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The 6ne structure of the zero-phonon 'T2, state of AI203 ..V'+ arising from the trigonal field and spin-orbit
coupling is anomalously small. Ligand-field theory predicts a 400-cm splitting, while the observed levels,
first fully identified by Scott and Sturge, span only 14 cm ', This has been attributed to a large tetragonal
Jahn-Teller e8ect, and a detailed analysis of the zero-phonon levels was made by Scott and Sturge on the
basis of Ham's model calculations for octahedral molecules. We have made new measurements on the
0-0 T2, band, including the axial spectrum, which shows one 0--polarized transition to be magnetic dipole
in origin, and the Zeeman effect of the ~ and 0 spectra at 10'K in fields up to 40 kG parallel and perpendicular
to the trigonal axis. The validity of the Ham-Scott-Sturge model has also been further investigated. We
have shown that the details of the Scott-Sturge theory require modification, and that it is possible to explain
the observed zero-6eld level pattern within the framework of Ham's general model if, but only if, the
assumption of equal quenching of first-order trigonal field and spin-orbit splittings is dropped. In addition,
we have obtained values of the first- and second-order trigonal field and spin-orbit coupling energies which
reproduce quantitatively the zero-6eld energies, Zeeman behavior, selection rules, and intensities of all
transitions. It is found that the first-order spin-orbit splitting is some four times less quenched than the
6rst-order trigonal-field splitting.

I. INTRODUCTIOH

lr BHE study of the Jahn-Teller effect in transition-..metal complexes has received considerable stimulus
from a theoretical paper by Ham. ' Taking as model
examples the orbital triplet states of octahedral
molecules, whose vibronic states were discussed by
Moffitt and Thorson, ' Ham investigated the effects of
electronic perturbations (such as spin-orbit coupling,
external magnetic fields) on the ground vibronic levels
in the case where the perturbations are small compared
to the Jahn-Teller interaction. It was found that the
vibronic coupling causes a marked alteration in the
consequences of the perturbations from those predicted
in a purely electronic calculation at a fixed, octahedral
nuclear configuration. The primary modi6cation con-
sists in a substantial, uniform reduction in the first-
order splittings arising from perturbations off-diagonal
in the electronic states associated with the various
minima of the potential-energy surface. This quenching
increases with the Jahn-Teller interaction, becoming
total in the limit of the static Jahn-Teller effect, at
which point the vibronic states associated with different
potential minima do not interact. Second-order effects,
involving both higher vibronic levels of the same elec-
tronic state and other electronic states of the system,
can still be appreciable, however, and can even become
dominant when the Grst-order splittings are very small.
A further possible consequence of the Jahn-Teller
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e6ect is therefore a radical alteration of the qualitative
appearance of the energy levels.

Specific cases of the quenching of first-order splittings
by the Jahn-Teller effect have also been encountered in
other calculations: for example, McConnell and
McLachlan' and Child and Longuet-Higgins4 noted the
quenching of electronic orbital angular momentum
in C6H6 and X3, respectively, and Sallhausen' showed
that spin-orbit splittings can be reduced in square-
planar complexes. However, Ham was the first to focus
primarily on the manifestations of small perturbations
in the presence of large Jahn-Teller interactions and to
emphasize their general characteristics.

While most real systems are considerably more com-
plex than the simple cases studied by Ham, it is
reasonable to expect, as he pointed out, that their
behavior will exhibit qualitatively similar features, and
there is now considerable evidence for such effects,
relating to a variety of perturbations and systems. '
One of the clearest examples, and that to be discussed
in this paper, was discovered by Scott and Sturge'
in A1203.'V'+, where the V'+ ion is coordinated by a
trigonally distorted octahedron of 0 atoms. (This was
also the first case to be identified in an excited electronic
state. ) The low-temperature spectrum of A120S.V'+
had been quite thoroughly studied earlier by Low, '
Pryce and Runciman, ' and McClure. "While many of

' H. M. McConnell and A. D. McLachlan, J. Chem. Phys. 34,
1 (1961).

4 M. S. Child and H. C. Longuet-Higgins, Phil. Trans. Roy. Soc.
London 254A, 259 (1961).' C. J. Ballhausen, Theoret. Chim. Acta 3, 368 (1965).

M. D. Sturge, in Solid State Physics, edited by F. Seitz, D.
Turnbull, and H. Ehrenreich (Academic Press Inc. , New York,
1967), Vol. 20, p. 91.

' W. C. Scott and M. D. Sturge, Phys. Rev. 146, 262 (1966).' W. Low, Z. Physik. Chem. (Frankfurt) 13, 107 (1957).' M. H. L. Pryce and W. A. Runciman, Discussions Faraday
Soc. 26, 34 (1958)."D.S. McClure, J. Chem. Phys. 36, 2757 (1962).
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its features could be understood on the basis of fixed-
nuclei ligand-field calculations, the 'Tso(t.„,e,) band was
anomalous, showing a pronounced 200-cm. ' vibra-
tional progression (which does not correspond to any
known lattice mode") and essentially no trigonal-field
or spin-orbit splitting of the lower vibronic levels (the
0-0 band appeared as two components, 8—10 cm '
apart and s. and o polarized, respectively). Pryce and
Runciman' attributed this to the Jahn-Teller effect and
McClure" carried out a calculation of the energy levels
in the limit of a static tetragonal distortion which
supported this hypothesis. In this model, the large
tetragonal distortion splits 'T&„ the lowest, orbitally
nondegenerate component being further slightly split
into two levels by second-order spin-orbit coupling.
The work of Scott and Sturgev showed, however, that
the 0-0 band in fact possesses considerable additional
structure, three and six transitions being identified in
the ~ and a polarizations, respectively. This clearly
demonstrates that the static limit is not quite attained
and that the interaction of the vibronic states belonging
to the three distorted tetragonal configurations is still
appreciable. The situation is thus of the kind studied by
Ham. Scott and Sturge took over Ham's analysis for
a T~ state of an octahedral molecule interacting with
a tetragonal (e,) vibrational mode and applied it
directly to the Al&03'. V'+ situation, assuming that the
trigonal held could be treated as a purely electronic
perturbation. They concluded that the principal
contributors to the observed 'T~, splittings were the
trigonal field, its first-order effects quenched by a
factor of 40, and second-order spin-orbit coupling to
other electronic levels, the first-order spin-orbit
splittings being less than the linewidths.

In the course of studying the spectrum of a
Al&03'. Co'+ crystal, we observed some weak lines at

6300 A, which were subsequently identified with the
0-0 'Tgg V'+ band. The lines were quite sharp, being
better resolved than in Scott and Sturge's spectrum.
Since the Scott and Sturge paper occupies an important
position in the current exploitation of Ham's work, we
undertook a study of the Zeeman effect of the lines to
confirm their assignment. Some previous Zeeman
experiments on this band had been carried out by
McClure" in fields up to 250 kG but were not inter-
pretable owing to the lack of resolution of the individual
lines. With the present crystal we have been able to
observe and make a full analysis of the Zeeman effect
in magnetic fields up to 40 kG. The results of this
study are presented in the following. Magnetic field
effects involving excited states thought to be strongly
perturbed by Jahn-Teller interactions have previously
been observed in CdS:Co'+" A1~03.'Cr'+'4 and Co

"A. S. Barker, Phys. Rev. 132, 1474 (1963);S. P. S. Porto and
R. S. Krishnan, J. Chem. Phys. 47, 1009 (1967)."D.S. McClure (unpublished)."%.M. Yen and M. D. Sturge, quoted in Ref. 6.

