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A suitable variational wave function has been used to obtain the binding energy of the positronium
molecule, a stable complex consisting of two electrons and two positrons. We find the binding energy of the
complex to be 0.948 eV. This shows that the previous calculations estimated the binding energy of the
complex an order of magnitude too low.

I. INTRODUCTION

ECENTLY an accurate knowledge of the binding
energy of the positronium molecule, a complex

consisting of two electrons and two positrons, has be-
come quite important. This is due to the experiments
by Haynes' which prove the existence of a similar com-
plex, namely, excitonic molecule in Si where the positive
holes play a role of positrons. The history of such com-
plexes goes back to 1946 when a theoretical analysis of
Wheeler' did not establish the stable bound state for
positronium molecule. Later on, Hylleraas and Ore'
showed that the entity positronium molecule should be
stable against dissociation.

No experimental evidence for the positronium mole-
cule has yet been reported. However, as mentioned
earlier, a similar complex, excitonic molecule has been
observed experimentally by Haynes. According to his
experiments the binding energy 8'~ of the excitonic
molecule in Si was found to be &2 meV. ' The binding
energy' W of the exciton in the same host lattice is 8
meV. The ratio of W to W„ is therefore about 4. On
the other hand the best available calculations of Ore'
give the binding energy Wp„of the positronium mole-
cule as 0.135 eV. Also, the binding energy' Wp, of the
positronium (a complex consisting of an electron and a
positron) is 6.8 eV. From these values the energy ratio
Wp, /Wp„equals to nearly 50. It should be noticed that
the energy ratio in this case is an order of magnitude
higher than the ratio W,/W„ in the previous case. As-
suming the interaction between the particles to be
Coulombic, one can see that the ratio (W,/W, ) Lor
(Wp /Wp, )] is a function of the ratio of the mass of the
electron to that the hole (or positron) and independent
of the dielectric constant of the medium. The ratio of
the mass of the electron to that of the hole in Si is nearly
one (about 0.8) while the corresponding ratio is exactly
one in the case of the positronium and positronium

~ Supported by Advanced Research Projects Agency.' J. R. Haynes, Phys. Rev. Letters 17, 860 (1966).
~ J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 221 (1946).
3 E. A. Hylleraas and A. Ore, Phys. Rev. 71, 493 (1947).
4R. R. Sharma (to be published); see also Bull. Am. Phys.

Soc. No. 1, 13, 91 (1968).This theoretical analysis, which is similar
to the one presented here, gives an energy equal to 0.70 MeV for
the lowest bound state of the excitonic molecule in Si.' J. R. Haynes, M. Lax, and W. F. Flood, in Proceedings of the
International Conference on Semiconductor Physics, Prague, 1960
(Academic Press Inc. , New York, 1961),p. 423.

6 A. Ore, Phys. Rev. 71, 913 (1947).

molecule. Therefore we expect that the value of (Wp, /
Wp s) should be close to the experimental value of

(W,/W„). This leads one to believe that the estimate by
Ore of the binding energy of the positronium molecule

is very low. We have demonstrated that the binding en-

ergy of the positronium molecule is 0.948 eV which is

about seven times higher than the value obtained by
Ore.

In our calculations a five-parameter variational wave

function has been used. The energy matrix elements

were calculated by a method given by James and

Coolidge. 7 In Sec. II we explain our procedure for

estimating the binding energy of our system, namely

the positronium molecule. The final Sec. III is devoted

to the discussion.

II. PROCEDURE

The positronium molecule is regarded as a complex

consisting of four particles, two electrons, and two

positrons each of mass mo, interacting with one another

through a Coulomb potential. The Hamiltonian for the

system is

X= —(A /2nso) (V+s +V+o +V t +V o)+Vo, —(1)

where Vo is the potential of interaction given by

Vo e (1/r+t+o+ 1/r —1—2 1/r+1 —t
—1/r+s o 1/r+t o

—1/—r+o q). (2)

In Eq. (1) the first four terms are the kinetic energies of

two positrons and two electrons with respect to a fixed

origin 0 of a coordinate system. The positrons are desig-

nated by +1 and +2 and the electrons by —1 and —2.

r+t+o is the distance between the positrons +1 and +2.
Other distances have a similar meaning.

