multiplying both sides by (1+ZDo) 'L1+ZDo —(1—c)
X3f~eM'Do j to obtain

&(1+ZDo) 'L1+&Do—(1—c)MxerosDoj=cMxeco' (14)

which is Eq. (3.7) of Taylor's paper. '
It now seems, with Taylor's calculations and this

connection with the usual diagrams, that implicit com-
pensation in diagrams is important. Furthermore,

Yonezawa and Matsubara" have pointed out that any
theory at large concentrations should be symmetric in
the 3- and 8-atom types. Taylor has shown that Eq.
(14) has this symmetry, so that implicit compensation
also seems to restore A-B atom symmetry. A further
feature of this method is that, with the resulting im-
plicit equations in any calculation, the perturbation
expansion is no longer a power series in c and can
possibly yield results that are not analytic at c=0.

12 F. Yonezawa and T. Matsubara, Progr. Theoret. Phys.
(Kyoto) 35, 357 (1966).
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The frequency-versus-wave-vector dispersion relations for the normal modes of vibration of a series of
alloys of the transition metals niobium and molybdenum have been measured at 296'K, and previous
measurements on the pure metals have been extended, using coherent, one-phonon scattering of thermal
neutrons. The phonon dispersion relations are very diGerent for the two pure metals, suggesting that the
electronic structure, acting through the electron-phonon interaction, plays a significant role in the deter-
mination of the dynamics of these materials. The observed neutron groups corresponding to the phonons
in the alloys are not significantly broader than in the pure metals. The dependence of the dispersion curves
on alloy composition is found to be complicated, both the general level of frequencies and the shape of the
curves changing significantly. Fourier analysis indicates that the interatomic forces in the metals are oscil-
latory and of long range. Suspected Kohn anomalies are observed on several branches of the dispersion
curves. With the assumption of a rigid-band model, the positions of several of these anomalies correlate
with the calculated electron band structure for tungsten. The dimensions of the Fermi surface obtained
from this correlation are in agreement with other Fermi-surface information.

1. INTRODUCTION

RANSITION metals are characterized by a par-
tially 6lled inner electronic shell. This un6lled

shell results in many unusual properties' and might be
expected to have a significant e6ect on the interatomic
force system. This paper presents extensive measure-
ments of the phonon dispersion curves of niobium and
molybdenum and their alloys which demonstrate that
such effects are quite marked. In favorable cases the
results can yield information concerning the details of
the electronic band structure.

The dispersion curves of the column-V transition
metals niobium' (in the 4d series) and tantalum' (5d)
show many similarities, as do those of the column-VI
metals chromiumo (3d), molybdenum' (4d), and tung-

1For a review of the properties of transition metals see S. V.
Vonsovskii and Yu. A. Izyumov, Usp. Fiz. Nauk 77, 377 (1962)
(English transl. : Soviet Phys. —Usp. 5, 547 (1963)g.' Y. Nakagawa and A. D. B.Woods, in Lattice Dynamics, edited
by R. F. Wallis (Pergamon Press, Ltd. , Oxford, England, 1965),
p. 39; Phys. Rev. Letters 11, 271 (1963).' A. D. B. Woods, Phys. Rev. 136, A787 (1964).

4 H. Bjerrum Mufller and A. R. Mackintosh, in Inelastic Scatter-
ing of Neutrons in Solids and Liquids (International Atomic
Energy Agency, Vienna, 1965), Vol. I, p. 95.

5 A. D. B.Woods and S. H. Chen, Solid State Commun. 2, 233
(j.964).

sten' (5d). The dispersion curves of the column-V
metals, however, differ greatly, both in shape and fre-
quency level, from those of the column-VI metals. 7

Such effects imply a strong dependence of the inter-
atomic forces on the electronic structure for thesemetals.
Measurements of the dispersion curves of other metals'
indicate that the interatomic forces in some are com-
plicated while in others they are comparatively simple.

The electronic structures of the column-V and col-
umn-VI metals differ in that the column-V metals have
Q.ve electrons outside the closed shell and the column-
VI metals, six. Consequently, measurements of the
phonon dispersion curves of a series of binary alloys of
metals in columns V and VI in the same row should
provide information on how the addition of d electrons
to the un6lled shell changes the normal modes of vi-

' S. H. Chen and B. N. Brockhouse, Solid State Commun. 2,
73 (1964).

