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We construct the phonon Boltzmann equation taking into account previously calculated phonon-He?
scattering and absorption processes; when phonon-phonon interactions can be neglected this equation is
exactly soluble. The first viscosity of solutions containing 1.3 and 5%, molar concentrations of He? is

calculated from this equation for 7750.6°K.

I. INTRODUCTION

HIS paper is a continuation of recent work! on the
effects of phonon-He?® quasiparticle interactions
on the transport properties of dilute solutions of He? in
superfluid He! at low temperatures. Introducing He?
impurities into pure He? changes the transport proper-
ties of the superfluid in two ways. First, the He?
quasiparticles, carrying energy, momentum, and spin,
provide a new mechanism for transport. At extremely
low temperatures, where the thermal excitations of the
Het are negligible, the contributions of the He® dominate
the transport coefficients. Second, transport by the
elementary excitations of the He?, phonons and rotons,
is limited by their interactions with the He?, either by
the scattering or by the absorption or emission of
excitations by the He?. In the temperature range up to
about 0.6°K for a few percent He?® concentration, where
rotons can be neglected, the mean free paths of the
phonons are determined entirely by their interactions
with the He? (except at very low temperatures where
boundary scattering is important). One of the purposes
of this paper is to construct the Boltzmann equation for
the phonons in this temperature region, taking into
account essentially exactly the absorption and scat-
tering of the phonons by the impurities.

The scattering of phonons from He?® leads to a com-
pletely tractable collision term in the phonon Boltzmann
equation. There are several reasons for this. First, the
He? quasiparticle excitations have a particle-like energy-
momentum relation

ep=¢+p2/2m, 1)

where m=2.34m; is the He® effective mass; and they
have typical velocities much smaller than s, the velocity
of first sound in pure He* at zero temperature; the
scattering of phonons from He?® is basically elastic.
Furthermore, the average scattering rate has the
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particularly simple form

xsq*
I'(g,6)=
8

(—1.440.69 cosb)? (2)

T4

involving only s, p and d waves; 0 is the phonon scat-
tering angle and ¢ is the initial and final wave number;
n4 is the number density of pure He* at 7=0, and
x=n3/n, is the He?® molar concentration, where #; is the
He? density. The scattering rate (2) has the ¢* depen-
dence characteristic of Rayleigh scattering. Lastly, since
in the temperature region (above roughly a tenth of a
degree for a few percent He® concentration) where
phonons become numerous enough to play a role in
transport processes, the He?-He® scattering rates are
sufficiently rapid that one may, in calculating the
phonon transport properties, make the simplifying as-
sumption that the He® quasiparticles are in local thermal
equilibrium. At extremely low temperatures the phonon
contributions to transport can generally be neglected.

The absorption of phonons by the He? which becomes
kinematically possible because of He?-He?® interactions,
is the mechanism responsible for ultrasonic attenuation
at very low temperatures. The absorption rate, calcu-
lated in I in terms of the He’-He? scattering times, is
proportional to ¢? at long wavelengths, and there it
dominates the scattering rate of Eq. (2). Consequently,
at low temperatures the phonon contributions to the
transport coefficients are quite sensitive to the size of the
absorption rate.

The one application of the phonon Boltzmann equa-
tion we make in this paper is to the calculation of the
first viscosity of dilute solutions. In the temperature
region below 0.6°K, to which we restrict ourselves,
rotons and phonon-phonon interactions can be ignored.
To lowest order in x and pyn, the phonon normal mass
density, the first viscosity is a sum of a He? contribution
73 and a phonon contribution n,n. We emphasize that
this latter contribution is very unlike that in pure He?,
because here the phonon mean free paths are determined
by the He3-phonon interactions. The viscosity in the
higher temperature region has been calculated by
Zharkov,? including roton effects as well as phonon-

2V. N. Zharkov, Zh. Eksperim. i Teor. Fiz. 33, 929 (1957)
[English transl.: Soviet Phys.—JETP 6, 714 (1958)].
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phonon interactions; however, that theory fails to in-
clude the important phonon absorption mechanism, and
is not applicable, for a few percent He?, to the tempera-
ture regimes where our calculation is valid.

II. PHONON BOLTZMANN EQUATION

In this section we derive the phonon Boltzmann
equation for dilute solutions, starting from the expres-
sions for phonon scattering and absorption rates calcu-
lated in I. The phonon Boltzmann equation has the
general form

anq/at+vqwq *Ving— Vg Vag=IspntIonpn, (3)

where 74 is the phonon distribution function and wq is
the local phonon energy; in the presence of a superfluid
flow with velocity v, the phonon energy is given by

@g=35¢+q"Vs, 4)

where the sound velocity s may depend on position and
time. I3,n and Ipnpn are the impurity-phonon and
phonon-phonon collision operators, respectively; Is.pn
includes both the scattering and absorption or emission
of phonons by the He’. We shall neglect boundary
scattering throughout.