I et the unit of length be it'/(snoe') and the unit of

energy be srtoe4/i't '. In these units the Hamiltonian

becomes

3C= ——',(V+s +V+s'+V t'+ V o )+Vo,
where

Vo ——1/r+s+s+1/r t s 1/r+s t—
—1/r+s o

—1/r+& o
—1/r+s t. (4)

Now, we transform the Hamiltonian and eliminate the

kinetic energy of the center of mass since it does not

H. M. James and A. S. Coolidge, J. Chem. Phys. 1, 825 (1933).
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contribute to the binding energy of the system. For this tribute to the binding energy of the system, we drop it
purpose, we take a new set of coordinates defined by and write

R, =-,'(r+I+r+2+r I+r 2),
R= r+1—r+2,

Rl= r-I—k(r+I+r+2),
Rs ——r,—-', (r+,+r~s),

(5)

X=—sV, .'—Vn' —sVI' —gV2' —/VI Vs+Vp,

where r+1 and r+2 are the position vectors of the posi-
trons +1 and +2 with respect to the origin O. Other
vectors carry a similar meaning; R, . in Eq. (5) denotes
the center of mass of the system; R is the distance be-
tween the positrons; and R1 and R2 are the position vec-
tors of the electrons —1 and —2 measured from the mid-
point of the line joining the positrons.

In terms of the new coordinate system defined by Kq.
(5), the Hamiltonian (3) is transformed into

II'= f(R)g(4,41,4,42,412), (g)

where X1, p, 1, etc., are the elliptical coordinates, defined

by
RX2—I+I—2+r+2—2 p

RP2= K+1—2 ~+2—& y

+ill =1+I—I+r+2-1

RP1 ~+1—1 ~+2—1&

RP12=2r 1 2.

In eliptical coordinates the operator V1' has the form'

4 f B B
(y2 1)

Rs(XI2—412) LNI , 87, I

~=—V„'—p 12—4V22 —2VI V2+ Vp. (7)

Ke are now interested in getting the lowest eigenvalue
of the Hamiltonian (7). To this end, we take a varia-
tional wave function 0' of the form

with 8 8 XI2—412 8'
)(1— ') + ' (10)

84, (X,'—1)(1—4 ') By 'IVc.m. = BP1V1=, V2=
BRI BR,BR, BR

where y1 is the azimuthal angle for electron i. One can
The first term in Eq. (6) is the kinetic energy of the cen- obtain V22 from Eq. (10) on replacing 1 by 2. As regards
ter of mass of the system. Since this term does not con- the operator V1 V2 we write

B B
Vl' V2 ' (4142()II 1)(712 1)+~1~2M cos('yl 'y2))RI (XI2—412)(X22—II22) I

B B B B
+(7IIX2(1 41 )(1—42 )+4142M cos(yl y2)) +(41X2(XI —1)(1—42 )—)EI42M cos(yl y2))

BP1 BP2 N1 BP2

B B M sin(yI —y2) i 8 8 8 8
+(71142(1 41 )(Xs 1) X241M cos(yl y2)) + ' Xl 41

BX2 841 (XI2—412)(X22—1)(1—42') I NI Bys 841 Bys

M sin(yl —ys) 8 8 8 8
IIg —X2 ) +(cos(yl —ys)/M)

(~2 42 )pl 1)(1 41 ) By1 842 8~2 Byt

B B

where
M'= (XI2—1)(X2 1)(1 41)(1 42 )

and q 2 is the azimuthal angle for electron 2.
The form (11) has been obtained starting from the

Cartesian form of V1 V2, namely, w=(eIxI e). (12)

etc., were obtained from the relations' connecting the
Cartesian coordinates with elliptical coordinates.

If the wave function + is normalized, the eigenvalue8' of the system is given by

B B B B B B
V1 V2= + +

Bx1 Bx2 By& By2 Bz1 Bz2

and replacing 8/Bxl, etc. , by

B N1 B BP1
+ +

B&1 B&1 B~l B&1 BP1 B&1 BP1

Ke immediately obtain

with

where

w= &f'gl v, Ifg)+&fl v—(z) If)

v(~) =
&gI HI g),

H= —gVI —4V2 —
2 VI ~ Vs+ Vp.

(13)

(14)

(15)
' H. Eyring, J. Walter, and G. E. Kimball, Quentgm Chemistryand similar expressions. Thepartial derivatives BXI/Bxl, Qohn Wiley & Sons, Inc. , New York, 1961),p. 367.
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Following the treatment7 for the hydrogen molecule
we choose for g a variational wave function of the simple
form

It can be shown that

V(R) =P/R' —Q/R, (19)

where

g & P Cmnjbp+mnjbV &

mnjkp
(16) where

mana7a&aPa mbnbjbkbPb

Np mana7a&a pa& mbnb7'bIsbpb
4m~zb& (2zr) exPL —8(X&+gz]

X (&z"X&"pz'p2" p" +4"&,"p, 'p, Jpv) . (17)

The factor S is a normalization constant determined by In Eq. (20),

X(u a"'yu b"'+u.b"'+uab"'). (20)

(gl g) =1
and 5 and C „jj,p are the variational parameters.

