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A suitable variational wave function has been used to obtain the binding energy of the positronium
molecule, a stable complex consisting of two electrons and two positrons. We find the binding energy of the
complex to be 0.948 eV. This shows that the previous calculations estimated the binding energy of the

complex an order of magnitude too low.

I. INTRODUCTION

ECENTLY an accurate knowledge of the binding
energy of the positronium molecule, a complex
consisting of two electrons and two positrons, has be-
come quite important. This is due to the experiments
by Haynes! which prove the existence of a similar com-
plex, namely, excitonic molecule in Si where the positive
holes play a role of positrons. The history of such com-
plexes goes back to 1946 when a theoretical analysis of
Wheeler? did not establish the stable bound state for
positronium molecule. Later on, Hylleraas and Ore?
showed that the entity positronium molecule should be
stable against dissociation.

No experimental evidence for the positronium mole-
cule has yet been reported. However, as mentioned
earlier, a similar complex, excitonic molecule has been
observed experimentally by Haynes. According to his
experiments the binding energy W., of the excitonic
molecule in Si was found to be <2 meV.* The binding
energy® W, of the exciton in the same host lattice is 8
meV. The ratio of W, to W, is therefore about 4. On
the other hand the best available calculations of Ore®
give the binding energy Wp,, of the positronium mole-
cule as 0.135 eV. Also, the binding energy? Wp, of the
positronium (a complex consisting of an electron and a
positron) is 6.8 eV. From these values the energy ratio
W s/ W ps, equals to nearly 50. It should be noticed that
the energy ratio in this case is an order of magnitude
higher than the ratio W,/W., in the previous case. As-
suming the interaction between the particles to be
Coulombic, one can see that the ratio (W,/W,) [or
(W ps/W ps,) ] is a function of the ratio of the mass of the
electron to that the hole (or positron) and independent
of the dielectric constant of the medium. The ratio of
the mass of the electron to that of the hole in Si is nearly
one (about 0.8) while the corresponding ratio is exactly
one in the case of the positronium and positronium
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molecule. Therefore we expect that the value of (Wps/
Wes,) should be close to the experimental value of
(W ./W .,). This leads one to believe that the estimate by
Ore of the binding energy of the positronium molecule
is very low. We have demonstrated that the binding en-
ergy of the positronium molecule is 0.948 eV which is
about seven times higher than the value obtained by
Ore.

In our calculations a five-parameter variational wave
function has been used. The energy matrix elements
were calculated by a method given by James and
Coolidge.” In Sec. II we explain our procedure for
estimating the binding energy of our system, namely
the positronium molecule. The final Sec. III is devoted
to the discussion.

II. PROCEDURE

The positronium molecule is regarded as a complex
consisting of four particles, two electrons, and two
positrons each of mass m, interacting with one another
through a Coulomb potential. The Hamiltonian for the
system is

3e=— (82/2mo) (V2 + Vil + Vo1 2+ V_o)+ Vo, (1)
where V, is the potential of interaction given by

Vo= 82(1/f+1+2+ 1/1’_1_2— 1/f+1_1
—1/rpa0—1/rp10— 1/rp9). (2)

In Eq. (1) the first four terms are the kinetic energies of
two positrons and two electrons with respect to a fixed
origin O of a coordinate system. The positrons are desig-
nated by +1 and +2 and the electrons by —1 and —2.
74142 is the distance between the positrons +1 and +2.
Other distances have a similar meaning.

Let the unit of length be #2%/(mqe?) and the unit of
energy be moet/#% In these units the Hamiltonian
becomes

Jo=—3(Vir 2+ Vi V1 4 V_o2)+Vo, 3)
where
Vo=1/r4140+ 1/ro10—1/r110
—1/rp20—1/rpe—1/re1. (4)

Now, we transform the Hamiltonian and eliminate the
kinetic energy of the center of mass since it does not

7H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933).
36
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contribute to the binding energy of the system. For this
purpose, we take a new set of coordinates defined by

Rom. =3(r+riotr+r) ,
R=ry1—ry, ©)
Ri=r—§(ri1try0),
Ro=ro—3(rp1try),

where r;; and ry, are the position vectors of the posi-
trons +1 and +2 with respect to the origin O. Other
vectors carry a similar meaning; R... in Eq. (5) denotes
the center of mass of the system; R is the distance be-
tween the positrons; and R; and R, are the position vec-
tors of the electrons —1 and — 2 measured from the mid-
point of the line joining the positrons.