'4 J. Margerie, Compt. Rend. 257, 2634 (1963);J. Brossel and
J. Margerie, in Paramagnetic Resonance, edited by W. Low
(Academic Press Inc. , New York, 1963), Vol. II, p. 535.

ense+ (where en = ethylenediamine) ." However, no
analysis of these results has as yet been published.

II. EXPERIMENTAL

The crystal studied was grown by Linde for Dr. S. A.
Marshall of Argonne National Laboratory. Two pairs
of parallel plane faces were cut, two faces containing
the trigonal (c) axis and 0.97 cm apart, the others
perpendicular to the c axis and 1.3 cm separated.
Marshall had previously recorded the absorption
spectrum of the crystal at liquid. -helium temperature
with a Cary 14. In addition to the usual features of the
AlsOs'. Co'+ spectrum he found a sharp line at 4755 L.
This was attributed by Professor D. S. McClure to the
'A&, absorption band of V'+, ' "present as an impurity.
The crystal was kindly loaned to us by Dr. Marshall. to
investigate further its Co'+ spectrum. In the course of a
high-resolution photographic study we not only again
observed the 4755 A. line but also found several weaker
sharp lines around 6290—6300 A. These agreed very
closely in energy with the components of the 0—+0 'T&,
band of Al&O&'. V'+ reported by Scott and Sturge' and
confirm the existence of V'+ in the crystal. The concen-
tration of V'+, estimated from the intensity of the
6300 A band and McClure's spectrum" is about
5&&10 '% by weight.

The Zeeman effect of the 'A~, V'+ lines has been
studied by Pryce and Runciman' and by McClure. "
We therefore confined our attention to the 6300A.
band. The spectra were taken on a 3.4-m Jarrell-Ash
instrument with a 7620-lines-per-inch MIT grating,
used in fifth order (excepting Fig. 5, which was obtained
with a 30000-lines-per-inch grating in first order).
The light source was a General Electric 150-W tung-
sten-hlament lamp and the absorption was measured
photoelectrically, using an EMI 62558(S13) photo-
multiplier tube. The magnetic held was provided by a
Westinghouse super conducting solenoid, capable of
fields up to 50 kG. The crystal was mounted in a
cylindrical copper block, machined to fit into the
1.46-in. -diam stainless-steel bore of the magnet,
which formed part of the liquid-helium container.
Experiments were carried out in which the light
passed through the crystal both parallel and per-
pendicular to the magnetic field. For the latter, a
crystal holder was constructed with two mirrors of
chromium-plated stainless steel (ferrotype plate) at
45 to the solenoid axis. Polarized spectra were obtained
using polaroid-disk polarizers. It was confirmed that
the depolarization arising from imperfect orientation
of the crystal and mirrors was completely negligible.
The resolution was ~0.6 A~1.8 cm ' and the spectra
were traced at 1.2 A/min, with a damping time con-
stant of 3 sec. Since the crystal contained so little
V'+ the absorption was very weak. The major part of
the signal at the photomultiplier was therefore biased
out and the remainder amplihed to give a full-scale

rs R. G. Denning, Chem. Commun. 120 (196/).
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FIG. 7. Electronic states of A403'. V'+ deriving from T1pc,6p )
and 3 T2p {fqpgp) gy, levels. Energies are those calculated by
Macfarlane with 6= 18 000, 8=610, C =2500, n =800, v' =200,
and g = 155 (all in cm '). Mq values refer to the trigonal axis and
are appropriate to a pure 'A state.

state in magnetic fields has been studied by paramag-
netic resonance, """ magnetic-susceptibility measure-
ments, " and through the Zeeman effect of the sharp,
intracon figurational transition to the 'A ~, state. ' "
The energies with the field ii and J to the trigonal
axis, calculated" using gl 1

——1.915" and g& = 1.725,"
are plotted in Fig. 9. From these, the Zeeman pattern
of the zero-phonon 'T~, level can be deduced, as is also
shown in Fig. 9. The cold bands furnish the behavior of
levels 1, 3, 4, and 5. Level 2 can only be studied through
the z 1 and 0-2 hot bands. From the xi transition, there
are two possibilities for the splitting in fields ji c, as
shown in Fig. 9.The field dependence of o-2 is not clearly
:observed and the alternatives cannot be unambiguously
"s'.inguished. However if the smaller splitting is

ciiosen, the upper Zeeman component of o-2 can lie
15876 cm ' at 30—40 kG. This is close to the position

of o3 and enables the observed anomalous behavior of
0.3 (noted above) to be explained. "This is not possible
with the larger splitting. The effect of fields J c on
level 2 is also uncertain without assumptions about
selection rules. The range of possibilities is theref ore
indicated in Fig. 9. We should note that when a transi-
tion does not split observably in the 6eM, the energies
given in Figs. 6 and 9 are averages over the Zeeman

'0 G. M. Zverev and A. M. Prokhorov, Zh. Kksperim. i Teor.
Fiz. 38, 449 {1960) I English transl. ; Soviet Phys. —JETP 11,
33O (1960)J.

2' J. Lambe and C. Kikuchi, Phys. Rev. 118, /1 (1960).
"C.R. Quade, W. H. Brumage, and C. C. Lin, J. Chem. Phys.

3i7, 1368 (1962).
"See Ref. 17 for general expressions for the magnetic Geld

energies."This assignment also requires a reversal of selection rules from
m to 0 polarization. See below.
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5-- «erg y {cm-')

15 890.2

15 888.O
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lF2
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0
FIG. 8. Zero-Geld energy levels and transitions.

components. This is particularly relevant to the H J c
spectra, where no splittings are resolved.

From the level scheme thus extracted, the behavior
of the 0-1 and 0-4 hot bands may be predicted and the
validity of their assignments tested. The splitting of
O1 with H ii c is in quantitative agreement with that
predicted from x2 and 03. Only the upper Zeeman com-
ponent is expected to be seen because of the depopula-
tion of the M, =+1 'A level by the Zeeman splitting.
The absence of an observable splitting of 04 with H ii c
shows that the splitting of the excited state (or states)
is approximately equal to that of the 'A M, =~1 states.
This is consistent with the upper state being either of
level 4 or 5, or both, since levels 4 and 5 have similar
Zeeman splittings, and therefore with the assignments
of Fig. 8. From an experimental standpoint, the possi-
bility of there being a new state, unobserved in other
transitions, is not ruled out by the Zeeman effect data.
However, we shall show subsequently that this assign-
ment is unlikely theoretically and it is excluded from
Fig. 9. The shift of 04 in fields J c is smaller than ex-
pected on the basis of 0.6 and about that predicted from
7r3. However, since the Zeeman components are unre-
solved and the relative transition probabilities will be
different in the hot and cold bands, this does not
invalidate our earlier assignment of cr4.