'A. D. B. Woods and B. M. Powell, Phys. Rev. Letters 1S,
778 (1965); see also A. D. B. Woods, Brookhaven National
Laboratory Report No. 940(c-45), 1965, p. 8 (unpublished).

'For general reviews of previous measurements of v(q) for
metals see G. Dolling and A. D. B. Woods, in Thermal Neutron
Scattering, edited by P. A. Egelsta6 (Academic Press Inc. , New
York, 1965), Chap. 5; B. N. Brockhouse, in I'honons, edited by
R. W. H. Stevenson (Oliver and Boyd, Ltd. , Edinburgh, 1966),
Chap. 4.
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bration and, hence, the interatomic force system. The
alloy system chosen for these experiments was the
niobium-molybdenum (Nb-Mo) system, both metals
belonging to the 4d series. The pure metals have ex-
cellent neutron properties and extensive measurements
of their dispersion relations have already been made. ' '
The metals form a complete series of disordered solid
solutions, all having a body-centered cubic structure,
thus permitting intercomparisons to be readily made.
Preliminary results of these measurements have been
published. ' Similar experiments' have recently been
done on the Bi-Pb-Tl alloy system and, using incoherent
scattering, on powdered vanadium alloys.

2. EXPERIMENTAL DETAILS

Experiments were carried out on six alloys of various
compositions. In addition, some measurements were

made on a crystal of niobium containing about 4%
zirconium. The alloy compositions were checked by
measuring the lattice spacing with neutron diffraction
methods, and comparing the measured lattice spacings
with the published values for this alloy system. "The
single-crystal specimens of both pure metals and alloys
were in the form of cylinders, the cylinder base being
approximately parallel to a (110)-type plane. With the
cylinder axis horizontal the mosaic spread about the
vertical axis of all the single-crystal specimens was ap-
proximately 0.5 . The specimens for the pure metals
consisted of three such cylinders, each approximately
5 cm long)&1 cm diam. The niobium crystals were ob-
tained from Metals Research Ltd. , Cambridge, England
and the molybdenum crystals were supplied by Linde

Co., through Union Carbide (Canada) Ltd. The alloy
specimens, supplied by Materials Research Corporation,
were of various sizes.

The measurements were made at a temperature of
296'K on the triple-axis spectrometer" at the NRU
reactor. The experiment was carried out using the spec-
trometer in its constant Q mode of operation and with
variable incident energy. The crystals were mounted so
that a (110)plane was horizontal. With this orientation
measurements could be made along the symmetry direc-
tions 6, Z, and A(F) (in previous notation $00&], Q f0j,
and [gi j, respectively).

3. EXPERIMENTAL RESULTS

The normal mode frequencies (v) measured as a func-
tion. of phonon wave-vector (tI) for the Nb-Mo system
are shown in Pigs. I—8. The straight lines through the
origin in Figs. 1 and 8 are the velocity of sound lines
calculated from the measured elastic constants of nio-
bium" and molybdenum, " respectively. The experi-
mental accuracy in the phonon energy determination
was typically about 2%.

The di6erences between the phonon dispersion curves
of the two pure metals niobium and molybdenum' "4
can be seen by comparing Figs. 1 and 8. The shapes of
the curves are very diGerent and, on average, the fre-

quencies of modes in molybdenum are signi6cantly
higher (~25%) than in niobium. Several anomalies can

be seen for each metal. The most striking of these occur

on the h.t branches near the point I' in niobium and near
H in molybdenum. The possible connection between
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FIG. 1. Dispersion curves
of niobium. The arrow in-
dicates the position of the
anomaly discussed in the
text.
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9 S. C. ~g and B.N. Brockhouse, Solid State Commun. 5, 79 (1967); B. Noser, K. Otnes and C. Thaper, Phys. Rev. 153, 535 (1966).
'0 W. B. Pearson, Handbook of Lattice SPacings and Structures of Metals (Pergamon Press, Inc. , New York, 1958).

B.N. Brockhouse, in Inelastic Scattering of Neutrons in Sohds and Liquids (International Atomic Energy Agency, Vienna, 1961),
p. 113."R.J. Wasilewski, J. Phys. Chem. Solids 26, 1643 (1965).