It is simplest to construct the collision integrals in the
frame in which v,=0; we denote quantities measured in
this frame by a bar. Then the rate at which phonon-
impurity scattering changes 7,4 is

Leaw=—2 2 2m8(5y+a— &y —o¢) [(0'd’ | T| p0) |
X[ﬁq(l‘i'ﬁq')fp(l_fp')
- (1+ﬁq)ﬁq'(1_fp)fp’] ) (5)

where (p’q’| T'| pq) is the matrix element for scattering
of a phonon of momentum q by a quasiparticle of
momentum p to final states ¢, p’; the factor of 2 is
from the sum over spin states. (The generalization to
independent spin up and spin down fermion distribu-
tions is trivial and not necessary here.) f, is the He3
distribution function and €, the quasiparticle energy in
the laboratory frame, and we let the volume of the
system be unity.

We shall need only the form of (5) linearized about
global equilibrium. Since v, is a small quantity, the
transformation back to the laboratory produces only
first-order deviations from equilibrium. In equilibrium
the square bracket in (5) times the & function vanishes
by detailed balancing. Thus the deviations of the
matrix elements from equilibrium do not contribute,
and we may take for {p'q’| T'| pq) its equilibrium value
(1.24). Furthermore, the deviations of the phonon and
quasiparticle energies from their equilibrium values lead
to terms of relative order v/s in the collision integral; v
is a typical quasiparticle thermal velocity. For example,
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8@ ,— 004 =0s(¢—q’), while to lowest order g=¢’ in the
scattering. Hence, we need take into account only the
deviations of the distribution functions from their
equilibrium values. Using the fact that the scattering is
elastic in lowest order, we may set g=¢’ and p=p’ in the
equilibrium parts of (5); after linearizing, (5) thus
becomes

Tsca.tt= —2 3 2rd(eptwg—epy—wy) l 'd| Tl pa) l 2

X{fpo(l_fpo)[‘mq_aﬁq’]
+”q0(1+nqo)[6fp_5fp':|} , (6)

where we have written fp,=f46f, and n,=n 481,
The transformation back to the laboratory frame is
trivial. Since the phonon momentum q is independent of
the reference frame in which it is measured, we have
nq=1q; furthermore, the rate of change of this distribu-
tion function is the same in both frames so that

Iscatt= Tscatt - (7)

In addition, fp= fpimev,, Where m; is the bare He? mass.
Thus in the laboratory frame

Toa=—2 2, 27"5(€p+wq"€p’_wq’)l(p/qllTIP‘])P

pp'q’
X{fr1— po)[anq“anq’]'[“”qﬂ(l‘l‘”qo)
X [5f pmgVsT 5f p’+7n3"c:|} . (8)

In the temperature regions where scattering of
phonons by He? plays a role, the He?-He? scattering
times are sufficiently short that we may assume the He?
to be in local thermal equilibrium?; thus we have

Formavs={expBs’Led’+p*/2m
—p- (vs—vo)—us'J+1}71,  (9)

where the primes denote local equilibrium values and v;
is the local mean velocity of the He® distribution.
Linearizing (9) implies that

5f pHmgvs ™ 6f p’+mgvs

=—B({—p")- (v.— va) [ (1= f9).

Furthermore, it is sufficiently accurate in the tempera-
ture region in which (8) is important to neglect the
exclusion principle for the He? both in the matrix
elements and in the final states. Thus, if we write

(10)

0'q| TII"I>=5p+q.p'+q’T(q,0> ’ (11)

where 0 is the angle between q and ¢q’, (8) simplifies

3 The temperature characterizing the local equilibrium for the
He? quasiparticles is not the same as the temperature charac-
terizing local equilibrium for the fermion-phonon system as a
whole. This point is discussed further in Sec. ITIL.
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to

Tgeats=—m3 Z 27”3(34"59') I T(Qﬁ) I 2
ql

P
X[énq—ﬁnq»—a—(q—q’) ‘ (Vs"‘Vs):|

wgq
%y
=—./ 2 &
ng
X[&nq—anq’— wq(q——q')-(vs—Va)], (12)

where I'(¢,0) is given by (2).