(18) usa&"= bzPz+2LPz+2Pb+P4+2(Pb+P, )+Pz], (21)

where

Pz = —b'b {L(n, —na) 2—(k,—kb) z+ (n,+nb) (k—o+ka)+ (Pa —P b) (n,—nb —k,+k a)]
Xx(00000)—48X(01000)—L(n, —nb)' —(n,+nb)]X(0 20—00)+Dk, k,)—' (k,—+ka)]X(000—20)

+[(pa pb) +(po+pb)+(po pa)(ng nb+k —ka)]Lx(0200 —2)—x(0002 —2)]—(p —pb)

X(n.—n,—(k.—k,))[X(20000—2)+X(0020—2)]+2(P.—Pb) (n, —na)X(1 —111—2)
—2(p.—pb)(k. —k,)x(111—1—2)},

Pz ———,', Lmbna{z'—(00000)+z(11110)—z(—11110)—z(1—1110)+z(—1—1110)}
—n ah {z'(10000)+s(21110)—z(01110)—z(2—1110)+z(0—1110)}
—mb8{z'(01000)+z(12110)—s(—12110)—z(10110)+z(—10110)}

+b'{z'(11000)+z(22110)—z(02110)—z(20110)+z(00110)}],
P3 z bj a[nb{ —s'(00000)+z(11—110)—s(11110)—s(1—1—110)+z(1—1110)}

—8{—s'(01000)+z(12—110)—z(12110)—z(10—110)+z(10110)}],
~'q jak a{z'(00000)+ z(11—1—10)—s(11—110)—z(111—10)+z(11110)},

Pb jbpaLna{x(1111—2)—x(1—111—2)—x(0200—2)+x(0000—2)+z'(2000 —2)—z'(0020 —2)}
—8{x(1211—2)—x(1011—2)—x(0300—2)+x(0100—2)+z'(2100—2)—z'(0120—2)}],

P b
= —~z' kb pa LX(111—1—2)—x(1111—2)—X(0000—2)+X(0002—2)—z'(2000 —2)+z'(0020 —2)],

and

Pz= ~~q (Pa+1)(Pb)LX(0002 2) X(0—200—2)]. —

Here the symbol X(01000) stands for X(mo+ ma,

n,+nb+1, j,+ja, k,+ka, p,+pa) which is defined by

The expression for u, b(" is obtained from u, b&" by
making the substitutions [m, +-+ n, j,~ k,].Similarly

u, &&') is obtained from u, &&" by making the transforma-

tions [ m~anaja+-+ kb] and u, b&" by [m, ~ n„
j ~ k, ~manjaa~ kb]

Sb in Eq. (20) denotes the sum

1
x(m, z;,j,k,P) = (Xz' —pz') expL —28(X&+X&)]

4x'
Np=

ma na 7a ~a Pa; m bn b7 blzbP b

Cmana7alzaPacmbnb7bIrbPb

X7umhz"pz&uz"p "dhzdX2dp, dpzdvzzdq b (22).
where

X {&.a'"+&.a'z'+&. a"'+&ab"'}, (24)

z"(m,n, j,k,p) =
4m'

expL —2h(X,+X,)]

X&z"Xz"zb&'pz"p "M" cos"(yg —
Z b)

In the same notation z"(11110)stands for z"(m, +m b+1,
n, +nb+1, j,+jb+1, k,+kb+1, p.+p,), where

S,a~'& =~a' [X(02000)—X(00020)]. (25)

The expressions for S b(", S,b('&, and S,b(') can be ob-

tained by making the changes in S &(" similar to those

required for obtaining u, &('&, u, b(", and u &(' from

u.b"'
The parameter Q in Eq. (19) designates

Cmanaja&a PaCmbnb7babPb

z(mnjkp) is used for z'(mnjkp) for simplicity. Other

quantities carry similar meanings. X {v.b&'&+ v.a~'z+v. a"'+v.a"'}, (26)

Xdhzd7tzdpqdpzdpzd pz. (23)
Q

1

No mana7'a~aPa, mbnb7'b~bPb
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E=XpR'. (28)