13 F. H. Featherstone and J. R. Neighbours, Phys. Rev. 130, 1324 (1963).
A. D. B.Woods, in Inelastic Scattering of Neutrons in Solids and Liquids (International Atomic Energy Agency, Vienna, 1965), Vol.

I, p. 87.
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FIG. 2. Dispersion curves of
Nbo. ee Moo. 15.
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FrG. 3. Dispersion curves of
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Fxe. 4. Dispersion curves of
Nbo, eo-Moo. 41.
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these and other anomalies and the electronic structure Nbp. 85 MOQ, $5 NbQ, $5 MOQ, 35 and Nbp. 5y-Mop. 4y are
will be discussed below. shown in Figs. 2-4. The curves show a shape remarkably

The phonon dispersion curves of the Nb-rich alloys similar to those of pure niobium, but the general fre-
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quency level increases with molybdenum content. On usual shape of the 65 branch at small q and the inter-
tie 6» branches the positions of the local maximum and section of the 6» and h~ branches disappear with in-

minimum show little change with composition, The un- creasing molybdenum content. The frequency of the
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Fro. 8. Dispersion curves
of molybdenum. The arrows
indicate the positions of
anomalies discussed in the
text.
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E~' mode shows a large change with composition, but
the S3' mode is almost constant. The deep minimum,
evident on the F~ branch of pure niobium, becomes less
pronounced as the molybdenum content increases. The
anomaly near P on the A& branch in pure niobium per-
sists in the alloys, but moves to smaller values of I and
becomes gradually weaker as the molybdenum content
increases.

Figure 5 shows the dispersion curves of the alloy
Nbp. 44-Mop. 6. The shapes of these curves appear to be
intermediate between those of the pure metals. Pro-
nounced anomalies are no longer observable, and the
dispersion curves are remarkably smooth.

The phonon dispersion curves of the Mo-rich alloys
Nbp. g5-Mop. 75 and Nbp. pg-Mop. gy are shown in Figs. 6
and 7. The frequencies are similar to those of pure moly-
bdenum. The A~, A3, and Z~ branches in these alloys
are almost identical to those in pure molybdenum while

the h~, h5, and Z3 branches differ from the respective
branches in pure molybdenum only near the zone
boundary. In this region the decrease in frequency, pre-
sent on all these branches, increases with molybdenum
content. Differences between the F~ and F3 branches
in the alloys and in pure molybdenum are also most
pronounced near H. The small kink at I' 0 78 on the.

F& branch in pure molybdenum is observed at approxi-
mately the same I value in Nbp. p9 Mop. 91 It is weaker
in this alloy and it is too small to be seen in Nbp. 25-

Mop. 79. The very pronounced anomaly at I 0 96 on.
the F& branch in pure molybdenum becomes progres-
sively weaker as the molybdenum content decreases,
and its position moves to smaller values of I

This fine structure is believed to be real since it is
reproducible under varying conditions of resolution and
in different positions in reciprocal space. Other apparent
irregularities, such as occur on the A~ branch of the
Nbp. 44-Mop. M alloy (Fig. 5) are not well established and
are not considered significant.

The variation of frequency with composition for

CL 7
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40

P4
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50
ATOMIC % Mo

I I I I

IOO

FIG. 9. Frequency variation of some zone boundary modes as a
function of composition in Nb-Mo alloys.

several special modes is shown in Fig. 9. It can be seen
that for the Nb-rich alloys all of these frequencies in-

crease with molybdenum content until approximately
equiatomic composition is reached. The frequencies of
the E~' and P4 modes are then almost constant with

further increase of the molybdenum content, while

those of the g3' and II~5 modes decrease. This decrease
is very marked in the case of the H» mode.