In terms of the new coordinate system defined by Eq.
(5), the Hamiltonian (3) is transformed into

H=—§Vo.m 2= V= V2= §V,2— 4V, - Vo+- Vo, (6)
with
S} d i} i)
Vc.m.= , R=—", V1="-', V2=_‘—-

dRc.m. R aR,

The first term in Eq. (6) is the kinetic energy of the cen-

ter of mass of the system. Since this term does not con-
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tribute to the binding energy of the system, we drop it
and write

H=— V}z2— %V;z‘— %V22—%V1 . V2+ Vo. (7)
We are now interested in getting the lowest eigenvalue

of the Hamiltonian (7). To this end, we take a varia-
tional wave function ¥ of the form

V= f(R)g(A1,i1,M2,12,012) , (8)
where Ay, u1, etc., are the elliptical coordinates, defined

by
Rhe=ry10t7i0-2,

Ry.2= ry1—2— 7422, (9)

R\y=rpa+740,
Ru=ry11—1r40,
Rplg = 21’._1_2 .

In eliptical coordinates the operator Vy? has the form®

4 V] 9
Vi=——— {’—[0\12— 1)“—]
R\ —u?) lan, M

A2—ps? 9*

d a ']
] - =+ L o
Ouy 8#1-' A2=1)(1—ps?) i
where ¢, is the azimuthal angle for electron 1. One can
obtain V,2 from Eq. (10) on replacing 1 by 2. As regards
the operator V;: V. we write

4 1 d 9
Vi V2=—[ (A2 = 1) A2 — 1) 4N A M cos(p1— @2))— —
RAL(A2—m?) (N2 —us?) ' : OA1 O
d 9 d a
F Aot 1= ps?) (1 —po?) +p1peM cos(p1— @2))— —+ (uha(As2— 1)(1—p2?) —MpaM cos(o1— po))— —
Ou1 Aue A1 Oue
a 9 M sin(p1— ¢s) 9 9 a 9
F Qupz(1=p2) A2 —1) =AM cos(p1— @2))— — | + { — pr— —}
O\2 O ()\12—[112) ()\22—1)(1—#22) O\1 O 2 Ou1 A2

M sin(p1— ¢») {
+
A=) (N2—=1)(1—p?)

where
M= (2= 1) (A= 1) (1= pr?) (1—ps?)

and ¢; is the azimuthal angle for electron 2.
The form (11) has been obtained starting from the

Cartesian form of V,-V,, namely,
d 9 a 9
Vi-Vp=—o } ! )
9x1 A% 6y1 3}'2 0z; 0z

and replacing 8/dx;, etc., by
d 9\ 9 O @ lam 9

| |
axl axla)\l ax1ay1 axl 3«91

and similar expressions. The partial derivatives o),/ oy,

Up— ——Ag— —

d 0 d 9
: i
91 dus

d 9
+{COS(¢1—¢2)/M}———], (11)

P
2 A1 dp1 002

etc., were obtained from the relations? connecting the
Cartesian coordinates with elliptical coordinates.

If the wave function ¥ is normalized, the eigenvalue
W of the system is given by

W=(¥|3¢|¥). (12)
We immediately obtain
) W=—(1g| Ve f)+{/IVR)| f) (13)
with
V(R)=(g|H|g), (14)
where
=— V2= {V?— 3V, - Vot V. (15)

¢ H. Eyring, J. Walter, and G. E. Kimball, Quantum Chemistry
(John Wiley & Sons, Inc., New York, 1961), p. 367.
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Following the treatment” for the hydrogen molecule It can be shown that
X::- r(r:lhoose for g a variational wave function of the simple V(R)=P/R*—Q/R, 19)
g=N_“2 Z Cmnjkp\l/mnjkp) (16) Where
mnjikp 1
where P=— ) E ] ConanaiakapaCmsnuisksos
Wnitp=(27)=1 exp[— 5(\--As] N o manajakapa; mbnbibksps
X (M™ Ao w12 AN fugo?) . (17) X (ot P+ @+ 0D+ uap®) . (20)
The factor N is a normalization constant determined by In Eq. (20),
<glg>=1 (18) uub“)=%P1+%[P2+2P3+P4+2(P5+P5)+P7:], (21)

and 6 and Cnnjip are the variational parameters.