The variational function g in Kq. (16) is a function of R
through the normalization constant S and therefore,
in view of Eq. (28), is proportional to inverse cube of R.
We choose f(R) =R-'F(R), where P(R) is the eigen-
function of the operator

d'/dR—'+P/R' Q/R— (29)

corresponding to its lowest eigenvalue. This completes
the choice of the form of the wave function. The expec-
tation value W of 3'. is, then, given by'

W= —2Q'EOL1+{1+4P}'"]' (30)
with

Eo——mpe4/2A' (31)

where we have restored the original cgs units. The bind-
ing energy Wp„of the positronium molecule is the en-

ergy absorbed when the system dissociates into two
positronium units, so that

where

v ~i'& = ——'~Lx(02000) —x(00020)
+2x(0200—1)—2x(0002—1)—8x(01000)]. (2&)

The quantities v, &&", v, &&'), and v, &(') are obtained
from v ~&'& in a manner similar to that used for obtain-
ing u q& u q&", and u~q& ' from u~q"

The normalization constant E appearing in Kq. (16)
and defined by Eq. (18) is related to 1V0 by

These cntegrals are used to calculate u, ~ ', v, ~ ",5~~ ',
etc. , and 1VO, P, and Q which are also given in the
Appendix.

III. DISCUSSION

We have obtained the binding energy of the posi-
tronium molecule which is about a factor of 7 higher
than the value obtained by Ore. There are four main
reasons why our value divers so much from the value
calculated by Ore. First, the Hamiltonian of the system
was not transformed properly in Ref. 6 in order to
eliminate the kinetic energy of the center of mass.
Second, the kinetic energies of the electrons were calcu-
lated by Ore relative to the midpoint of the line joining
the positrons. The values so obtained for the kinetic
energies of the electrons were then taken to be the ki-
netic energies of the positrons. This is objectionable
since, according to the symmetry of the problem, these
are strictly the values of the kinetic energies of the posi-
trons relative to the midpoint of the line joining the elec-
trons. Third, in view of the complexity of the problem,
the form of the variational function employed by Ore
is inferior to our wave function. Ore's wave function
contains only four electron-positron distances while we
have selected a general form of the wave function which
explains the binding energy of the hydrogen molecule
most accurately. Finally, the wave function used by
Ore contains only two variational parameters against
6ve variational parameters contained in our wave
function.

Wp„= —W—2Wp„ (32)

ACKNOWLEDGMENTSwhere Wp, is the binding energy of the positronium
which is simply

Wp, = 2Ep.

Substituting Kqs. (30) and (33) into Eq. (32), we have

W .,=~ot-2Q'(1+(1+4p)'"} '—1] (34)

In Eq. (34), P and Q are the functions of the variational
parameters 5 and C „;i~. In order to evaluate P and Q
we need to calculate the integrals x(mnjkp) and
s"(mnjkP) defined by Eqs. (22) and (23), respectively.
Evaluation of these integrals was accomplished by the
method used by James and Coolidge. 7

For our calculation we have selected 6ve values of
mn jkP for the variational parameters C „;&~.These are
(00000), (00020), (00110), (10000), and (00001). In
actual calculation the coeScient Cppppp was kept fixed
equal to unity, while 8 and other parameters Cppp20,

Coo11o, C1oooo, and Coppp1 Were Varied in Order tO maXimiZe
Wp 2. The maximum value of Wp„so obtained is
0.06967E0=0.948 eV.

The numerical values of the variational parameters
and the integrals X(mnjkP), s(mnjkP), and s'(mnjkP)
required for the calculation are listed in the Appendix.

9 L. D. Landau and E. M. Lifshitz, Quantum j/Iechaeics (Addi- -:

son-Wesley Publishing Ce., Inc. , Re&ding, Mass. , 1958), p. 128.

It is a pleasure to thank Professor S. Rodriguez and
Professor A. K. Ramdas for valuable discussions.
Thanks are also due to Professor E. W. Prohofsky and
Professor H. M. James for fruitful suggestions.

APPENDIX

The aim of this appendix is to list the numerical values
of the integrals, the variational parameters, and other
quantities involved in the computation of the binding
energy. The maximum value of Wp„equal to 0.948 eV
has been obtained by varying the variational parameters
5 and C „;q„.Corresponding to the maximum value of
Wp„ the variational parameters which we obtain are
b = 2.20 and C00020 1 0 Cppllp= —0 79730; C10ppp=0.036824' cpppp1 = —0.023818' and cppppp= 0.0033784.
For simplicity the parameters C „;» have been pre-
sented in decreasing order of magnitude and reducing
the largest one (Cooo20) to unity. The calculation of the
binding energy requires the integrals s(mnjkp),
s'(mn jkp), and X(mn jkp) for different values of mnjkp.
These integrals are calculated following the method
explained in Ref. 7. In Tables I, II, and III we give the
values of s(mn jkp), s'(mnjkp), and X(mnjkp), respec-
tively, for 6=2.20. Those integrals which vanish because
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TABLE I. The numerical values of z(mnjkp) for 8=2.20.