Further information about the 'T2, levels is obtain-
able from the spectra if the ground and excited states
can be assigned to single irreducible representations of
the C3 group. This will be possible as long as the static
Jahn-Teller limit is not reached in the excited state. As
already mentioned, the existence of the fine structure
indicates that the static limit is not attained. %e shall
therefore assign the upper state symmetries within C~.
The ground 'A levels are A and E. Selection rules for
electric and magnetic dipole transitions are the same:
A~A, A &E, and E +A—transition—s are ii, J, and J
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polarized, respectively; E—+E transitions may occur in
both polarizations. The 'T20 states in zero field are then
identi6ed as follows:

1A, 2E, 3 E, 4A A, 5E.
The degeneracy of level 4 is accidental and not group
theoretical. The assignment of level 2 as an E state,
rather than an accidental doublet, follows from the
existence of parallel-polarized intensity in z.1 (see
Sec. II) . Note that the selection-rule arguments
identify a degeneracy in level 3 which is not observed
directly through a Zeeman splitting. The use of C3 is
consistent with all of the data. "

For Z states which split observably in 6elds
~~

c
and which participate in hot bands, the symmetries of
the individual Zeeman components can also be assigned,
since a magnetic field along the trigonal axis does not
lower the symmetry below C3. Defining E+ and E as
the nondegenerate representations of C3 transforming
like 5=1, Ms ——+1, and —1 functions, we have the
following selection rules:

II

E+—+E+,
11

E-~E-

L

jV+~jV

E ~E+.
From Fig. 9 we then infer that for levels 2 and 5
E &E+ and E+(E, respectively. The C3 selection
rules are consistent with our interpretation of the
Zeeman behavior of o.2 (see Ref. 24).

In summary, the structure of the zero-phonon 'T2,
level of A1~03'. V'+ bears no resemblance to that pre-
dicted by Macfarlane's purely electronic calculation.
The Zeeman experiments unambiguously identify
eight excited states and can be satisfactorily interpreted
without postulating more. The assumption of C3
selection rules extends this number to nine, level 3
being degenerate but not observably split at 40 kG.

IV. THEORY

"This would not be the case if all intensity were assumed to be
electric dipole in origin, since then the cold transition to level 1
would be both

~ ) and J. polarized.

The evolution and current status of ideas on the
"anomalous" structure of the 'T2, A1203'. V'+ state were
summarized in Sec. I. It appears to be well established
that a dynamic Jahn-Teller effect involving a basically
tetragonal distortion of the VO6 octahedron is to be
held responsible. Interaction with a trigonal mode can
be excluded, as this would not quench the trigonal-
field splitting. Accepting this, it then remains to
calculate the spin-orbit and trigonal-field structure of
the zero-phonon level. Here, one may either attempt an
a priori treatment, involving an analysis of the proper
vibrational modes associated with the V'+ impurity in
the corundum lattice, or adopt a phenomenological
approach, searching for a semiempirical Hamiltonian
which reproduces the observed energy levels. In view of
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FIG. 9. Zeeman patterns of ground and excited levels. Squares
and circles emanating from excited level 2 show different possibili-
ties consistent with the observed x1 behavior. Vertical lines indi-
cate observed selection rules for Zeeman components of hot bands.
MB values refer to the trigonal axis and are appropriate to a pure
'A state.

the general complexity of the former, the latter pro-
cedure was recommended by Ham and was that
followed by Scott and Sturge. In the subsequent dis-
cussion we shall explore its applicability to the Zeeman
experiments. Before the effects of magnetic fields can be
considered, however, the zero-6eld structure must be
accounted for. To start with, therefore, we shall follow
through the analysis propounded by Scott and Sturge.
This in turn must be prefaced by a resume of the
relevant results derived by MoStt and Thorson and by
Ham, on which it is based.

The dynamic Jahn-Teller effect of a T2 electronic
state of an octahedral MX6 molecule interacting with
an e, vibrational mode was first treated by MoKtt
and Thorson. ' They assumed the molecular Hamil-
tonian to be of the form

g('=g(' ((o)+g(,~0))+~~Tt))+~(2)

where K,i&" and X;i,+& are the zeroth-order electronic
and vibrational Hamiltonians, the latter taken to be
harmonic, the Jahn-Teller interaction XqT&') is small
compared to 3C,i(0', and X&2~ comprises terms smaller
than SCAT('&. Situations in which X, contains other
terms of the same order of magnitude as SCgT&'~ are more
complex and were not considered. In particular, the
spin-orbit interaction BC„ is supposed either larger
than Xz&&", when it is included in 3C,&&" and already
taken account of in the T2 state, or smaller than
SCAT('~, in which case it enters into 3C('& and T2 is a
(2S+1)-fold degenerate spin rnultiplet. In addition,
BCJT&" was restricted to terms linear in the e, nuclear
coordinates Qg and Q„K'2) ignored, and mixing of
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different eigenstates of X,i&'~ by XqT&'~ neglected. For
the 'T2, V'+ state under consideration here, XqT"))
3C„; for brevity, we therefore present our discussion in
terms of this case, and quote results specifically for a
'T2, state.

Within this framework the potential-energy surfaces
in Qo, Q, space (depicted by Sturge") are the sum of
three paraboloids which intersect at the undisplaced
octahedral con6guration. The three minima correspond
to tetragonal distortions along the fourfold axes of the
octahedron; they lie at DE=P/2IIu' below the energy
of the undistorted geometry Eo, l being a parameter
specifying the strength of the Jahn-Teller interaction
and p, and co being, respectively, the effective mass and
the angular frequency of the e, vibration. AE is referred
to as the Jahn-Teller energy; in a stable tetragonal
con6guration the separation of the energy surfaces is
3d E (the upper surfaces being twofold degenerate at
this point). Each paraboloid surface corresponds to
one of three real 'T2, components, conventionally
labelled $, g, and f (Griffith's notation"), and each
is threefold spin degenerate.

The solutions of the dynamic vibronic problem turn
out to be simple products of the form

+&~see~ =4'&~8(r)X~&a& (Qor Qe) ~ (2)
of energy

Ep,N,„,=Eo P/2poP+ (no+ad—,+1)5(u; (3)

i and Sf' specify 'T~, orbital and spin states, respec-
tively. The function P,~, depends on electronic co-
ordinates 7-, and in the lowest-order approximation,
is independent of nuclear geometry. The vibrational
function x;,„, is a solution of the two-dimensional
harmonic-oscillator problem for the potential surface
corresponding to the ith T~ state; it is independent of
Mq. ee and n, are the quantum numbers of the specific
vibrational level. The ground vibronic state comprises
the functions +~~,00, +„~,oo, and +y~, oo, Mz being
allowed three values. The closest excited levels lie
&co higher in energy. The simplicity of the eigen-
functions is rather exceptional in Jahn-Teller problems;
it arises because the vibronic interaction is diagonal in
the $, g, f representation for al/ vibrational displace-
ments.

