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The Fermi momentum of aluminum was studied from 0 to 100 kbar at room temperature through the
utilization of positron annihilation. Qver this pressure range, the Fermi momentum of aluminum is very
well described by the free-electron model which predicts that the Fermi momentum of a metal is given by
p~= h(3n'Z/V)'t', where Z is the number of conduction electrons per unit cell in the lattice and V is the
volume of the unit cell.

INTRODUCTION

''NFORMATION about the properties of solids at
~ - very high pressures is essential for testing theories
of solids, since this is the only manner in which the
interatomic distance can be varied at constant tempera-
ture. Unfortunately, low temperatures, O'K, are re-
quired for most studies of the electronic structure of
metals. This requirement has restricted the investiga-
tions to relatively low pressures. ' Positron annihilation
is a tool that has been used for the study of the dis-
tribution of the momentum of the conduction electrons. '
Positron annihilation can be employed at room tem-
perature, which is low compared to the characteristic
Fermi temperature of the conduction electrons (10000—
50 000 K). Positron annihilation is not as precise or as
well understood as those techniques available at very
low temperatures; however, it is useful for obtaining
some information about the electronic structure of
metals and can be used at room temperature where very
high pressures are attainable.

Ke have studied positron annihilation in aluminum
in the range of 0 to 100 kbar a,t room temperature.
Aluminum was chosen for this study since it is known
not to exhibit any phase transition in the region of
interest, and the results are simply interpretable.

From the positron-annihilation data we have ob-
tained the variation of the Fermi momentum with
pressure. It was found that the Fermi momentum po of
aluminum increases with pressure in accordance with
the prediction of the free-electron model:

p, =a(3~ z/v)
where Z is the number of conduction electrons per unit
cell and V is the volume of the unit cell.

Melz' has studied the detailed topology of the Fermi
surface of aluminum to 7 kbar using the de Haas —van
Alphen effect. He found that the Fermi surface does
not expa, nd isotropically with compression and attribu-
ted this to a change in the band gaps. We will show that
Melz's results are consistent with the present work, as
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the accuracy of this experiment is not nearly great
enough to see the effect observed by Melz.

It is well known that the angular distribution of two-
quantum annihilation of positrons in alkali metals,
alkaline earths, a,nd aluminum is characterized by a
central parabola with a tail at la,rge angles. ' The in-
terpretation of the tail is not yet certain; it has been
explained by assuming that the positrons have a large
effective mass or temperature. ' It could also be due to
the population of states above the Fermi level at ab-
solute zero which was found by Luttinger for a system
of interacting electrons. 4 However, it is well established
that the angle at which the central parabola extrapolates
to zero, Hp, is rela, ted to the Fermi momentum by

sing@ =pr/51c ~

where m is the mass of an electron and c is the velocity
of light. A study of the variation of Hp with pressure
yields the pressure dependence of the Fermi momentum.

EXPERIMENTAL

We used 500 pCi of Na" in this form of NaCl as the
source of positrons. The NaCl was placed between two
8-in. -diam disk of -', -mil Mylar. This source was put
between two disks of 99.9999% Al which were ~'~ in. in
diam and 7 mil thick to form a sandwich. The entire
sandwich was contained by a —,'-in. )& —,', -in. &(20-mil
pyrophyllite ring and placed between —,'-in. Bridgman
anvils (Fig. 1). 2-in. NaI detectors located 1 m from
the source with lead slits 1—, in. high and 20 mil wide
were used. The slits were perpendicular to the plane
of the sample.

The zero-pressure annihilation spectrum of the posi-
tron source was obtained initially. It was assumed that
pressure changes in the annihilation spectrum of the
source were small in compa, rison to the total pressure
change in the spectrum and possible changes in the
source spectrum were neglected in analyzing the data.
The source contributed roughly one-third of the total
annihilation spectrum.

'S. M. Kim, A. T. Stewart, and J. P. Carbotte, Phys. Rev.
Letters 18, 385 (1967).