where

Py=—@e{[(na—n0)>— (ka— k) >+ (natn) — (kat-ko)+ (pa— pv) (Ma—ns—katks) ]
X X(00000)— 48X(01000) — [ (na—n3)2— (ns+n3) JX(0— 2000)+[ (ka— ks)>— (ka+ k5) ]X(000— 20)
+[(pa—10) >4 (pat 1)+ (pa— ps) (Ma—ns~+ka—ks) JLX(0200— 2) — X(0002— 2) ]— (pa— p2)
X (1a—ny— (ka—k3))[X(20000— 2)+X(0020—2) J+2(pa— p5) (na—n3)X(1—111—2)

—2(pa—pv) (ka— k)X(111=1=2)},

Pa=— & [muns{z'(00000)+2(11110)— 5(— 11110)— z(1— 1110)+2(— 1 — 1110)}
— 136{z(10000)+2(21110)— 2(01110) — 2(2— 1110)+-2(0— 1110)}
—my8{z'(01000)+2(12110) — 2(— 12110)— 2(10110)+2(—10110) }
+6%{z'(1 1000)-|-z(22110)-—z(0211())-—z(20110)+z(00110)}] ,
P3=—3 j[ns{—2'(00000)+2(11—110)— 2(11110) — 2(1—1—110)+3(1— 1110)}
— 5{—2/(01000)+2(12— 110)—2(12110) — (10— 110)+2(10110)} ],
Py=—3 juks{z'(00000)+z(11—1—10)—2(11—110)—2z(111— 10)+2(11110)},
Ps=— % polnaf X(1111—2)— X(1 — 111 — 2)— X(0200— 2)+X(0000— 2)-+2(2000— 2) —z'(0020— 2)}
—8{x(1211—2)—x(1011—2)—Xx(0300— 2)+X(0100— 2)+2'(2100—2)—2'(0120— 237,
Po=—kopp[X(111—1—2)—X(1111—2)— X(0000— 2)4-X(0002— 2)—2(2000— 2)+2z'(0020— 2)],

and

Pr=—35(pu+1)(ps)[X(0002—2)—X(0200—2)].
Here the symbol X(01000) stands for X(mg+mo,
Natns+1, jat 7o, kat ks, patps) which is defined by

1
X(mr",j,k,l’)=; /(Mz—#12) exp[—26(A\1+A2)]
T

XA1™\ 21 uepPd N 1d N du 1dud ord @2. (22)

In the same notation 2°(11110) stands for 2’ (ma+ms+1,
natnst+1, jot o1, katkot1, patps), where

1
z’(m,n, gk, p)=— / exp[ —28(A1+2A2)]
47?
XA 1™ Ao urinsoPM? cos’(@1— ¢2)
Xd\d\oduidpsdordee.  (23)

z(mnjkp) is used for 2°(mnjkp) for simplicity. Other
quantities carry similar meanings.

The expression for #,,® is obtained from ., by
making the substitutions [m, <> #4, ja <> ko). Similarly
u,5® is obtained from %,V by making the transforma-
tions [ms<> 15, jo<> ko] and wua® by [ms o n,,
jaH ka, Mmp <> Ny, jb"" kb]

Ny in Eq. (20) denotes the sum

No= 2z

manajakapa; mbnbibkdpb

X{Sab(l)+Sab(2)+sab(a)+sab(4)} ) (24)

Cmanaiakapacmb"mkwb

where
S =2£[X(02000)— x(00020)]. (25)
The expressions for Sa®, Sa®, and Sqp® can be ob-
tained by making the changes in S," similar to those
required for obtaining #.®, %@, and u.® from
uab(‘).
The parameter Q in Eq. (19) designates

Cma"ajaka Pac"‘b”bjbkb?b

1
0=—

N manaiakapa; mbnbibkbpd

X (2asM+ 0P +006P+1250},  (26)
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where

245 ® = — & [X(02000) — X(00020)
+2X(0200— 1) — 2x(0002— 1)— 8X(01000)].  (27)

The quantities v,5®, 145, and v,5® are obtained
from v,V in a manner similar to that used for obtain-
ing %#.,6®, #,5®, and #,,® from #,,™M.