0
0
0
0
0
0
0
0
1
1
1
1
1
1
1

1
2

1
1
1
1
1
2

2

1
1
1
2
2
2
2
2
2
2
2
2
3
3
0
0
0

0
0
0
1
2
2
2
3
0
0
0
0
0
1
1
1
1
1
1
1
1
2
2
2
2
2
3
0
0
0
1
1
2
2
2
3
0
2
0
0
0

2
2
4
2
2
2
4
2
0
0
2
2

0
0
0
2
2
2

4
0
0
2
2
4
2
2
2
4
0
2
2
2
4
2
2
2
1
1
2

2
4
2
2
2
4
2
2
2
4
2
4
2
0
2
4
0
2

0
2
2
4
2

2
2
2
4
2
2
2
2
4
2
2
2
2
2

3
2

p

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1

z(mn jkp)

0.34604X10 '
0.20762X10 e

0.20762X10 e

0.42468X10 '
0.53907X10 '
0.32344X 10 '
0.32344X 10 '
0.71358X10 '
0.12740X20 '
0.76442X 1O-e

0.42468X10»
0.25481X10 e

0.25481X10 e

0.46908 X10 4

0.15636X10 '
0.93816X10 '
0.15636X10-'
0.52120X10 e

0.31272X10 '
0.93816X10 '
0.31272X10 e

0.19848X10 4

0.11909X10 '
0.66159X10 e

0.39695X10-e
0.3969SX10 '
0.87576X10 '
0.53907X10 '
0.32344X 20 e

0.32344X10 '
0.19848X10 '
0.66159X10 '
0.83980X20 '
0.50388X10 '
0.50388X10 e

0.11117X10-4
0.71358X10 '
0.11117X10 '

—0.39535X10 '
—0,23295X10 '

0.45935X20 e

0
0
0
0
0
0
0
1
1
1
1
1

1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
3
3
0
0
1
1
1
2
2

0
1
2
2
2
2
3
0
0
0
0
2

1
1
1
2

2
2
2
2
3
0
0
0
0
1
2
2
2
2
3
0
2
0
2
0
2

2
0
2

3

1
1
2
3
2

1
1
2
3
0
1
1
2
3
1
1
2
3
)
1
1
2
3
1
1
1
2
3
1
1
1
1
1
2

1
1
1
1

1
)
3
2
2

1
1
3
2
1
2
1
3
2
1
1
3
2
2

1
2

3
2
1
1
1
3
2
1
1
1
1
1
1
1
1
1
1
1

p

)
1

1
1
1
1
1
1
2

1
1
1
1
2
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2

z(mn jkP)
—0.23295X10 '
—0.48729X 10 '
—0.62163X10 '
—0.36701X10 '

0.76276X10 '
—0.36702X10 '
—0.82753 X10 '
—0.48729X10 '
—0.28739X10 '

0.57987X10 '
—0.28739X10 e

0.21426X20 4

—0.60147X10 e

—0.35503X10 '
0.73082X10 '

—O.3SSO3X10-»—0.76858X10 '
—0.45413X10 e

0.95949X10 e

—0.45413X10-»
—0.10252X10 4

—0.62163X10»—0.36702X10 e

0.76276X 10-e
—0.36702 X10 e

—0.76858X 10 '
—0.98408X 10-'
—0.58200X 10 e

0,12568Xio 4

—0.58200X10 e

—0.13157X10 '
—0.82753 X10 e

—0.13157X10 '
—O.1O424X1O-4—0.17S15X10 4

—0.13232X10 4

—0.16796X10 4

—0.22233X20 4

-0.17515 X 10-'
—0.29431X10 4

TABLE II. The numerical values of z'(mnjkp) for 8 =2.20.