The work of MofFitt and Thorson was extended by
Harn' to include the X&o' terms of Eq (1). As. noted
earlier, if K contains other terms comparable in
magnitude to KgT&", the vibronic problem can become
extremely complicated. However, when KqT&')))K&'~,
3C&') can be adequately treated by perturbation theory.
Ham evaluated the effects of a variety of electronic
perturbations satisfying this condition on the ground
vibronic state up to second order in perturbation
theory. Within the ground vibronic manifold, the matrix
elements of a purely electronic operator 8 are given by

&iMsoo I
&

I
jM8'00) = &0'~. I

&
I A~') &x'~ I X ~) (4)

26 M. D. Sturge, Phys. Rev. 140, A880 (1965).
'~ J.S.GriSth, The Theory of Transition-JI/letal Ions (Cambridge

University Press, Cambridge, 1961).

In the harmonic approximation,

&x;oo I x;oo) =exp( —36E/25M)

&x,oo I x,m)=l,

and

&iM,00
I
e Ipr, '00)=g,~, I

g ly, ~, ,)

(i&j),

x&6~.- I
@'

I 4"~') (8)
~Here and in the fonowing discussion we use the terms

"diagonal" and "oG-diagonal" in the restricted context of the real,
orbital T2 representation. When we wish to imply complete
diagonality within the whole 'T&, basis we shall use the phrase
"truly diagonal. "

Xexp (—36E/2k') (i~j),
(iM800 I 8

I
iMB'00& = (g;~, I

g I P;or, , ). (6)
The matrix elements of 8 which are off-diagonal in the

representation are thus reduced below
the value obtained in a purely electronic calculation
(&iP;or, I

6
I P,~, )) by a quenching factor independent

of i and j and depending exponentially on hE, Physi-
cally this is due to the reduced overlap of the vibrational
functions associated with different potential minima
arising from their relative displacement in Qo, Q, space.
On the other hand, diagonal matrix elements are not
quenched. As a result, if a perturbation is wholly off-
diagonal, "the effect of the Jahn-Teller interaction is to
uniformly quench its first-order splitting of the ground
vibronic state by the factor exp( —3AE/25or). The
orbital angular momentum, orbital Zeeman interaction,
and spin-orbit coupling operators L, PL H, and
X„are important examples of such off-diagonal
operators. Conversely, the first-order effects of a
totally diagonal operator, such as the spin Zeeman
interaction 2PS H, are unaffected.

The second-order effects of X,"& depend on sums of
the form

&iMs00 I
BC&@K&"

IjMB'00)

&iM 00
I

K&@
I )(o; I

x&@
I jM '00)

(&)
~x+T200 +F200 ~n

These can be divided into two parts: in the first, 0. is a
member of the 'T~, vibronic manifold; in the second are
included all contributions from other electronic states.
Matrix elements in the first class—henceforth referred
to as in-state terms —are zero for diagonal operators
and, for off-diagonal operators, reduce to

&iM800 I
&&'

I
jMs'00) = —(Soo) 'G

I

(36E&

k 25M/

xl exp( —3~E/&~) j g &4;~. I q I p.M ")
k&i,j;MBII

x&p.~s-I & Ip,~. )

&iM,oo
I

ee'
I iM, 'oo)= —(e )-Gjt'36~

xle.p( —»E/s )3 2 Q, , I elf. ,-)
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where

"X'=~.x.~

In the limit of X~~, G(X)~ex/X. Hence, for large
Jahn-Teller effects, the off-diagonal elements vary as
(hE) ' exp( 35K—/2k~) while the diagonal terms
become

(iMs00
I
88'

I
iMs'00) = —(3b,E)-'

x 2 (Pea. I
8 I An&. )Qk~s, " I

8'
I 4;iLr, ). (9)

kgb My~I

The latter may still be appreciable when the former are
essentially completely quenched. The remaining, out-
of-state terms can be simpli6ed if the other electronic
states F are far enough removed to put Ez,~—E
Ep,—Er, where Er is the same for all vibronic levels
of I'.29 If I" is not subject to a Jahn-Teller interaction,
we can write I a)=P, (r)x„(Qg, Q,), where 7 specifies
the component of F and e is a vibrational quantum
number. If such interactions are present, within the
framework of the Moffitt-Thorson theory, I cz) =
g~,„C~„f„x„In eith. er case, since the C ~„coef-
6cients define a unitary transformation, the contribu-
tion of the state I' becomes

(iM,00
I
88'

I jM, '00)

p 9'~. I
8 I +.)(+7 I

8'
I A~")

7 T2 F n

x(x. lx )] (10)

Since g„ forms a complete set, the second sum can be
contracted, giving

(iM,oo I
88'

I jM, '00)

Z (4'~'I 8 I&v)
8 I

8'
I A~")

'y 2 I

x(x' lx,.o). (»)
The vibrational overlap integrals of Eq. (11)
are just those occurring in the first-order matrix
elements of Eq. (4) and, in analogous fashion,
(iMs00

I
88'

I
iMs'00) is not affected by the Jahn-

Teller interaction but (iMs00 I
88'

I
jMs'00) is

quenched by exp( —3AE/25&a) .
In both types of second. -order term, therefore, oA-

diagonal elements decrease exponentially with increas-

ing 5E while diagonal elements decrease either as
(AE) ' or not at all. Hence, for an off-diagonal
electronic operator, the diagonal second-order elements
are the only signi6cant terms remaining to second order
in the perturbation theory in the case of a large Jahn-
Teller effect; in this limit the static Jahn-Teller effect
is reached. As Ham pointed out, ' in the static limit the

"This is essentially the criterion for the validity of the Grst-
order MoKtt-Thorson theory.

second-order terms are just those calculated in a
purely electronic calculation for the lowest T2 com-
ponent in a distorted tetragonal configuration, the
upper T2 components being taken to be 36E higher in
energy.

For the perturbation approach to be valid, 3C(2)((
BCJT&'& is required. In this ease, the splittings due to
BC&2& are then much less than the separation of the
vibronic levels Sco. Note also that the dominance of
second-order over erst-order effects in or near the
static limit does not mean a breakdown of perturbation
theory. Rather, the first-order terms are just "ac-
cidentally" small.

Returning now to the A1203'. V'+ spectrum, we may
first note that the splitting of the zero-phonon 'Tg,
level is 14 cm ' compared to a progression interval of
200 crn—'. This clearly points to a situation of the type
discussed by Ham and justi6es a perturbation treat-
ment of the splittings. Scott and Sturge then made the
basic assumptions that the trigonal field could be
treated as a purely electronic perturbation KTp, and
the Mo%tt-Thorson-Ham results directly taken over.
These are radical simplifications of the real problem:
The trigonal field arises from a distortion of the V'+
environment from octahedral and this must affect the
vibrational motions of the neighboring atoms too; also,
the VO6 complex cannot properly be isolated from the
surrounding matrix. The central purpose of the present
paper is to investigate their validity.