The normalization constant N appearing in Eq. (16)
and defined by Eq. (18) is related to No by

N=N,yRS. (28)

The variational function g in Eq. (16) is a function of R
through the normalization constant N and therefore,
in view of Eq. (28), is proportional to inverse cube of R.
We choose f(R)=R™?F(R), where F(R) is the eigen-
function of the operator

—d2/dR*+P/R*—(Q/R (29)

corresponding to its lowest eigenvalue. This completes
the choice of the form of the wave function. The expec-
tation value W of 3¢ is, then, given by?®

W=—202E 1+ {1+4P} ]2, (30)

Eoy=moe*/2%2, (31)

where we have restored the original cgs units. The bind-
ing energy Wps, of the positronium molecule is the en-
ergy absorbed when the system dissociates into two
positronium units, so that

WP52= —W— ZWPB; (32)

where Wy is the binding energy of the positronium
which is simply

with

Wps"—‘ %Eo . (33)
Substituting Egs. (30) and (33) into Eq. (32), we have
Wee=EJ20*{1+(1+4p) 2} 2—1].  (34)

In Eq. (34), P and Q are the functions of the variational
parameters 6 and Cpnjkp. In order to evaluate P and Q
we need to calculate the integrals X(mmjkp) and
2(mnjkp) defined by Eqs. (22) and (23), respectively.
Evaluation of these integrals was accomplished by the
method used by James and Coolidge.”

For our calculation we have selected five values of
mn jkp for the variational parameters Cyunjrp. These are
(00000), (00020), (00110), (10000), and (00001). In
actual calculation the coefficient Coo00 was kept fixed
equal to unity, while 8 and other parameters Cooozo,
Coo110, C10000, and Coooor Were varied in order to maximize
Wps,. The maximum value of Wps, so obtained is
0.06967Ey=0.948 V.

The numerical values of the variational parameters
and the integrals X(mnjkp), z(mnjkp), and 2'(mn jkp)
required for the calculation are listed in the Appendix.

?L. D. Landau and E. M. Lifshitz, Quantum M echanics (Addi-
son-Wesley Publishing Co.; Inc., Reading, Mass., 1958), p. 128.
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These integrals are used to calculate #,;®, 9660, Spp D,

etc., and No, P, and Q which are also given in the
Appendix.

III. DISCUSSION

We have obtained the binding energy of the posi-
tronium molecule which is about a factor of 7 higher

- than the value obtained by Ore. There are four main
reasons why our value differs so much from the value

calculated by Ore. First, the Hamiltonian of the system
was not transformed properly in Ref. 6 in order to
eliminate the kinetic energy of the center of mass.
Second, the kinetic energies of the electrons were calcu-
lated by Ore relative to the midpoint of the line joining
the positrons. The values so obtained for the kinetic
energies of the electrons were then taken to be the ki-
netic energies of the positrons. This is objectionable
since, according to the symmetry of the problem, these
are strictly the values of the kinetic energies of the posi-
trons relative to the midpoint of the line joining the elec-
trons. Third, in view of the complexity of the problem,
the form of the variational function employed by Ore
is inferior to our wave function. Ore’s wave function
contains only four electron-positron distances while we
have selected a general form of the wave function which
explains the binding energy of the hydrogen molecule
most accurately. Finally, the wave function used by
Ore contains only two variational parameters against

five variational parameters contained in our wave
function.
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APPENDIX

The aim of this appendix is to list the numerical values
of the integrals, the variational parameters, and other
quantities involved in the computation of the binding
energy. The maximum value of W, equal to 0.948 eV
has been obtained by varying the variational parameters
8 and Counjrp. Corresponding to the maximum value of
We,, the variational parameters which we obtain are
6=2.20 and Coo()20= 10, C00110= —079730, Clo()oo
=0036824, C00001= '_0023818, and Cooooo=0.0033784.
For simplicity the parameters Cpajz, have been pre-
sented in decreasing order of magnitude and reducing
the largest one (Cogozo) to unity. The calculation of the
binding energy requires the integrals z(mn Jkp),
5’ (mn jkp), and X(mn jkp) for different values of mn jkp.
These integrals are calculated following the method
explained in Ref. 7. In Tables I, II, and IIT we give the
values of z(mnjkp), z'(mnjkp), and X(mnjkp), respec-
tively, for 6= 2.20. Those integrals which vanish because
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TasBLE 1. The numerical values of z(mnjkp) for §=2.20.

moom i kP 2(mnjkp) moon j  kp s(mnjkp)