The constituent atoms in this alloy system have simi-

lar masses (for niobium &=92.91, for molybdenum
M= 95.94), thus effects due to mass disorder in the al-

loys are expected to be negligible. However, the very
diferent phonon dispersion relations for niobium and



782 I ORELL, MARTEL, AND %00DS

O

V5

0

0
~ M

0
~ W

&D

QJ

0

CO

50
~ ~
c8

O

8
O

0
~ ~

~ pM

O
U

~ ~

O

OQ

O

O

OO

Ch

O

00
OH O

O~rV OOQ&+
Hv)O~

84 l™8
OOOO

I I

OXBOW&
OOOO~

O O ~ 00 ChOQNWY)Q

QQ O~l/)~

I I

ChOWWO
M~OO~M

I I

O+tmc +No
QQ ~

I

00
C7

O~O
I

Ch ~ 00~OO
w~O

ChO~ V0

OOO
I

M O vj O
I I

O gt ~ h4

I I

ge ~/can
I~ I

C) Ch ~ ~ Q OQ
l/) Pfl l/) O Ch

+ w + QQ Ch W

VS WCh Ch~ ~

eo

i/i

~ QQ
M 00
&O

~ m ch eq
lel ~~QQO

ChOMWC)~
OOQQOOO

I I I

OW~ChQOW

I I

CV W W W W WWt OW~ A
re& MOO C)

Ch
I
IQ
Cl

W W C) oO ~ eq

Q ~ 'g W Q W

00~~~~ ~
I I

I

O ~ ~ ~ Ch ev

Ch

O
ll)

00 W

Ch W
00 Ch

~ ~ Ch

O~~
I

.~S~R
I I

Ch ~M M Ch W~ ~~1/) ~Lf)~Ot &OO
I I I

QOc~ Ch ~ ~ QO m

I I-I
WW&O%%~ M 00. CV ~ Ch

~ OQ
OQ 00
HO

QQ ~
Lf) ~

O
OQ

W VO~ OQ 00 ~
I I I I

evmOmm W&O&&C)&
OKWO~O

I I I

OOMPH WW~~~OO~MM
O~QQ~M

OWW QQOOCh~~~~~00
C) @&~~M~

00

~ OQ ~ OQ ~ ~
I I

W M ~ Ch ~ M
ChOOOOOM &

lgl Ol/)l/) ~~~

O cV ~ Ch & eq
Ch m t Ch C

I I

WKOOOCV&
Ch Ch ~ Ch M M
00~ Q ChOR~ lE) ~ ~ CV 00

M W 00 00 W ~~ OO Ch ~ ~ O
I I

nO4) Ch nWWWChOChCh

~ OQ ~ OQ ~~
W 00~M W~

W Ch 00

ll) ~ Ch~~ O M cv t~ 00 Ch ch eq m00~~~
I I

+OM&OOM
00000 QMOQ

Ch 00

~~ Ch Ch Ch M
M W '4D W Ch W
W ~ Chl/) wl/)Ch~M M

I

Ch m eq W ~ %M~t W~CO
QQ~RRf&

4 &I~~NN 4 &l~~H N
~0

& &l~~HN co
&I &I~~NN ce4 C~~N N



LATTICE DYNAM ICS OF N IOB I UM —. MOLYB DENUM ALLOYS 733

molybdenum imply widely differing interatomic force
systems in the two metals. Disordered alloys of the
metals might therefore be expected to show effects due
to force constant disorder. As reported previously, ~ no
eGects of this type have been observed in the widths
of the neutron groups suggesting that to this degree of
approximation, at least, these alloys may be considered
to have ordered electronic and phonon structures, ana-
logous in this respect to pure metals. However, the dis-
persion curves of the alloys near the equiatomic com-
position are smooth, showing no pronounced anomalies,
and the intersection of various branches which occurs
in the pure metals is absent. It is possible that these
sects are connected with the atomic disorder.

A limited number of measurements were also made on
the alloy Zrp. p4-Nbp, g6. Because of the low zirconium
content, however, it was not possible to observe any
signilcant diGerences between the dispersion curves of
the alloy and the pure metal.