0
0
0
0
0
0
0
0
0

1
2
2
2
2
2
2
2
2
2
3

0
0
0
0
1
1
2
1
2
0
1
0
0
0
0

2

1
1
2
0

2
2
3
4
2
2
3
4
2
2
2
0
0
1
2
0
0
1
2
0
0

0
2
1
0
0
2
1
0
0
0
0
0
2
1
0
0
2
1
0

0

—1—2—1—1—1—1—1—2—1—1—1—1—1—1—1—1—1—1—1—1—1

z'(mn jkP)

O.28451 X20-s
0.84019X10 7

0.76535X10 '
0.12193X10 s

0.37304X10 s

0.20923 X10 '
0.98778X10 '
0.15987X10 s

O.S0420X20 s

0.37304x10 '
0.49353X10 s

0.25210X10 e

0.50420X10—s

O.3O558X1O-s
0.50420X10 s

0.33687X10 e

0.6737SX10 s

0.40350X10 s

0.67375x 10 '
0.46501X20 '
0.35312X10 '

3
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
2
0
0
1

1
0
0
0
0
1
1
1

2
0
1
2

1
1
2
1
0
1
1

0
0
0
1
2
0
0
2

0
0
0
0
1
2
0
0
0
0
0

0
0
2
1
0
0
2
0
1
0
0
2
0
1
0
0
0
0
0
0

p
—1

1
1
1
1
2

1
1
1
1
1
1
2
1
1
2
1
2
2
2

z'(mn jkP)

0.47703 X10 '
—O.15O43X 1O-e
—0.29328X10 '
—0.53701X20 ~

—0.29328X10 s
—0.22559X10 e

—0.42104X10 s
—O.42104X1O-s
—0.75135X10 ~

—0.32332X10 e

—0.22559X20»—0.60624X 20 s
—0.30993X10 e

—0.10587X20 s
—0.60624X10 s
—0.46639X10 '
—0.46639X10 '
—0.43074X10 '
—0.64466X 20 e

—0.96482X20 e
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TABLE III. The numerical values of x(mn jkp) for S=2.20.

0
0
0
0
0
0
0
0
0
0
0
0
0

0
0

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

1
1
1
1
1
1

1

1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2

0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
3
3
3
3
4
0
0
0
0
0
0
0
1
1
1
1
1
1
1
2
2
2
2
2
2
2
3
3
0
0
1
1

0
0
0
0
1
1
1
2
2
2
3
3

0
0

1
0
2
2
0
0
0
1
1.
2
2
3

0
0
1
2
0
0
0
0
1
1
2
3
0
0

1
2
2
3
0
0
1

2
2
3
0
1
0
1
0
1

0
2

6
1
3
5
0
2

1
3
2
0
2

3

0
2
0
2
4
1
3
0
2
1
0
0
2
1
0
0
0
2

1
3
2

0
2
1
3
0
2
1
0
2
1
3
0
2

0
1
2

0
1

&(m~~up)

0.37922 X10 4

0.1201OX10 4

0.70436X1o '
0.49668 X 1P-e
0.34906X10 '
0.19967X10 '
0.13874X10 '
0.95806X10 '
0.34927X10 5

O.21561X10-'
0.17834X10 '
0.10893X10 '
0,19232X10 '
0.45155X10 4

0.14330X10 4

0.41096X10 '
0.23549X10 5

0.84122X10 ~

0.11432X10 4

0.41647X10 '
0.55192X10 4

0.17557xio 4

0.10318X io 4

0.49488X10 '
0.28415X io '
0.14006X1D 4

0.50971X10 '
0.25434X10 '
0.72748X 10-~
0.69690X10-4
0.22232 X10 4

0.61265X10 '
0.17734X10 4

0.91630X10 4

0.48259X10 4

0.1.5364X10 '
0.90330X10 '
0.43734X10 '
0.25131X10 '
0.45343X10 '
0.2263/Xio ~

0.57647 X10 4

0.18385X10 4
.

0.51809X10 5

0.29818X10 '
0.14924X io 4

0 54269X10 '
0.26893X10-e
0.70725X 10-4
0.22602 X10 4

0.62847 X10 '
0.3623/X 10 '
0.18355X10
0.66713xio '
0.32729X10 '
0.89694X10 4

0.78483 X10 '
0.20507X10 4

0.56773X10 '
0,76769x 10 4

0.67726X10 '

2
2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1

1

1
1
1
1
2
2
2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
0
0
0

2
2
0

0
0
0
0
D

0

1
1
1
1
2
2
2
2
2
2
3
3
3
4
0
0
0
0
1
1
1
2
2
2
3
0
1
2
0
0
0
0
0
0
1
1
1
1
2
2
2
2
3
0