The matrices of X., and KTp within the 'T2, electronic
states are given in Fig. 10 Lsee part (a) of captions.
f' and v are the conventional spin-orbit and trigonal-
field parameters. The basis states are defined with
respect to cubic axes and we have adopted real spin
functions, labelled by and transforming like x, y, and s.
The trigonal axis is taken along the cubic 111direction.
Under 3'„alone, T2, splits into A2, E, T~, and T2
states, with first-order energies ', 1, ', 1', ~—f,-an-d i~l;—
3CTp by itself gives rise to 'A and 'E states of energies—tv and +tv. The 1 and v values for Al~oq'. V'+ ob-
tained by Macfarlane from his ligand-field calculation
and available spectroscopic and magnetic data were
160 and 860 cm—', respectively. "The first-order 'T2,
structure obtained with these parameters is shown in
Fig. 11(a). In the presence of a Jahn-Teller effect
larger than K., and XTp, however, the first-order
matrix within the ground vibronic state becomes that
shown in Fig. 10 Lpart (b) of caption), and the split-
tings are reduced, since both operators are off-diagonal.
As the observed spread in energy is 14 cm ', the
quenching factor is in the range 0.1—0.01. Scott and
Sturge concluded on the basis of selection rule argu-
ments that the observed states can be divid~ed into
levels 1 and 2 and levels 3—5, the two sets deriving
respectively from 'A and 'E states, 9 cm ' apart. This
leads to a quenching factor of 0.023 and, with Sco=
200 cm ', to a Jahn-Teller energy 68=503 cm '.

"These values are slightly diferent from those used in Fig. 7;
see Ref. 15 of Ref. 17.
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('x (y gz 77x qy riz fx fy fz

a g -g+h b+c d+e f b+c f d+e (x

g+h -d b+c -f -f b+c f gy

-f f b+c -d -f b&c gz

g -g+h b+c -f f qx

a g+h f b+c d+e qy

-f -d b+c qz

g -g+b (x

g&h gy

a fz

b = —-', c (—143.3), d = —-4r (—40), a=c=e=f=g=h=0;

(b) Grst-order Jahn-Teller matrix:

b = —-', v exp (—3AE/2Aco) (—3.31),
d = —-', 1' exp ( —3AE/2hra) ( —0.92),

FIG. 10. Trigonal-held, spin-orbit coupling, and magnetic-held
matrices. (a) First-order electronic matrix:

terms second order in X.„second order in BCTF, and
cross terms; all are shown in Fig. 10 /part (c) of
caption j.Numerical values obtained with Macfarlane's
parameters, Are=200 cm ' and 3AE/25&v=3. 77 from
the first-order quenching factor, are also given. The
result of then diagonalizing the first-order and in-state
second-order matrices together is portrayed in Fig.
11(c). The second-order trigonal field matrix is for-
mally identical to the first-order matrix and hence does
not give rise to any further splittings. Of the other
terms, the diagonal second-order spin-orbit coupling
elements are by far the largest, and, further, are
larger than the oR-diagonal first-order terms. However,
even these are clearly still too small to explain the
remaining observed 4—5-cm ' splittings.

It is therefore necessary to go on to consider out-of-
state second-order eRects. Since oQ'-diagonal terms are
quenched equally to first-order terms, these can be
ignored. "The diagonal terms must be identical in form
to the diagonal in-state terms apart from an irrelevant
constant, truly diagonal matrix. As shown in Fig. IO

Lpart (d) of captionj, therefore, only terms of second
order in K„contribute. In the absence of other contri-
butions, the diagonal second-order spin-orbit coupling

a=c=e f=g=h=0;
{c) in-state second-order Jahn-Teller matrix:

Energy
(cm-f)

JL

Energy
(cm-f)

JL

a= —(f2/16ha&)G(3dE/bc')[exp( —3AE/hco) j(—1.26),

c= —(s'/36hco) G(36E/25co) /exp ( 3d.E/5~) g {——0.81),

e = —(r'/16hsr) G (3AE/25co) Lexp (—3AE/Aced) g ( —0 06),

f= —(rv/24hca) G (3d E/2hca) Lexp ( 3AE/ ju) g (——0.23),

5=J=g=k=Oj

(d) out-of-state second-order Jahn-Teller matrix:

a/0, b=c=d=e=f=g= h=0;

200- 2—
2

I»

2~I»
2

(~) (&) (c) (d)

-IO

(e) semiempirical matrix:

a=x b+c=I,

(f) magnetic held matrices:

e=f=g =k=0

-0

H ~~ c.g= (2iPH/v3)( 005—4i—/kG), a=b=c=d=e=f=h=0;
Hgc. h= —V2iPH( —0.066i/kG), a=b=c=d=e=f=g=0;

values in parentheses (all in cm ') evaluated with

/=160 cm ' c=860cm ' 36E/2hco=3. 77,

Ao)=200cm ',
and

-200-

IP

p=0.0467 cm '/kG.

The level pattern is then as shown in Fig. 11(b). The
largest spin-orbit splitting, that of the E state, is
~2 cm ' and hence on the order of the linewidths. As
a result, Scott and Sturge concluded that first-order
spin-orbit effects were not resolved.

The additional splittings observed could therefore be
attributed only to second-order eRects. In-state contri-
butions can be evaluated from Eq. (8) and comprise

I
f f I

0 -2 -4 -6 -8
Ouf-of-stote second order
spin-orbit coupling (cm"&)

FIG. 11. Energy levels calculated from matrices of Fig. 10.
(a) Part (a) of caption; (b) part (b); (c) parts (b) and (c);
(d) parts (b), (c), and (d) together. The left energy scale applies
to part (a) of this hgure; the right, to parts (b)-(d). Numbers
indicate degeneracy.

"These terms can be estimated by comparing Macfarlane's
complete calculation of the 'T2, levels to a hrst-order calculation
(with the same parameters) and reducing the difference (which
measures the second-order effects) by 0.023.
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terms split the ground vibronic state into a triplet and a
sextet, comprising the functions $x, gy, f's and $y,
$s, gx, gs, t x, fy, respectively. In each triplet function
the spin component is quantized along the distortion
axis corresponding to the orbital state; in the sextet
functions the spins are perpendicular to this axis. This
situation is actually reached in the static limit, the case
discussed by McClure. "

It is hard to calculate the second-order contributions
of other electronic states accurately. Scott and Sturge
quote an estimate by Baltzer of the total spin-orbit
splitting in the static limit, giving 2—7 cm ', the triplet
state being lowest. Since the in-state contribution
)given by Eq. (9)$ is 1.06 cm ', this puts the out-of-
state part at 1—6 cm '. Scott and Sturge then propose
that these terms are the principal cause of the remaining
splittings: The total second-order spin-orbit coupling
matrix element a is taken to be —4 to —5 cm ' and a
splitting of this magnitude is superimposed on the 'A

and 'E levels. The further splitting of the upper level
is then attributed to smaller first-order spin-orbit terms.

Figure 11.(d) shows the energy-level diagrams ob-
tained by including an out-of-state second-order spin-
orbit matrix element varying from —2 to —8 cm '.
These do not support the Scott-Sturge assignment;
while the '8 state is split by the right order of mag-
nitude, the splitting of the 'A level, is, for all values of
a, very small. The discrepancy arises because Scott and
Sturge simply added the trigonal-field and spin-orbit
splittings together, instead of properly diagonalizing
the combined matrix.