O 4)
Ch W

OQ
o
e

ev ~ OO
CD

eo

I I

~ OQ

f4 I

OQ ~
CV CD

& CD
CD ~

W OQ

4. DISCUSSlON

A. Fourier Ana1ysis

To obtain information on the range of the inter-
atomic forces in these metals, the individual branches
of the dispersion relations have been Gtted to a Fourier
series. For the high-symmetry directions of simple ma-
terials (one atom in the primitive unit cell) the normal-
mode frequencies can be expressed in the form" "
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where v is the normal-mode freuqency, M the mass of
the atom, and i' the reduced wave-vector coordinate.
The Fourier coefFicients C, usually called interplanar
force constants, are linear combinations of Born—von
Karman interatomic force constants, The Fourier co-
e%cients for the symmetry directions of the pure metals
and alloys are shown in Table I.The coefBcients C „have
a complicated variation, as functions both of composi-
tion and of plane number n, reQecting the complicated
nature of the individual dispersion curves and of their
change with composition. The similarity in the shapes
of the dispersion curves of the Nb-rich alloys and of
pure niobium is borne out by the similar variation of
their Fourier coefFicients as a function of n. A corre-
sponding pattern is not observed for the Mo-rich alloys,
and this refIects the diRerence in the detailed shapes of
the dispersion curves of pure molybdenum and these
alloys.

The presence of unusual anomalies on several dis-
persion curves is reflected in the very high Fourier
coefBcients necessary to achieve a satisfactory 6t to the

's A. J.E.Foreman and W. M. Lomer, Proc. Phys. Soc. (London)
B70, 1143 (1957).

~ B. N. BrockIlLouse, T. Arase, G. Caglioti, K. R. Rao, and
A. D. B.Woods, Phys. Rev. 128, 1099 (1962).
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observations, particularly for the Ar(Ft) branches where
the measurements are most detailed. These high coeK-
cients imply that the interatomic forces are of very long
range; for example, a significant value of 4~2 for the
A(F) branches shows that the forces extend to at least
13th nearest neighbors. In addition to their long range,
the Fourier coeS.cients display an oscillatory behavior
as a function of e. Koenig" has related such behavior
to the long range Friedel oscillations" in the ion-ion
potential. For the simple case of free electrons the period
of the oscillations in the Fourier coefficients is directly
related to 2k', the diameter of the Fermi sphere. In
these more complex transition metals the oscillations do
not appear to have any single period which can be re-
lated to the Fermi surface dimensions. It should be
noted that although the dispersion curves of the alloys
near equiatomic composition are surprisingly smooth,
the magnitudes of the long-range Fourier coe6cients
(e 12) are not reduced by a large factor.

B. Comparison with Electronic Band Structure

Several authors" "have carried out electron-band-
structure calculations for the column-VI transition
metals. These calculations appear to be reliable since
the Fermi surfaces determined from them are supported
by measurements" on both tungsten and molybdenum.
Calculations for the 3d transition metals" and experi-
ments on the high-held galvanomagnetic properties of
niobium and tantalum'4 suggest that the rigid-band
model is reasonable for these metals. If this assumption
is made, the calculated band structure of Mattheiss'
for tungsten, shown in Fig. 10, applies to niobium,
molybdenum, and their alloys, and many of the features
of the measured phonon dispersion curves can be cor-
related, at least qualitatively, with this band structure
and the corresponding Fermi surfaces.

It can be seen from the measured dispersion curves
that the general frequency level in the Nb-rich alloys
rises with increasing molybdenum content. Over the
same composition range the calculated electronic den-
sity of states at the Fermi surface, E(Es), shows a
large decrease. "In the free-electron approximation, the

rr S. H. Koenig, Phys. Rev. 135, A1693 (1964)."J.Friedel, Nuovo Cimento, Suppl. 2, 287 (1958).
"W. M. Lomer, Proc. Phys. Soc. (London) 80, 489 (1962);

see also W. M. Lomer, ibid. 84, 327 (1964)."I. F. Mattheiss, Phys. Rev. 139, A1893 (1965).
T. L. Loucks, Phys. Rev. 139, A1181 (1965).
G. B. Brandt and J. A. Rayne, Phys, Rev. 132, 1945 (1963);

W. M. Walsh, Jr. , and C. C. Grimes, Phys. Rev. Letters 13, 523
(1964); J. A. Rayne, Phys. Rev. 133, A1104 (1964); C. K. Jones
and J. A. Rayne, in P'roceedjngs of the ninth International Con-
ference on Low Temperature Physics (Plenum Press, Inc. , New
York, 2965), p. 790; W. M. Walsh, Jr. , C. C. Grimes, G. Adams
and L. W. Rupp, Jr., ibid. , p. 765; D. M. Sparlin and J. A. Marcus,
Phys. Rev. 144, 484 (1966); P. A. Bezuglyi, S. E. Zhevago, and
V. I. Densisenko, Zh. Eksperim. i Teor. Fiz. 49, 1457 (1965)
LEng1ish transl. : Soviet Phys. —JETP 22 1002 (1966)j."L.F. Mattheiss, Phys. Rev. 134, A9/0 (1964).