0 0 2 2 0 0.34604 X 1078 0 0 3 1 1 —0.23295X1075
0 0 2 4 0 0.20762X 1075 0 1 1 1 1 —0.487291075
0 0 4 2 0 0.20762X1078 0 2 1 1 1 —0.62163X10°%
0 1 2 2 0 0.42468X1078 0 2 1 3 1 —0.36701 X108
0 2 2 2 0 0.53907X107% 0 2 2 2 1 0.76276 X107
0 2 2 4 0 0.32344X107® 0 2 3 1 1 —0.36702X107®
0 2 4 2 0 0.32344 X107 0 3 1 1 1 —0.82753 1075
0 3 2 2 0 0.71358X107% 1 0 1 1 1 —0.48729X1075
1 0 0 2 0 0.12740X 104 1 0 1 3 1 —0,28739X1076
1 0 0 4 0 0.76442X107¢ 1 0 2 2 1 0.57987X107%
1 0 2 2 0 0.42468 1078 1 0 3 1 1 —0.28739X107%
1 0 2 4 0 0.25481X1078 1 1 0 2 1 0.21426X10™4
1 0 4 2 0 0.25481 X108 1 1 1 1 1 —0.60147<1078
1 1 0 0 0 0.46908 X 10—* 1 1 1 3 1 —0.35503X10~8
1 1 0 2 0 0.15636X10~4 1 1 2 2 1 0.730821078
1 1 0 4 0 0.93816X107® 1 1 3 1 1 —0.35503 1075
1 1 2 0 0 0.15636<1074 1 2 1 1 1 —0.76858 <1078
1 1 2 2 0 0.52120 X107 1 2 1 3 1 —0.45413X1075
1 1 2 4 0 0.31272X10°¢8 1 2 2 2 1 0.95949 105
1 1 4 0 0 0.93816<1078 1 2 3 1 1 —0.45413X10°5
1 1 4 2 0 0.31272X1078 1 3 1 1 1 —0.10252X10~*
1 2 0 2 0 0.19848 10~ 2 0 1 1 1 —0.62163X1075
1 2 0 4 0 0.11909 1074 2 0 1 3 1 —0.36702X 1075
1 2 2 2 0 0.66159 1076 2 0 2 2 1 0.76276 1076
1 2 2 4 0 0.39695 1076 2 0 3 1 1 —0.36702X107%
1 2 4 2 0 0.39695X 1078 2 1 1 1 1 —0.76858X10~5
1 3 2 2 0 0.87576X107¢ 2 2 1 1 1 —0.98408X 1075
2 0 2 2 0 0.53907 <1078 2 2 1 3 1 —0.58200X 1078
2 0 2 4 0 0.32344 X107 2 2 2 2 1 0.12568X10~*
2 0 4 2 0 0.32344 X107 2 2 3 1 1 —0.58200X107%
2 1 0 2 0 0.19848<10~¢ 2 3 1 1 1 —0.13157X10~*
2 1 2 2 0 0.66159107¢ 3 0 1 1 1 —0.82753 1078
2 2 2 2 0 0.83980<107® 3 2 1 1 1 —0.13157 X104
2 2 2 4 0 0.5038810% 0 0 1 1 2 —0.10424X10~*
2 2 4 2 0 0.50388 X10~® 0 2 1 1 2 —0.17515X10~*
2 3 2 2 0 0.11117X107¢ 1 0 1 1 2 —0.13232X104
3 0 2 2 0 0.71358X107% 1 1 1 1 2 —0.16796X10™*
3 2 2 2 0 0.11117X10~4 1 2 1 1 2 —0.22233X10™¢
0 0 1 1 1 —0.39535X107® 2 0 1 1 2 —0.17515X10~*
0 0 1 3 1 —0.23295X107¢ 2 2 1 1 2 —0.29431 X104
0 0 2 2 1 0.45935X 1075

TasLE I1. The numerical values

of 2’ (mnjkp) for §=2.20.

m n j k ? 2’ (mnjkp) m n j k ? 2’ (mn jkp)

0 0 2 0 -1 0.28451X1078 3 1 0 0 -1 0.47703 X107
0 0 2 2 -1 0.84019X1077 0 0 0 0 1 —0.15043 X107
0 0 3 1 -1 0.76535X1077 0 0 0 2 1 —0.29328 X107
0 0 4 0 -1 0.12193X107¢ 0 0 1 1 1 —0.53701X1077
0 1 2 0 -1 0.37304X107¢ 0 0 2 0 1 —0.29328 X10™¢
0 1 2 2 -1 0.10923X10~¢ 0 1 0 0 1 —0.21559X1075
0 1 3 1 -1 0.98778X1077 0 1 0 2 1 —0.42104 X108
0 1 4 0 -1 0.15987X10~¢ 0 1 2 0 1 —0.42104X107¢
0 2 2 0 -1 0.50420<107¢ 0 1 1 1 1 —0.75135X1077
1 0 2 0 -1 0.37304X107¢ 0 2 0 0 1 —0.32332X10°¢
1 1 2 0 -1 0.49353X107¢ 1 0 0 0 1 —0.21559 1078
2 0 0 0 -1 0.25210X107® 1 1 0 2 1 —0.60624X10-¢
2 0 0 2 -1 0.50420<107¢ 1 1 0 0 1 —0.30993 X107
2 0 1 1 -1 0.30558 X106 1 1 1 1 1 —0.10587X107¢
2 0 2 0 -1 0.50420X1078 1 1 2 0 1 —0.60624107¢
2 1 0 0 -1 0.33687<1078 1 2 0 0 1 —0.46639 X108
2 1 0 2 -1 0.67375X107¢ 2 1 0 0 1 —0.46639<10°5
2 1 1 1 -1 0.40350X107¢ 0 0 0 0 2 —0.43074 1078
2 1 2 0 -1 0.67375X107¢ 0 1 0 0 2 —0.64466X 10~
2 2 0 0 -1 0.46501 10~ 1 1 0 0 2 —0.96482 X108
3 0 0 0 -1 0.35312X1078