4 J. M. Luttinger, Phys. Rev. 119, 1153 (1964).
5 G. Lang and S. DeBenedetti, Phys. Rev. 108, 914 (1957}.
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(b) Fn. 2. The Fermi momentum of aluminum as a function of
pressure. The line is that predicted by the free-electron model.

Bridg man
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Fro. 1. (a) The positron source, aluminum, and pyrophyllite
containing ring. (b) The assembled sample sandwich between
Bridgman anvils.

Annihilation spectra were taken at 0, 27, 54, 81, and
108 kbar. The pressure calibration was based on the
phase transitions of bismuth in the same geometry using
silver chloride as the pressure transmitter. In going
from 0 to 100 kbar, the y emission rate of the source
was found to decrease by 20%; this was not surprising
as in Mossbauer studies to 100 kbar the intensities of
the Fe'" lines have been found to decrease as Inuch as
80% because of deformation of the anvils. The raw data
at each pressure were corrected for the pressure and
time decrease in count rate. The aluminum spectrum at
each pressure was obtained by subtracting the source
spectrum from the corrected data assuming that the
ratio of total source to total aluminum counts was
constant over the pressure range of interest and that
the shape of the source spectrum did not vary with
pressure. The results for the Fermi momentum at
each pressure did not depend greatly on these two
assumptions.

At each pressure studied, the central portion of the
observed annihilation spectrum of the aluminum was
Gtted with a parabola. In 6tting the data with a parab-
ola we neglect the effects due to the Qnite resolution
of the experimental apparatus and the Qnite width of
the source; errors introduced by this assumption are
small compared to the statistical uncertainty in the
results.

RESULTS

The Fermi momenta at the five pressures examined
are plotted in Fig. 2 as a function of pressure. The line
in this figure is the Fermi-momentum curve predicted
by the free-electron model assuming three free electrons
per atom and using the volume data for aluminum of

Bridgmans and Jamieson. r Figure 2 shows that the
Fermi momentum of aluminum is very accurately des-
cribed by the free electron model within the errors of
this experiment.

We have found that the Fermi momentum of alumi-
num to 100 kbar is very accurately described by the
free-electron model. This is intuitively reasonable as the
Fermi surface of aluminum at zero pressure is fairly
close to that predicted by the free-electron model as-
suming three electrons per atom. We would not expect
the number of free electrons to increase with pressure
as this would require promoting electrons from the
atomic core to the conduction band which is energeti-
cally unfavorable.

Melz' has found in experiments to 7 kbar that the
Fermi surface of aluminum does not grow as predicted
by the free-electron model. Ashcroft' showed that the
zero-pressure Fermi surface of aluminum can be fitted
with two Fourier coefficients of a weak pseudopotential:

V»&= 0.0179 Ry,
Vgpp =0.0562 Ry &

in an orthogonalized-plane-wave (OPW) calculation.
Melz obtained the pressure derivatives of the pseudo-
potential coeScients based on form factors proposed by
Harrison'

d Vrrr/dP=1. 6X10 Ry/kbar,

d Vsse/dP= 2.1X10 ' Ry/kbar.

He found that these pressure derivatives adequately
explained his data.

Using Melz's' values of the derivatives of the pseudo-
potential coefhcients we have calculated the average
value of the momentum at the Fermi surface for a
number of pressures between 0 and 100 kbar assuming
that the coeKcients are linear in pressure. In this calcu-
lation we have followed the procedure developed by
Ashcroft. At a given pressure, a value of the Fermi
energy was assumed and the volume enclosed by the
surface of the assumed energy was computed. The Fermi
energy was adjusted until the volume enclosed by the
constant energy surface could hoM exactly three elec-

' P. W. Bridgman, Proc. Am. Acad. Arts Sci. 76, 55 (1948).
7 J. C. Jamieson, High Pressure Measurement (Butterworths,

Washington, D. C., 1963},p. 389.
s N. W. Ashcroft, Phil. Mag. 8, 2055 (1963).' W. A. Harrison, Phys. Rev. 131, 2433 (1963).
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trons. The Fermi momentum at the given pressure was
assumed to be the average electron momentum at the
Fermi surface. The caluclated average momenta at the
Fermi surface agreed with the values obtained from the
free electron model to within O. i%%u~ over the entire range.
This diRerence is much smaller than the errors of our
experiment, +1/o. Though the band gaps of aluminum
are pressure-dependent, very little of the Fermi surface
lies close to the zone boundaries. Thus the average mo-
mentum at the Fermi surface does not depend. strongly
on the band gaps so long as the band gaps are small.