Since g=¢’ in (12), the eigenfunctions of the scat-
tering operator are simply spherical harmonics. We
write

dnq=(In4"/004)q®(q) (13)
and expand ®(q) in spherical harmonics
P(q)= X ®:(q), (14)
1=0
where
i
i(g)= 2 . Vin(2)Pm(q) . (15)

Then, making use of the addition theorem for spherical
harmonics we find

Mg (vs—vs) ®.(q)
Iseatt": —q— } Z :I ’ (16
3wa: 1(g) 1=17,(q) )
where

Ti(g) 1= f d cosb[1— P;(cosb) IT'(q,0), 1>1. (17)

The net effect of the 71 terms in (16) is to urge the
phonon distribution to relax about vs, the local He?
velocity. Because T'(gd) contains terms only up to
Py(cosh), all of the 7;(¢)~* for I>3 are equal to

1
—— [ d(cosd) T'(q,0). (18)
-1
Numerically we have
T0="5.48n4/%5¢*,
r1=4.35n4/%5¢*, (19)

T9="5.96n4/%5¢*.

We turn now to the contribution s to J5.pn due to
absorption or emission of phonons by the He® quasi-
particles; this is the mechanism that attenuates ultra-
sound at low temperatures. The net absorption rate, as
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calculated in I, Eq. (42), is
1 4 m.;Pf(T)
Fabs (l]) = ==
1a(q) 3 min,
(A+a+om/ms) 2>, [ 1+ (hsq/ 2w K T)?] 20)

[1+ (hsq/2a K T)* 2+ s%g*r,?

where dm=m—ms3, m4 is the bare He* mass and P;(T) is
the pressure of an ideal Fermi gas of effective mass m
and density 73, a is the fractional excess molar volume of
He? in He?, and 7,, estimated in I, is the He?-He? scat-
tering time appropriate to viscosity. When the He? is in
local equilibrium at temperature 75’ and velocity vs, the
absorption process causes the phonons to relax to local
equilibrium at temperature 75’ and velocity vs. We
write the net rate of absorption Ips(g) as the difference
of an emission and absorption rate,

Iabs= '"an> (q’wq,)+ (1+”q)z< (‘L“’q') ’ (21)
where 2> and =< are the separate absorption and emis-
sion rates, and w, is the local phonon energy. Using the
detailed balancing relation that holds when the He?is in
local equilibrium*

>< (q’w) = ¢ B3/ (v—q-va) 3> (q,w)
and writing

Tans (@)= (1—exp[—84' (wd'—q-vs) 1)2> (q0q")  (23)

we find that the net absorption rate is

(22)

Ipe=— (nq—14®)/74(q) , (29)

nq® = {exp[By/ (wq'—q-vs) -1}

is the local phonon equilibrium distribution that is
characterized by the local He? temperature and velocity.
Using Egs. (11) and (2) and linearizing the local
equilibrium distribution, viz.,

where
(25)

nq®=14"+g(9n,"/90)[6(B5's)+4- (v—vs)],

we find that the absorption term in the Boltzmann
equation becomes

Ind ®(q)—B(Bs's)—§- (Ve—Vs)

Ipe= —q
i)

(26)

wWq Ta

On the left-hand side of the Boltzmann equation
we may write V#,=s5¢0n.,%/dw, and V,w=qV,s
+Wv.(q-v,). Assembling all the pieces, the phonon

4 See, for example, L. P. Kadanoff and G. Baym, Quantum

Stabiss)tical Mechanics (W. A. Benjamin, Inc., New York, 1962), Eq.
(10.5).
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Boltzmann equation becomes finally

anq 3nq0
—+V e Vitg—3q- VA(sg+4q- V)

ot g

O re(@)—B7(8y's) 4" (va— )
Tawal 7@
G- (Vs3—Vs) © P ((I)
RGOS bl J+1ph-ph. @7
71(q) =1 75(g)

At present we shall not specify a form for Ipnpn. At
temperatures below about 0.6°K, where Inpn may be
neglected, the Boltzmann equation (27) is exactly
soluble. The essential reason for this is that 7;(g) = 70(q)
for 1>3.

III. STRESS TENSOR AND FIRST VISCOSITY

In order to calculate the viscosity coefficients of the
dilute solutions we must first construct the form of the
stress tensor for the system. The stress tensor is de-
termined from the equation of motion for the total
momentum, which is given by

§=2 pfrt X angtmamnav,. (28)
P q

The phonon momentum can be written in linear order as

Z q7q= pph (Vn—va) ) (29)

thus defining the phonon normal velocity and normal
mass denslty; the phonon normal mass density is given
by the Landau result

pon= = = (30)
PTTT 3 g, 45 s
g can alternatively be written as
g=2_(p+dmvs) fotppuVatpsvs, (31)
P
where the superfluid mass density is given by
p8=m4n4—pph—8mn3. (32)