1
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TasLe II1. The numerical values of x(mnjkp) for §=2.20.

m n j k ? x(mnjkp) m ” J k ? x(mnjkp)

0 0 0 0 -1 0.37922X10™* 2 2 0 0 -1 0.94580<10~
0 0 0 2 -1 0.12010X10™ 2 2 1 1 -1 0.82843 1075
0 0 0 4 -1 0.70436 <1075 - 0 0 0 0 0 0.38135X10™*
0 0 0 6 -1 0.49668 X 107° 0 0 0 2 0 0.12712X10~4
0 0 1 1 -1 0.34906X107% 0 0 0 4 0 0.76271 X108
0 0 1 3 -1 0.19967 X108 0 0 0 6 0 0.54479 X108
0 0 1 5 -1 0.13874 1078 0 0 2 0 0 0994351078
0 0 2 0 -1 0.95806 1078 0 0 2 2 0 0.33145X1078
0 0 2 2 -1 0.34927X1078 0 0 2 4 0 0.198871078
0 0 2 4 -1 0.21561 X107 0 0 4 2 0 0.17514X107%
0 0 3 1 -1 0.17834 X107 0 1 0 0 0 0.46803 X 10~
0 0 3 3 -1 0.10893 <1075 0 1 0 2 0 0.15601 X104
0 0 4 2 -1 0.19232X1075 0 1 0 4 0 0.93605<10~8
0 1 0 0 -1 04515510~ 0 1 2 0 0 0.12203 10~
0 1 0 2 -1 0.1433010™ 0 1 2 2 0 0.40678 X 10~5
0 1 1 1 -1 0.41096<1075 0 1 4 0 0 0.64484 1075
0 1 1 3 -1 0.23549X1076 0 2 0 0 0 0.59409 < 10~4 .
0 1 0 4 -1 0.84122X1075 0 2 0 2 0 0.19803 104
0 1 2 0 -1 0.11432X10™* 0 2 0 4 0 0.1188210~*
0 1 2 2 -1 0.41647X107° 0 2 2 0 0 0.15490 <104
0 2 0 0 -1 0.55192 <10~ 0 2 2 2 0 0.51635X107%
0 2 0 2 -1 0.17557X10™* 0 2 4 0 0 0.81854X 10758
0 2 0 4 -1 0.10318X10™* 0 3 0 0 0 0.78642 <104
0 2 1 1 -1 0.49488 X107% 0 3 0 2 0 0.26214 X104
0 2 1. 3 -1 0.28415X1076 0 3 2 0 0 0.20505 % 10~
0 2 2 0 -1 0.14006 10~ 0 4 0 0 0 0.10963 X103
0 2 2 2 -1 0.50971X1078 1 0 0 0 0 0.5148210~*
0 2 3 1 -1 0.25434 1075 1 0 0 2 0 0.17161 X104
0 2 4 0 -1 0.72748 X108 1 0 0 4 0 0.1029610
0 3 0 0 -1 0.69690< 10~ 1 0 2 2 0 0.45878 X105
0 3 0 2 -1 0.22232X10™* 1 1 0 0 0 0.6318310~¢
0 3 1 1 -1 0.61265X1078 1 1 0 2 0 0.21061X10~*
0 3 2 0 -1 0.17734X10™* 1 1 2 0 0 0.16891 <10~
0 4 0 0 -1 0.91630<104 1 2 0 0 0 0.80202 < 10~*
1 0 0 0 -1 0.48259 X107 1 2 0 2 0 0.26734 X104
1 0 0 2 -1 0.15364 X104 1 2 2 0 0 0.21441 <10
1 0 0 4 -1 0.90330< 1078 1 3 0 0 0 0.10617 X103
1 0 1 1 -1 0.43734X107° 2 0 0 2 0 0.24452 104
1 0 1 3 -1 0.25131 X107 2 1 0 0 0 0.90027 X 10~
1 0 2 2 -1 0.45343X10°% 2 2 0 0 0 0.11428 X103
1 0 3 1 -1 0.22637X107% 0 0 0 0 1 0.50145x10~*
1 1 0 0 -1 0.57647X10~* 0 0 0 2 1 0.17777 X104
1 1 0 2 -1 0.18385X107* 0 0 0 4 1 0.10936 X104
1 1 1 1 -1 0.51809X1078 0 0 1 1 1 —0.38868 <1075
1 1 1 3 -1 0.29818X1075 0 0 1 3 1 —0.22866 X105
1 1 2 0 -1 0.14924 X104 0 0 2 2 1 0.48368 105
1 1 2 2 -1 0.54269 <1078 0 1 0 0 1 0.63350 X104
1 1 3 1 -1 0.26893 1076 0 1 0 2 1 0.22390 <104
1 2 0 0 -1 0.70725 10~ 0 1 1 1 1 —0.48119 X105
1 2 0 2 -1 0.22602X10™* 0 1 2 0 1 0.17759 10~
1 2 1 1 -1 0.62847X107% 0 2 0 0 1 0.83401 10~
1 2 1 3 -1 0.36237X107% 0 2 0 2 1 0.29370<10~*
1 2 2 0 -1 0.1835510™ 0 2 1 1 1 —0.61706 X105
1 2 2 2 -1 0.66713X1076 0 2 2 0 1 0.23271 <10~
1 2 3 1 -1 0.32729<107% 0 3 0 0 1 0.11555X10~3
1 3 0 0 -1 0.89694 X 10~ 1 0 0 2 1 0.25244 X104
1 3 1 1 -1 0.78483X1075 1 1 0 0 1 0.90258 X 10~
2 0 0 2 -1 0.20507<10~* 1 2 0 0 1 0.11840 1073
2 0 1 1 -1 0.56773 X108 0 0 0 2 2 0.29773 10~
2 1 0 0 -1 0.76769X10~* 0 1 0 0 2 0.10287 X 103
2 1 1 1 -1 0.67726X1078 0 2 0 0 2 0.14038 103