2
0
1
2

0
1
0
0
0
0
2
2
2
4
0
0
0
2
2
4
0
0
0
2
2

0
0
2
0
0
0
0
2
0
0
2
0
0
2
0
0
0
0
0
0
0
1
1
2
0
0
1
2
0
0
1
2
0
0
0
0
0
0
0

0

0
2
4
6
0
2
4
2
0
2

0
2
0
0
2
4
0
2
0
0
2
0
0
0
2

2
0
2
0
0
2
0
0
2
0
0
0
2

1
3
2
0
2
1
0
0
2
1
0
0
2
0
0
2
0
0

—1—1
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
-1

1
1'
1
1
1
1
1

1

1
1
1
1
1
1
1
2
2
2

&(~~qkp)

O.9458OX 1O-4
0.82843 X io '
0 38135X10 4

0.12712X10 4

0.76271X10 '
0 54479X10 '
0.99435X10 '
0.33145X10 '
0.19887X io-e
0.17514Xio '
D.46803 X10 4

0.15601X10 4

o.93605X10 '
o 12203Xio 4

0.40678X 10 '
0.64484X 10-~
O.594O9xiO-4
0 19803X10 4

0.11882X10 4

0.15490X10 4

0 51635Xio '
0 81854Xio '
0.78642 X10-4
0.26214X 10 4

0.20505 X10 4

0.10963X10 '
0.51482X10 4

0.17161X10-4
0.10296Xio '
045878X10 '
0.63183X10-4

.0.21061X10 4

0.16891x io 4

0.80202X 10 4

0.26734X 10 4

0.21441X10-4
0.10617X10 '
0 24452X10 4

0.90027X10 4

0 11428X10 '
0.50145X10 4

0.17777X10 4

O.1O936X1O-4
—0.38868X10 '
-0 22866X10 5

0 48368Xio '
0.63350X10 4

0.22390X10 4

—0.48119X10-~
0.17759X10 4

0.83401X10 4

0.29370X10 4

—0.61706X10 '
0 23271xio 4

0.11555X10 '
0.25244X 10-4
0.90258X10 4

0.11840X10 '
0.29773X10 4

0.10287X10 '
o.1403SX10-~

(A1)

(A2)

and for any set of values of me jk,
s'(mN jko) =0. (A3)

of the following properties are not included in these
tables. When j and k are not both even,

s(tlrs jko) =0,
X(me jko) =0,

The expressions (A1), (A2), snd (A3) can easily be
derived if one starts with the de6nition of these inte-
grals, namely, Kqs. (22) and (23).

Mak. ing use of Tables I—III we calculate N, ~&'), v &&'),

S,g ', etc. The values of I p~') e g&'& N~g|."& and g.,g'
are compiled in Tables IV-VII while the values of
e,q&'&, e,~&'), v, ~&'&, and e q&'& are tabulated in Tables
VIII-XI. In Table XII we list the values of S q&'&. The
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TABLE IV. The values of N, b(') )&10' for b =2.20. TABLE X. The values of v&sb(') &(10' for 8 =2.20.

gb

(00000)
(00020)
(ooiio)
(ioooo)
(00001)

(00000)

0.96530
0.32177

—0.016287
1.3031
1.1717

(ooo2o)

0.32177
0.38374

-0.0097725
0.43438
0.47875

—0.016287
0.016287
0.14605

—0.024376
—0.17069

1.3030
0.43438

—0.016973
1.8568
1.6732

1.1717
0.45883

—0.17069
1.7039
1.9757

{00»o) (ioooo) (ooooi) ag
(ooooo)
(00020)
(ooi 10)
(10000)
(00001)

(00000)

0.37712
0.143130

-0.0092253
0.51828
0.54341

(00020)

0.10066
0.036696

—0.0045440
0.14162
0.15513

(ooiio)
—0.0092253
—0.0045440

0.036695
—0.011786
—0.054080

0.47111
0.17802

—O.oi 1 /86
0.64670 .

0.69995

0.54341
0.21303

—0.054080
0.78566
0.90795

(ioooo) (ooooi)

TABLE V. The values of u&s~(') )&10' for b =2.20.

TABLE XI. The values of v, b(') X10' for 8 =2.20.