When the He? are in local equilibrium 3~ ,(p-+dmv,) fp
=mn3vs. From the phonon Boltzmann equation (27) we
find the linearized equation

V]
5 2 gtV 2 s4qng+ppnsVs
1 q
=2 Q(seatetTans) . (33)
)

From the He? Boltzmann equation in I(A2) we have

9 af,
A SPYAE SLLON p(i) e
ot p P 3-ph

» m
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Adding (33) and (34) to the equation of motion for the
superfluid

A
ms—+Vups=0,
ot

(35)

we then derive
ag
5+nsveo+n4Vu4+pphsvs
pp
+v- (Z sqqnq+2 ——fp)= 0. (36)
q P m

The right-hand sides of (33) and (34) are equal and
opposite in sign due to over-all momentum conservation
in collisions.

To put (36) in the form of a Navier-Stokes hydro-
dynamic equation we must isolate the terms in the
equation representing the deviations from local thermal
equilibrium for the combined fermion-phonon system.
The temperature T characterizing this local equilibrium
is determined from the requirement that the variations
in the total energy as determined from the exact
distribution functions be the same as those determined
from the local equilibrium functions. Explicitly the
variation in total energy E, for fixed v, is

SE=psdnst2 e0fp+2 wodng; @37
P q

thus to first order the local equilibrium distributions

obey
> ép(afp—‘sfple)'l‘z wo(Onq—dng')=0, (38)

P

where ;¢ and én,'¢ are the local equilibrium deviations
for the impurities and phonons, respectively. As we
mentioned earlier, at the temperatures and concen-
trations of interest, the He® tend to come into local
equilibrium themselves, at temperature T'y’, much before
common He®-phonon equilibrium is established. Be-
cause of He3-phonon energy exchange via phonon ab-
sorption, the common local equilibrium temperature T
differs from the initial T'.

Proceeding, we note that the local equilibrium dis-
tribution, n4%¢, obeys

sq n
3 duw,

= _‘sthVS"*'Spth ’

. 1 Spph
V-2 sqqngte=3" -V (Bsg) = ———V (Bs)
q q B B

(39)

where Spn=s%opn/T is the equilibrium phonon entropy
per unit volume. Also,

2 9f01
v Bremy B e o]
P m B

p 3m dep

=SV T—n3V (Eo—[.l.ale , (40)
where Ss=[5P ;(T)+(eo—ps)ns]/K T is the He entropy.
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In local thermodynamic equilibrium the Gibbs-Duhem
relation is

5P(’ﬂ3,’ﬂ4,T)=n35[.t3le+n46[.t4le+S¢3T, (41)

where P is the local thermodynamic pressure, us' is the
He* chemical potential for local equilibrium, and S=S;
~+Spn is the total entropy density. Combining (36) and
(39)-(41) we obtain

(0g/3t)+v-==0, (42)
where the stress tensor is
pipi $q:q;
7= % ——(fy= [y )+ —— (ng—nq*)
P m q q
+8:i[ Ptna(pa—pdde)]. (43)

" The difference of u4 from its local equilibrium value
can be found by first noting from (37) that

d’E 0w
6[14= (—') 5%4+Z<———> 51’1.1
g ng fp a \dny ng, fp

+z(—a—ef

P 6114

) e @
ng:fp
Thus, to first order,

dwg
pa—pale=3 ’_) (nq—nq")
ng,fp

q am

+z(ﬁ) o). @)

P M4/ ng

Equation (43) is the general form of the stress tensor
from which the viscosity coefficients of the solutions can
be inferred.

In the hydrodynamic limit!

< p(p-v)

P m

(fo—fo')=—n[VVs+5V(V-vs)], (46)

where 3=P;(T)r, and 7, is the He*-He® quasiparticle
collision time appropriate to viscosity. More generally,
whenever vk<|w+i/7,] where v is a typical He?
velocity, 53 in (41) is replaced by #s(1—i7,)™". The de-
tailed form of the phonon contribution to the stress
tensor is determined by solving the phonon Boltzmann
equation [27] for nq—ng'e.