This work suggests that positron annihilation studies
of Fermi momenta may be an excellent tool for investi-
gating either the pressure dependence of the volume

of free-electron metals or the high-pressure electronic
properties of metals for which the pressure dependence
of the volume is well established. Positron annihilation
would be most useful for studying metals with a large
compressibility because of the diKculties involved in
getting su6icient accuracy in the data and the weak
expected volume dependence of the results.
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A model of surface states on a one-dimensonal crystal with sinusoidal potential has been simply solved

for arborary values of the sinusoidal amplitude q, lattice termination so, surface step height g, and band-

gap index m. The Schrodinger equation inside the crystal is equivalent to the Mathieu equation, whose

eigenfunctions and eigenvalues are well known. Surface states are constructed as hybrids of bulk states

)incorporating the proper nearly free-electron (NFE) and linear-combinations-of-atomic-orbitals (LCAO}
limitsg, and they move towards the centers of the band gape the stronger the surface "perturbation. "It is

shown that ionic surface states occur for m =2, so ——~m., and m=2, s(}=-,'7I", covalent surface states occur for
m= 1, so=-,'s; and metallic (or virtual) surface states occur in the allowed band between m=0 and m=1.
Shockley states (looked for at so=0, all m) do not appear. This work has been favorably related to the
author's semiclassical ionic model, to previous NFE and LCAO approximation methods, to the theories

of Shockley and Statz, and to real surfaces in accordance with low-energy —electron-diffraction studies.

In addition, it has uncovered a new linkage between the NFE and LCAO terminologies.

I. INTRODUCTION

'HE properties of surface states in one dimension
have been carefully studied using exact solutions,

symmetry arguments, and. approximation methods.
Certain exact solutions have been carried out for crystals
with Dirac-8-function repulsive' and attractive' po-
tentials, but these potentials seem to be highly unreal-

istic. General conclusions have been drawn from sym-
metry arguments for crystals terminated in either a
symmetric or antisymmetric manner, ' ' but the most
interesting case of arbitrary termination has not been
considered. Approximation methods which have been
used most extensively include the nearly-free-electron

(NFE) methods r and the tight-binding Llinear-
combination-of-atomic-orbital (LCAO) or molecular-

orbital (MO) j method. ' "At present, however, there
seems to be no one-dimensional (1-D) surface-state
model which is exactly solvable, su%ciently realistic
and general, and independent of NFE or LCAO
approximation methods.

The purpose of this paper is to present such a surface-
state model. To be specific, the crystal potential will

be sinusoidal with variable amplitude. The surface will

be terminated by a potential step with variable height
and variable location within the last unit cell. This will

encompass symmetric and antisymmetric terminations
as special cases. For this problem, the Schrodinger

r I. Tamm, Z. Phys. Sowjetunion I, 733 (1932).
s T. B. Grimley and B.W. Holland, Proc. Phys. Soc. (London)

78, 217 (1961).' W. Shockley, Phys. Rev. 56, 317 (1939).
4 B.A. Lippmann, Ann. Phys. (N. Y.}2, 16 (1957}.' P, Stats, Z. Naturforsch. Sa, 534 (1950).

' E. T. Goodwin, Proc. Cambridge PhQ. Soc. 35, 205 (1939).
7 A. K. Maue, Z. Physik 94, 717 (1935).
s E. T. Goodwin, Proc. Cambridge Phil. Soc. 35, 221 (1939).
J. Koutecky, Advan. Chem. Phys. 9, 85 (1965).

ro S. G. Davison and J. Koutecky, Proc. Phys. Soc. {London)
89, 237 (1966).