(00000) (00020) (00110) (10000) (00001)

(00000)
(00020)
(00110)
(10000)
(ooooi)

0.96530
0.25170

-0.016287
1.0059
1.1717

a~ (ooooo) {0002O)

0.321767
0.083898

—0.0097725
0.33531
0.47875

(ooi io)
—0.016287
—0.0097725

0.14605
—0.0095696
—0.17069

1.3031
0.34838

—0.016973
1.3580
1.6732

1.1717
0,33840

—0.17069
1.2962
1.9757

(10000) (00001) (ooooo)
(ooo2o)
(ooi 1o)
(ioooo)
(oooooi)

0,37712
0.10066

—0.0092253
0.47111
0.54341

0.10066
0.053828

—0.0045440
0.12554
0.15513

—0.0092253
—0.0045440

0.036696
—0.011786
—0.05408

0.47111
0.12554

—0.011786
0.61119
0.69995

0.54341
0.15513

—0.05408
0.69995
0.90795

TABLE XII. The values of S,b(') &(105 for 5 =2.20.

TABLE VI. The values of u, b(') )&10' for 8=2.20. (00000) {00020) (ooiio) {10000) (ooooi)

(00000)
(ooo2o)
(00110)
(10000)
(00001)

0.96530
0.32177

—0.016287
1.3031
1.1717

0.25170
0.083898
0.016287
0.34838
0.31848

—0.016287
0.016287
0.14506

—0.024376
—0.17069

(00000) (00020) (00110)

1.0059
0.33531

—0.016973
1.3580
1.3269

1.1717
0.45883

—0.17069
1.7039
1.9757

(10000) (00001)

(ooooo)
(00020)
(00110)
(10000)
(00001)

0.072965
0.019025
0..

0.098501
0.10254

0.019025
0.010053
0.
0.025683
0.028803

0.
0.
0.0049606
0.

-0.0060688

0.098501
0.025683
0.
0.14035
0.14556

0.10254
0.028803

—0.0060688
0.14556
0.17282

values of S,b{"are the same as S b{"with the exception
that

TABLE VII. The values of u&sb(') &(10' for 8 =2.20.
S &,

&2& =0.0049606 Por a= (00020), b= (00020—)],
S,&,

&'& =0.026333 D&&r a—= (00020), b= (10000);-(A4)

(00000) (00020) (00110) (ioooo) (ooooi) and also for
(ooooo)
(ooo2o)
(00110)
(10000)
(ooooi)

0.96530
0.25170

-0.016287
1.0059
1.1717

0.25170
0.13300
0.016287
0.26229
0.31848

—0.016287
—0.0097725

0.14605
-0.0095696
—0.17069

1.0059
0.26229

-0.016973
1.1647
1.3269

1.1717
0.33840

—0.17069
1.2962
1.9757

and
&&',= (10000), b= (00020)],— (AS)

S,&,
&2&=0.13298 D&&r a—= (10000), b=—(10000)]. (A6)

The values of the elements S,b{" and S,b{4' are the
same as those of the elements S,b{') and S b{'), respec-
tively. In other words,

TABLE VIII. The values of v&sq(') &(10' for 8=2.20.

(ooooo)
(00020)
(00110)
(10000)
(00001)

(00000)

0.37712
0.14313

—0.0092253
0.51828
0.54341

(ooo2o)

0.14313
0.090230

—0.0045440
0.19517
0.21303

(00110)
—0.0092253
—0.0045440

0.036696
—0.011786
-0,054080

0.51828
0.19517

—0.011786
0.75351
0.78566

0.54341
0.21303

—0.054080
0.78566
0.90795

(ioooo) (ooooi)
and '

S,b{')=S b{')

S,b{4)=S,b{')

(A7)

(A8)

With the help of Tables IV—XII it can be seen that

I &'&+I
&,
&'&+I,

&, &'&+I~&,&4&

=Nb &"+I&, "&+I&,.&3&+ub, &'&, (A9)

TABLE IX. The values of v b,
(') &(10' for b =2.20.

v pl+&& g +&& g3+&&

=&&~ &&&+p &&&+&& &&&+&&~ &4& (AlO)

S,&,
&1&=S&, &'&=S

&,
&4&=S&, &4& (A11)

(00000)
(00020)
(00110)
(10000)
(00001)

(ooooo)

0.37712
0.10066

—0.0092253
0.47111
0.54341

{00020)

0.14313
0.036696

-0.0045440
0.17802
0.21303

—0.0092253
—0.0045440

0.036696
—0.011786
—0.054080

0.51828
0.14162

—0.011786
0.64670
0.78566

0.54341
0.15513

—0.054080
0.69995
0.90795

(00110) (10000) (00001) S &&'&=S&, &"=S &'&=S &'&. (A/2)

Using the tabulated integrals and the variational pa-
rameters given above, we obtain %0=0.44601X10 ',
P= 23.548, and Q= 7.8665. These values &&f P and Q are
6nally used to compute Wp„ from Eq. (34).