of the following properties are not included in these

tables. When j and % are not both even,

2(mn jko)=0,
X(mn jko)=0,

and for any set of values of mnjk,

2 (mnjko)=0.

(A1)
(A2)

(A3)

The expressions (A1), (A2), and (A3) can easily be
derived if one starts with the definition of these inte-
grals, namely, Eqgs. (22) and (23).

Making use of Tables I-III we calculate #,50, v,,®,
SapD, etc. The values of %@, %,5®, %5, and 1,5 @
are compiled in Tables IV-VII while the values of
26D, 125, 9,,®, and 9,,® are tabulated in Tables
VIII-XI. In Table XII we list the values of S,;®. The
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TABLE IV. The values of ., X105 for §=2.20. TaBLE X. The values of 945® X105 for §=2.20.
\b o
a\ (00000) (00020) (00110) (10000)  (00001) a\.  (00000) (00020) (00110) (10000)  (00001)
(00000)  0.96530  0.32177  —0.016287  1.3030 11717 (00000)  0.37712 0.10066  —0.0092253  0.47111  0.54341
(00020) 032177  0.38374 0.016287  0.43438  0.45883  (00020)  0.143130  0.036696 —0.0045440  0.17802  0.21303
(00110)  —0.016287 —0.0097725  0.14605 —0.016973 —0.17069  (00110) —0.0092253 —0.0045440  0.036695 —0.011786 —0.054080
(10000) 1.3031 043438  —0.024376  1.8568 1.7039  (10000)  0.51828 0.14162  —0.011786  0.64670  0.78566
(00001) 1.1717 0.47875  —0.17069  1.6732 19757  (00001)  0.54341 0.15513  —0.054080  0.69995  0.90795
TABLE XI. The values of 9,5 X105 for §=2.20.
TABLE V. The values of %45 X10° for §=2.20. <
< AN (00000) (00020) (00110) (10000)  (00001)
a\.  (00000) (00020) (00110) (10000)  (00001)  (00000)  0.37712 0.10066  —0.0092253  0.47111  0.54341
00000) 096530 0321767 —o0.016287 3001 1717 (00020)  0.10066 0.053828  —0.0045440  0.12554  0.15513
(00110) —0.0092253 —0.0045440  0.036696 —0.011786 —0.05408
(00020) 025170  0.083898  —0.0097725  0.34838  0.33840
(10000)-  0.47111 0.12554  —0.011786  0.61119  0.69995
(00110) —~0.016287 00097725 014605  —0.016973 —0.17069  (ooon 015513 —0.05408 069995 0.90795
(10000)  1.0059 033531  —0.0095696  1.3580 1.2962 - . - - -
(00001)  1.1717 047875  —0.17069 1.6732 1.9757
TaBre XII. The values of Sqp® X 108 for §=2.20.
5 \b
TaBLE VI. The values of #,,® X108 for §=2.20. a\ (00000)  (00020) (00110) (10000) (00001)
< (00000)  0.072965 0.019025 0. 0.098501 0.10254
(00020)  0.019025  0.010053 = 0. 0.025683  0.028803
o\ (00000)  (00020) (00110) (10000) 0000 (ot o o 0:0049606 . 0 00e0eas