We are therefore obliged to reconsider the inter-
pretation of the zero-field structure. The first possibility
is that the numerical magnitudes of the various terms
have been incorrectly chosen. The trigonal-field terms
cannot be appreciably increased, since then the over-all
splitting would become larger than observed. Within the
framework employed. by Scott and Sturge, the first-
order spin-orbit coupling terms therefore cannot be
raised either, since it is assumed that all off-diagonal
perturbations are equally quenched. The possibility
that 6rst-order spin-orbit effects couM be signi6cant
is thereby eliminated. The only other terms of any
magnitude are the diagonal second-order spin-orbit
coupling terms. The search then reduces to consider-
ation of reduced trigonal-field terms and a greater
variety of diagonal second-order spin-orbit contribu-
tions. A survey of the energy diagrams obtained over a
wide range of relative values of the matrix elements a
and b, including both positive and negative values for
a, shows that, with these terms alone, it is not possible
to even approach a reasonable fit to the observed
pattern. As a last resort it might be suggested that
some of the parameters used in evaluating matrix
elements are incorrect. However, it would require very
substantial changes to make much di6erence to the
above conclusions and errors Of this magnitude seem
unlikely.

We are thus forced to the conclusion that a basic
modification of the Scott-Sturge model is necessary to
accomodate the experimental data. This might either
be sought in the direction of a less restricted semi-
empirical model or involve a jump to a more rigorous
approach. For the present we would like to preserve as
much of the Scott-Sturge model as possible. Therefore,
and also because it is simpler, the former approach is
taken up first. The aim is, then, to change the model in
such a way as to allow a very different energy-level
diagram to be obtained without drastically affecting the
general qualitative picture.

The easiest way to achieve this is to postulate that
the 6rst-order spin-orbit coupling is in fact contributing
signi6cantly to the observed splittings. This in turn
requires it to be less quenched than in the trigonal,
field. In view of the approximate nature of the model,
particularly in its treatment of the trigonal field, there
is no real reason to expect that all first-order quenching
factors should be identical. If we also assume that, as
before, in the second-order matrix only the diagonal
spin-orbit and purely trigonal-field terms are significant,
we can then take the 'T2, matrix to be of the general
form shown in Fig. 10 /part (e) of captionj, where, with
the abolition of equal quenching, the parameters s, t,
and x are independent. The procedure is now to vary s,
t, and x in quest of sets of values providing a resonable
fit to the data. No restrictions are imposed except that
s and t be of the same sign as in the Scott-Sturge model;
x is allowed both positive and negative values since the
theoretical estimates could be in error. In selecting
acceptable level schemes we at 6rst require only that the
degeneracies demonstrated by Zeeman splittings be
reproduced. Thus, levels 2, 4, and 5 must be degenerate
(though conceivably accidentally so) . Levels 1 and 3
may be degenerate or nondegenerate; if both are non-
degenerate, the location of the remaining ninth level is
not restricted.

A study of the results obtained over the whole range
of parameter values leads to the conclusion that a
correct ordering of levels and reasonable relative spac-
ings are obtainable in three regions of parameter space.
Examples of each, labelled A, 8, and C, are exhibited
in Fig. j.2 alongside the experimental energy levels.
The diagrams were derived by guessing optimum
relative values for s, t, and x from our survey calcu-
lations and then scaling the parameters to give a total
energy spread equal to the observed value of 14 cm '.
In A, levels 3 and 4 are genuine and accidental doublets,
respectively. B makes level 3 a singlet and level 4 an
accidental triplet. C requires levels 1, 3, and 4 to be
doublet, singlet, and doublet, respectively and makes
level 2 an accidental doublet. As they stand, A and B are
in quite good agreement with the experimental spac-
ings; C is rather farther off. The fit could be improved
to some extent by adjusting the parameters. However,
allowing for the approximate nature of the model and
experimental uncertainties, it is clear that, from the
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ENERGY (Cm ')
jl

--t4

P2

--0

(e) (c)

FIG. i2. Energy levels calculated from the matrix of I'ig. 10
/part (e)g:A: x= —6.931, t= —1.733, s=1.733; 8: g= —2.935,
t= —1.957, s=2.935; C x= —5.488, t= —i.220, s=3.659. D
shows the experimental levels. Numbers indicate degeneracy.

zero-field energies alone, the three alternatives cannot
be de6nitely distinguished. Therefore, nothing is to be
gained by such refinements.

The three schemes are in fact quite disparate, how-
ever, diGering for example in the degeneracies, and
hence symmetries, assigned to levels 1, 2, 3, and 4.
A distinction should therefore be possible by com-
parison with the observed selection rules and Zeeman
patterns. Within the theoretical model elaborated
above, states can be classified according to the C3

group, singly and doubly degenerate levels belonging,
respectively, to A and E representations, and C3
selection rules should operate. Excited-state sym-
metries were deduced from experiment on this assump-
tion in Sec. III. Comparison with Fig. 12 shows that A
exactly reproduces these assignments while 8 and C
are in substantial disagreement. 3 makes levels 3 and 4,
respectively, A and A+E; C requires levels 1, 2, 3, and
4 to be E, A+A, A, and E. The selection rules thus
unambiguously favor scheme A.

To calculate the Zeeman behavior, a term KMF ——

P(L+2S) .H is added to the Hamiltonian, where P is
the Bohr magneton. 2PS H is a diagonal operator and
hence is unquenched by the Jahn-Teller effect. Its
matrices within the ground T~, vibronic state for H
along and perpendicular to the trigonal axis (and, in
the latter case, along the cubic 110 direction) are given
in Fig. 10 t part (f) of caption); they contain only first-
order terms. PL.H, on the other hand, is off-diagonal
and gives rise to a quenched first-order matrix and a
nonzero second-order matrix, the latter including cross
terms with X and 3.'Tp. Calculation of the magnitudes

ENERGY (CITl i)
jl

--0

IH&cl [H ii cJ

I I

40 30 20

H (kilogauss)

I
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Fin. 13. Zeeman behavior calculated for H ~) c and HJ.c and
x= —6.93i, t= —1.733, s=1.733.

of these elements, however, shows none over 0.1 cm ' at
100kG. For practicable fields, therefore, the BCMp matrix
can be adequately approximated by that of 2PS H.

The Zeeman pattern for scheme A is shown in Fig. 13.
All qualitative features of the H

~~
c behavior are re-

produced: levels 2, 4 (an accidental doublet), and 5
split appreciably, levels 4 and 5 about equally; level 3
(truly degenerate) does not split but increases slightly
in energy; level 1 goes down in energy and the rise of the
upper component of level 2 reverses at ~30 kG. The
HJ c spectrum is almost as satisfactory: Except for
level 3, no appreciable splittings are predicted and the
energy trends are all of the form observed. The splitting
of level 3 can either be supposed unresolved in the
spectrum, because it is less than the linewidth of 05,
unobserved owing to selection rules, or a result of an
inadequate theoretical model. Any or all of these
explanations might be valid to some extent; we shall
discuss the second in more detail later. The quantitative
agreement with experiment is in all cases good, too,
if the preferred smaller splitting of level 2 with H (j c
is the correct one, both shifts and splittings being
within ~1 cm '. The experimental errors are probably
a substantial fraction of 1 cm ' and similar variations
are likely to occur with refinement of the theoretical
parameters.