'4 E. Fawcett, W. A. Reed, and R. R. Soden, Phys. Rev. 159,
533 (1967).

velocity of long-wavelength longitudinal sound waves25
is proportional to L1V(Es)$ '". Jf it is assumed that a
similar expression holds for more complex metals and
that the long-wavelength sound velocity is indicative
of the general frequency leve1, the observed correlation
can be qualitatively understood.

The oscillations of the Fourier coefFicients C„dis-
cussed in Sec. 4 A are related to a singularity in the
electron dielectric function, which has a direct e8ect on
the shapes of the dispersion curves. It was pointed out
by Kohn" that when the phonon wave vector is equal
to an extremal dimension across the Fermi surface, the
phonon dispersion curves have an infinite slope, giving
rise to a sharp kink or anomaly at this wave vector. The
e8ect occurs when

Q=27r~+q= k,—k, ,

where kt, ks are electron wave vectors on parallel sec-
tions of the Fermi surface, ~ is a reciprocal lattice vector,
and q is the phonon wave vector. As described in Sec. 3,
several well-defined anomalies are observed on various
branches of the dispersion curves. Because of the finite
resolution of the spectrometer, it cannot be unambigu-
ously determined if these anomalies are the singularities
expected from the Kohn effect. However, since several
of them correlate with our present knowledge of the
Fermi surfaces of these metals it is felt that this is the
correct explanation at least in these cases.

With the assumption of rigid electron bands, changes
in the Fermi surface with alloy composition arise from
changes in the Fermi level relative to these rigid bands.
The Fermi levels of the pure metals and of two alloys
calculated" assuming all the electrons outside the closed
shell to be valence electrons are shown in Fig. 10. The
(110) sections of the resulting Fermi surfaces of niobium
and molybdenum in the repeated reduced zone scheme
are shown in Fig. 11.

The anomaly at i = 0.46 on the At branch in Fig. 1 is
believed to arise from electron transitions u-0 across the
niobium hole surface at II in Fig. 11.If this interpreta-
tion is correct, the radius of this hole surface in the L111j
direction is 0.76 A ' compared with a calculated value
of 0.67 A '. Another possibility is that this anomaly may
arise from transitions c-d across the hole surface at I".
The calculated radius of this latter surface in the L1111
direction is, however, only 0.43 A ', and thus the possi-
bility of the anomaly arising from this transition is less
likely. The anomalies on the A& branches of the disper-
sion curves of the Nb-rich alloys, shown in Figs. 2 and
3, become weaker, and their positions move to progres-
sively smaller values of t as the molybdenum content
increases. In Fig. 10 it can be seen that the H hole sur-
face arises from the intersection of the Fermi level with
the Ft electron bands, and that its radius in the $111j
direction decreases with increasing molybdenum con-

"D. Bohm and T. Staver, Phys. Rev. 84, 836 (1952).I W. Kohn, Phys. Rev. Letters 2, 393 (1959).
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FIG. 10. Calculated electronic band
structure for tungsten (see Ref. 20).
The Fermi levels of niobium, Nbp. eq-

Mop. g 5 Nbp. g5-Mop. z5, and molybde-
num are indicated.

(g) O.S
K
CQ
C3
&- 0.6
K

(3
0.4

Mo
Nb Mo „
Nb
NQ, Mo„,

0.2

I I I I I I I I I I I I I I I I I I I 1 I l I

I' 5 H G N Z I" h, P D N D P F H

tent. Thus a Kohn anomaly corresponding to transitions
across this surface should occur at progressively smaller
values of t in the alloys, in agreement with the observa-
tions. This correlation is further evidence that these
anomalies, in both the pure metal and the alloys, arise
from the Kohn eGect.