(00000)  0.96530  0.25170  —0.016287  1.0059 11717 (10000) 0.098501 0.025683 0. 0.14035 0.14556
(00020)  0.32177  0.083898  0.016287  0.33531 045883  (00001) 0.10254  0.028803 —0.0060688  0.14556 0.17282
(00110)  —0.016287 0.016287  0.14506  —0.016973  —0.17069
(10000) 13031  0.34838  —0.024376  1.3580 1.7039
(00001)  1.1717 031848  —0.17069 1.3269 1.9757 . .
values of S,5® are the same as S, with the exception
that
Sep®=0.0049606 [for a=(00020), b= (00020
TaBLE VII. The values of 4@ X105 for §=2.20. @ L ( ), ( )1, (A4)
S25®=0.026333 [for a=(00020), b= (10000);
N
o\ (00000)  (00020) (00110) (10000) 00001)  and also for
(00000)  0.96530  0.25170  —0.016287 1.0059 1.1717 a=(10000), b= (00020)], (AS)
(00020) 025170  0.13300  —0.0097725  0.26229 033840  5nd
(00110)  —0.016287 0.016287  0.14605  —0.016973 —0.17069
(10000)  1.0059  0.26229  —0.0095696  1.1647 12962 G, (=0.13298 [for a=(10000), b=(10000)]. (A6)
(00001)  1.1717  0.31848  —0.17069 1.3269 1.9757 ’

The values of the elements S,3;® and S,3@ are the
same as those of the elements S,3® and Sqs(Y, respec-
tively. In other words,

TaBLE VIIL. The values of v,,® X105 for §=2.20.
S ®=S5,,® (A7)
e (0000 (00020 (00110) (10000)  (00001) and’
00000 2
N ) U Sab(4)=Sab(l)- (Ag)
(00000)  0.37712 0.14313  —0.0092253  0.51828  0.54341
(00020)  0.14313 0.090230  —0.0045440  0.19517 0.21303 With the help of Tables IV-XTI it can be seen that
(00110) —0.0092253 —0.0045440  0.036696 —0.011786 —0.054080
(10000)  0.51828 019517  —0.011786  0.75351  0.78566 g5 (Db gy () f gy o () gy (4
(00001)  0.54341 0.21303  —0.054080  0.78566  0.90795 av Ut tha av ¥ ) b
=upa D+ %pa PF 25, P+ 1P, (A9)
a5 P +240D 4005 O 5@
=9, Wdg, @ B g, @
TasLE IX. The values of 255 X108 for §=2.20. ba V000 P +000 V00, (A10)
S Sap0 =830 =5,,O=5,,®, (A11)
00000 00020, (00110) (10000)  (00001)
e\ (00000) (00020) Sap@ =53, D=5,,®=5,,®, (A12)
(00000)  0.37712 0.14313  —0.0092253  0.51828  0.54341
(00020)  0.10066 0.036696 —0.0045440  0.14162 0.12513 Using the tabulated integrals and the variational pa-
(00110) —0.0092253 —0.0045440  0.036696 —0.011786 —0.054080 . . -~ e
(10000)  0.47111 017802 —0011786  0.64670  ocooes  Tameters given above, we obtain No=0.44601X1075,
(00001)  0.54341 021303  —0.054080  0.78566 090795 P =23.548 and Q=7.8665. These values of P and Q are

finally used to compute Wp,, from Eq. (34).