The Zeeman behavior of alternatives 8 and C has
also been calculated. C is definitely inconsistent with
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the data since the lowest level is predicted to spht by
~5 cm ' in a field of 40 kG II c. Alternative 8 suc-
cessfully predicts the gross over-all features of the
H II c data if it is supposed that only the highest and
lowest of the three Zeeman components of level 4 are
observed. Some of the finer details are not correct; level
3 is predicted to decrease in energy and the upper
component of level 2 does not flatten out asH increases.
With H J c, a threefold splitting of level 4 is calculated,
greater than that with H II c. To bring this in line with
experiment it is again necessary to postulate favorable
selection rules, in this case such that the lowest com-
ponent is not observed. The remaining features are not
wildly inconsistent with the observed spectra. Thus,
adoption of this scheme would require some rather
arbitrary assumptions and a disregard for small dis-
crepancies.

The observed selection rules and Zeeman behavior
thus together eliminate two of the three alternatives
and agree very satisfactorily with scheme A. It then
remains to ask whether the model, with these param-
eters, also predicts the experimental intensities. The
0-0 T2, band is electric-dipole allowed via the trigonal
6eld. Although it is adequate to take the 'T2, states as
pure d" functions in the energy calculations, it is there-
fore necessary for intensity estimates to take account of
this perturbation in the wavefunctions. Following
McClure" we assume that spin-orbit mixing of diferent
terms is not important and write

I

'IMs) = (-'v3
&I A'Ms)+ (-'46) I E*'Ms), (12&

where the primes denote perturbed functions and

I A), I E,), and
I E„) transform as z, x, and y in the

trigonal coordinate system, x being along the cubic
110 direction. The '2 ground state is similarly now
taken as a perturbed function I'Ao'). The required
matrix elements of the electric dipole operator p are
of the form (I'o'eo

I p I
g;c;F z;), where Fo' and

I' specify perturbed 'A and 'T2, states, vo and v, their
associated vibrational functions, and the coefFicients
c; generate an eigenfunction of the energy matrix.
Adopting the Franck-Condon approximation then
gives

(13&

In the Scott-Sturge model, the vibrational states are
those of an undistorted VO6 octahedron; in this case,
by symmetry, (vo I w;) is a constant, independent of i.

I
t'Ms) = (-',43& I

A'Ms) —(ov'6& I E.'Ms)

+ (-,'V2)
I
E'Ms),

I
rt'Ms) = (-'~3)

I
A'Ma) —(-'46&

I
E*'Ms)

—(-',-K2)
I
E„'Ms),

H=O

-IO

Energy
{Cm-l)

H=33.2 kG

I

01

a')

t

"IO I

Ol

I'no. IO

l

~0'6
Energy
(gm I )

Then

The x and 0 intensities are determined by matrix ele-
ments of tt, and tt„, respectively, where z II c and y is
chosen to be the o. polarization direction. From group
the&i; y we have

(A o'Ms
I tt. I

A'Ms') =7rbsr „~;,
(A o'Ms

I tt. I E.'Ms') = (Ao'Ms
I tran I

Eo'Ms')

=0'1~~8,MB 'y

(Ao'Ms
I tt. I

E 'Ms' )= —(Ao'Ms
I tt, I

E 'Ms')

&2~Ms Bfs'p (15)

where, by suitable phase choice, m, 0.~, and 02 can be
chosen to be real. Substituting Eq. (12& into Eq.
(14&, transforming spin functions from cubic to
trigonal axes, and using Eq. (15) then allows in-
tensities to be calculated in terms of m, 0.~, and o2.

The results of such calculations for scheme A in zero
field and 38.2 kG II c at 10'K are shown in Fig. 14.s'

The agreement with experiment (Figs. 1—5) is clearly

sm Note that for H
~~ c, 0 intensities depend on1y on uP+aos.

Hence, relative 0 intensity predictions do not require relative
values of o.1 and a~.

H=58.2 kG

FrG. 14. Relative electric dipole intensities calculated for H =0
and H

~~
c=38.2 kG, 10'K and x= —6.931, t= —1.733, s=1.733.

For clarity the 38.2-kG spectra include only Zeeman components
of transitions observed to split. Other lines show only minor
changes in intensity from the zero-field spectrum. Numbers
attached to 04 transitions specify the excited levels involved,
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very satisfactory. The strongest transitions predicted
are those observed-. Hot transitions to levels 4 and 5 are
both predicted to be strong, supporting the assign-
ment of o.4 to both. "The observed'intensity differences
of Zeeman components stemming from the same zero-
Geld transition are also correctly reproduced: the
upper components of m-I, o-I, and 0.2 are stronger than
the lower, while the reverse holds for x3 and 0-6. Since
no splittings or dramatic intensity changes are seen
with H J c, results are not given for this case. However,
the intensities of the 0-5 Zeeman components are of
interest since a splitting of level 3 was calculated but
not observed. In the HJ c experiment the light is
polarized perpendicular to both H and the c axis.
For this case it turns out that the intensity of the
upper Zeeman component is determined by o.2 alone
and that of the lower by just 0~. Then if 0-~ and o-~ are
of very unequal magnitude, only one transition will
be seen. The observed Zeeman shift agrees well with
our calculation if the lower transition is being detected.
Hence, the discrepancy can be removed by assuming
Oi)&0~."For light polarized along H, the selection rules
are reversed, and, with 0.~))o-~, the upper Zeernan
component shouM then dominate. Unfortunately, we
were not able to carry out this experiment.

The oscillator strength of the whole 'A —+'T~, band
arising from magnetic-dipole transitions polarized
along axis cx can be calculated from the expression"

f=( /65mc') Q p /
('2, Ms J

I.
J
'T2„ iMB') J'. (16)

Substituting strong-field d' functions and ignoring any
reduction of orbital angular momentum by covalency
effects, we obtain f values of 8)&10 ' and 2X10 ' for
parallel and perpendicular polarizations, respectively.
McClure" gives f,=3.6&&10 ' and f =2.8X10 ' for
the total 'T2, oscillator strengths. The calculation thus
suggests an appreciable magnetic-dipole contribution
to the a intensity. Assuming the same ratios to apply
to the 0-0 band, it is consistent with our identification
of magnetic dipole intensity in the cr spectrum.

The relative intensities of parallel-polarized magnetic
dipole transitions predicted from parameter set A are
the same as for parallel-polarized electric dipole
transitions (Fig. 14) since the electric and magnetic
dipole operators transform identically in Cg. All three
m transitions are hence expected to occur in the 0.

spectrum as magnetic dipole transitions with roughly
equal intensity. Since 0-2 is allowed in both polariza-
tions, however, its magnetic-dipole contribution cannot

be determined. The x3 transition would also be in-
distinguishable in the 0- polarization owing to the con-
siderable intensity of 0.5 and 0.6 in that region. cr3 is
thus the only transition expected to be both strongly
and identihably magnetic dipole in origin —and this
is our observation.