Two anomalies can be seen on the h.t(F) branch of
molybdenum (Fig. 8). The weaker one at i =0.27 is
believed to arise from transitions a-b across the hole
surface at II in Fig. 11.As in the case of niobium, this
hole surface arises from the intersection of the Fermi
level and the Ii & electron band, but since the molybde-
num Fermi level is at a higher energy, the anomaly is
expected to appear at a smaller phonon wave vector.
The radius of the H hole surface in the L111$ direction

is deduced to be 0.47 A ' from the observed position
of this anomaly, in reasonable agreement with the calcu-
lated Fermi surface.

A very pronounced decrease in frequency on the F&
branch in pure molybdenum occurs at i 0.96. This
anomaly may arise from electron transitions c-d in Fig.
11;its observed position agrees well with that predicted.
Using the observed position of this anomaly together
with the one observed at )=0 27, the r. adius of the I'
electron surface in the (111]direction is deduced to be
0.34 A ', in reasonable agreement with the calculated
dimension. It is probable that the pronounced decrease
in frequency on the 6 branches near H also results from
these transitions. In Nbp. pg-Mop. pt (Fig. 7) this anomaly
on the Ft branch has moved to i' 0.93 and has become

0

FIG. 11. (1 10l sections of the
calculated (see Ref. 20) Fermi
surfaces of niobium and molyb-
denum. The arrows indicate possi-
ble electronic transitions which
correlate with anomalies on the
experimental dispersion curves.
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weaker, while in Nba. 25-Mop. 75 it was not observed.
This shift in the position of the anomaly is in agreement
with the band-structure calculations.

A weak anomaly is observed on the Il j branch of pure
molybdenum at t 0 78 . Th. is is the approximate posi-
tion expected for an anomaly arising from e-d transitions
assuming the other assignments are correct. In the Mo-
rich alloys, some structure is evident in this region but
it is not suKciently well established to make any
quantitative deductions.

From the electronic band structure shown in Fig. 10
it can be seen that, as the molybdenum content of the
alloys increases, the Fermi energy rises above the F»'
electronic level. This occurs in alloys which contain
approximately 34at.% Nb. Anomalies seem to be weak-
est near this composition, and no sudden change is ob-
served in the dispersion curves on passing through it.
From Fig. 9, however, it can be seen that the B'~5 fre-

quency has a maximum at approximately this com-
position.

5. CONCLUSIONS

Measurements at 296 K of the normal-mode fre-
quencies of the transition metals niobium and molyb-
denum, and of six of their alloys have been described.
The phonon dispersion curves are found to be very
different for the two pure metals, and, from the results
for the alloys, it is seen that the variation of the disper-
sion curves with composition is complicated, involving
changes of shape as well as general frequency level.
The changes in shape are closely related to the electronic
band structure. The behavior of the dispersion curves
as a function of composition is very different near the
extremes of composition. The Nb-rich alloys increase
their general level of frequencies significantly with in-

creasing molybdenum content while the shape of their
dispersion curves remains substantially unchanged. The
Mo-rich alloys appear to have a very different type of

behavior. The general level of frequencies is nearly con-
stant while the shape of the curves is very sensitive to
alloy composition.

Fourier analysis of the individual branches of the
dispersion curves shows that the interatomic forces are
of very long range and that the long-range Fourier co-
eS.cients oscillate in sign. These oscillations can arise
as a result of singularities in the electron dielectric func-
tion. Such singularities in the dielectric function also
cause anomalies to appear on the dispersion curves and
attempts have been made to interpret the observed
anomalies in terms of this effect (the Kohn effect). With
the aid of a calculated electronic band structure for
tungsten together with the assumption of rigid electron
bands, many of the observed kinks on the dispersion
curves have been correlated with the Fermi surface.
This correlation is further evidence that the phonon
dispersion curves are determined to a large extent by
the electronic structure of these metals. It provides
support for the validity of the rigid-band model in
this alloy system, and indicates that observation of
Kohn anomalies may be a useful technique for Fermi
surface measurements in disordered alloys.

Despite the correlation of several features of the dis-

persion curves with the electronic band structure, the
phonon dispersion in these metals and alloys is not
understood in any fundamental respect. This can only
be achieved when a satisfactory theoretical model re-
lating the phonon dispersion curves and the electronic
band structure is available.
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