A matrix of the form of Fig. 10 jsee part (e) of
caption] together with parameters close to s=1.733,
t= —I.733, x= —6.931 thus leads to a very satisfactory
account of the 0-0'T2, Al2Og'. V'+ spectrum and its
Zeeman effect. It is not possible to show that this
matrix is unique in this respect. However, it appears to
be the only matrix of this form (with s positive and t
negative) capable of providing such over-all agree-
ment. It is therefore the only matrix which allows the
principal features of the Scott-Sturge model to be
retained. The actual numerical changes from the
Scott-Sturge matrix are quite small: The trigonal-field
splitting is roughly halved and the first-order spin-orbit
terms about doubled. The ratio s. t thus increases
approximately fourfold and the quenching factors for
the first-order spin-orbit coupling and trigonal Geld
become ~0.04 and ~0.01. Compared to the over-all
quenching this difference is relatively minor. In this
connection, it is mildly satisfying that, of the three
alternative assignments conceived in Fig. T2, that
ultimately proving most satisfactory involves the least
drastic change in s.'t. The other modihcation of the
complete Jahn-Teller matrix LFig. 10, sum of parts
(b), (c), and (d) of the caption] made in Fig. 10
Lpart (e)] was the neglect of off-diagonal second-order
spin-orbit and cross terms. Such terms are not totally
insignificant. However, with the removal of equal
quenching, it is no longer possible to calculate them
meaningfully. A calculation using the larger quenching
factor for these elements showed minor changes, of the
same order as the deviations from experiment. As
mentioned before, variation of the parameters s, t, and
x would probably allow an improved fit to experiment
to be obtained. However, given both experimental and
theoretical uncertainties such a procedure would be
of questionable signiGcance and has not been attempted.

The success of the theoretical model vindicates the
empirical assignments of the spectrum made in Sec.
III. In particular, it is riow clear that 0-4 cannot involve
an otherwise unobserved, degenerate upper state, since
this would raise the number of levels above nine —the
maximum permitted by the model.

V. CONCLUSION

"A significant intensity is also predicted for the hot transition
to level 3, which should lie between ~3 and the 0-4 maximum.
This may be responsible for the shoulder observed in this region in
the axial spectrum (Fig. 5).

'4 If the site symmetry were C&, instead of C&, o-1 would be zero.
This assumption therefore leads to the conclusion that the distor-
tion from C&, is the dominant contributor to the intensity. This
supposition is also necessary to account for the existence of the
~ spectrum.

"Ref. 27, p. 290; note that this expression is unaffected by
Grst-order Jahn- Teller interactions.

The primary conclusion arrived at is that Ham's
model calculations serve successfully as a basis for
interpreting the behavior of the Al2O~. V'+ 'T2, band.
This generates confidence in their increasing applica-
tion to the spectra of ions in crystals. As a corollary,
however, it has been found that Ham's quantitative
results must be taken over with some flexibility: In
A120~.'V'+, it is not possible to maintain equal quenching
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for the trigonal-Geld and spin-orbit per turbations.
This presumably arises from the improper treatment
of the trigonal field as a purely electronic perturbation
on an octahedral system. An a priori calculation
without this deficiency would be of great interest and is
currently under consideration. " Such deviations from
the model results may well prove to be of general oc-
currence. As yet, the ground states of A1203'. Ti'+ and
A1203'. V4+ appear to be the only other systems with
more than one quenched perturbation that have been
analyzed and here the available magnetic resonance
and far-infrared data have been interpreted with equal
quenching. "Of course, to detect such effects requires a
fairly precise knowledge of the splittings expected in the
absence of the Jahn-Teller effect. In this respect we
have been fortunate in having Macfarlane's ligand-
field calculations for A1203.V'+ at hand.

Returning to the specific 'T2, A1203'. V'+ problem,
experiments to further test our model would be of
interest. Two in particular are worth mentioning,
namely, Zeeman experiments at higher fields and
circular polarization and dichroism studies. The cal-
culated behavior of the 'T2, manifold becomes quite
complicated immediately above 50 kG and experi-
ments in the 50—100-k.G region would provide a very
stringent test of predictions. At much higher fields, the
magnetic-field perturbation becomes dominant and the
pattern simplifies, as illustrated in Fig. 15. XMp
splits 'T2, into three threefold degenerate states, each
degenerate set having the same value (+1, 0, or —1)
of the spin component M8 along the magnetic field

(~~ c in Fig. 15) and comprising the three orbital
components. X„and X~p then produce small splittings
of the orbital degeneracies. The 'A ground state behaves
similarly. A specific case of particular interest in this
region is with a field

~~
c sufficiently large that the

M8= —1'A state alone is populated. Then if M8 is
conserved in a transition, as assumed in the intensity
calculations of the previous section, only the three
MB= —1 excited states would be observed; with C3
selection rules these would give one x and two 0--

polarized transitions. Transforming the matrix of Fig.
10 )see part (e) of caption] to an 3fs +1, 0, ———1

representation, it turns out that s and t alone, and not
x, contribute to the first-order splitting of an 3I8
triplet. Hence this experiment would allow more
precise values of s and t to be obtained.

Measurements of the circular polarization and
dichroism created by the field can be carried out with
light propagating along the trigonal axis and hence for

"~ Note added in pronf: We have now shown that, by modifying
Ham's calculations to take explicit account of the trigonal dis-
tortion, the unequal quenching of the trigonal-field and spin-
orbit splittings can be simply and satisfactorily explained. This
work will shortly be submitted for publication.

36R. M. Macfarl. ane, J. Y. Wong, and M. D. Sturge, Phys.
Rev. 166, 250 (1968).This paper uses Ham's results in a simliar
manner to the present work. It is not clear, however, that the
use of perturbation theory is valid in the case of the Ti'+ and
V4+ ~T2g states since the splittings are of the same order of mag-
nitude as the vibrational frequencies. Further discussion of this
point is desirable,

EN/iRGY (cm-l)

FiG. 15. Zeeman pattern
calculated for H ~~c=200 kG
and x = —6.931, 3 = —1.733,
s=1.733. MB values refer to
the trigonal axis.
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Each Zeeman component is predicted to be completely
circularly polarized. Experiments using a single
circular polarization would thus provide further in-
formation on the validity of the C3 selection rules and
check the symmetry assignments of individual upper-
state Zeeman levels. Also, since several transitions
would thereby be eliminated from the spectrum, a
better identification of those remaining would be
permitted and previously hidden bands possibly also
brought to light. Magnetic circular dichroism measure-
ments would lead to similar information but, in ad-
dition, could also definitely prove the degeneracy of
o-5. If our assignment is correct the relative displace-
ment of the oppositely polarized Zeeman components,
although unobservably small in pure linearly or
circularly polarized spectra, would lead to a dichroism
changing in sign on dispersion through 0-5, unless the
splitting is so small that dichroism arising from field-
induced intensity changes (of like sign for both Zeeman
components) is completely dominant. If oS is actually
nondegenerate, the dichroism must be of the same
sign throughout the band. The direction of a change in
sign, if observed, would also further check our cal-
culation, since this predicts the component of higher
energy to be J.-polarized.
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perpendicularly polarized bands. The selection rules
for left (L) and right (R) circularly polarized transi-
tions in C3 are:

L

A-+8+

L

g~=+A.