In this paper we confine our attention to a transverse
driving force on the system corresponding to a measure-
ment of the first or shear viscosity. Because of the
relatively long phonon mean free paths in very low-
temperature solutions the results of a shear-viscosity
measurement depend sensitively on the frequency of the
driving force, and we must consider the AC and DC
cases separately. For zero, or very low-frequency condi-
tions both the impurities and phonons may be treated
hydrodynamically. This limit is realized, for example, in

G. BAYM AND W. F.

SAAM 171

1000, T

T T T T T T TT7TTT]

T T TTTTT

100

T T
e p el

10° T?<Ty> Csec (°K)*]
T TT ||ll|

1 1l

| et sl [ AR

.0l 4 10
TEMPERATURE (°K)

F16. 1. Phonon viscosity lifetimes in 1.3 and 5%, solutions of
He? in Het.

viscosity measurements utilizing capillary flow,’ slowly
oscillating disks,® low-frequency second sound attenu-
ation,” or a rotating cylinder viscometer.® On the other
hand, in an AC viscosity measurement,’ where one
observes the damping of a crystal immersed in the
solution and oscillating in a transverse vibrational mode
at frequencies on the order of 10 Kc/sec, a new situation
appears: the He® impurities can be treated hydro-
dynamically but the phonons must be treated in a low
frequency but intermediate to high wave number regime.
We assume that all spatial variations occur in the z
direction only and that all velocities are in the x direc-
tion. Because a transverse probe cannot excite longi-
tudinal variations in linear order, all longitudinal
variations such as v,, 8P, 8s, and 88 are zero. Neglecting
phonon-phonon collisions at low temperatures, the
Fourier-transformed Boltzmann equation becomes

1 1
(o= vertri{=+=) @
T0 Tea
1 1\ &
el

o]

This equation is readily solved in general for ®(g) by

( 5 F.)A. Staas, K. W. Taconis, and K. Fokkens, Physica 26, 669
1960).
6 J. G. Dash and R. D. Taylor, Phys. Rev. 107, 1228 (1957).

7K. N. Zinov’eva, Zh. Eksperim. i Teor. Fiz. 31, 31 (1957)
[English transl.: Soviet Physics—JETP 4, 36 (1957)].

8 A. D. B. Woods and A. C. Hollis Hallett, Can. J. Phys. 41, 596
(1963).

9 See, for example, R. W. H. Webeler and D. C. Hammer, Phys.
Letters 19, 533 (1965).
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dividing both sides by the square bracket on the left and
taking angular moments to solve for the explicit &;» on
the right. Since

§-va=— (2r /)2 (Y u—Y1,-1)vs,

the driving term in (47), and hence ®, contains only
m= 41 components and &; ;= —P;;.

We first construct the solution of (47) in the hydro-
dynamic, i.e., w and £ — 0 limit. For w and k=0 we have

®(q)=—4"vs; (48)

the phonons equilibrate at the local He? velocity. To
determine the next order in w and k, we substitute (48)
for the coefficient of w—s§-k in (47). Thus

(w—59-k)(—4¢-vs)
=— 1[ (§-vat+®1) (”1"*' l)-l-q’z('l-'f‘ i)

T1 Te T2 Ta

1 1
+ z q’l(_+_)] ’
=3 T0 Ta (49)
and by comparing coefficients of the various spherical

harmonics we see that only ®;,,; and &4, are nonzero
and that

®(q)=—4¢-vs(1+iwr)+is¢-k§-varo, (50)

where 7,(¢)= (ri'47,71)! is the lifetime for phonon
thermal conductivity and 7,(¢)= (77147, is the
lifetime for phonon viscosity. Then the phonon con-
tribution to the stress tensor, the sum over ¢ in Eq. (43),
is given by

mngd

q .
Toh,2e=$ 2 §2gs——P= —}is%kv3ppn(Ts)
q dwg .
= —17lphk1)3; (51)
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F16. 2. Phonon, He?3, and total viscosities in a 1.3%, solution of
He? in Het,
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10 )

where, for any function 4 of g,

1 q* angd
(Ay=——-23 ——A(9). (52)
Pph 1 dwg
Thus
Nph= %32Pph<7'v> . (53)

The average lifetime for viscosity (r,), evaluated nu-
merically, is shown as a function of temperature for
1.3 and 59, He? concentrations in Fig. 1. Note that as
in the calculation of thermal conductivity,! (r,) diverges
if 7, is neglected.

We see from (48) and (29) that in the hydrodynamic
limit the phonon normal velocity v, equals the He®
normal velocity v3; then (51), (46), and (43) imply that

2y =—1(n3+npn)k0;. (54)
The first viscosity of the solution is then
Ntot="13+1pn=Py (T)T,,"*-%Szpph(T,) . (55)

1ot is plotted in Fig. 2 for a 1.39%, solution and in F ig. 3
for a 5% solution. Although 7 is plotted up to 1°K, these
calculations are valid only below 0.6°K since we have
neglected rotons and phonon-phonon interactions.

We should point out that discrepancies between the
high-temperature phonon thermal conductivity calcu-
lated in I and measurements of the thermal conduc-
tivity!® above 0.65°K do not appear to be attributable
entirely to the neglected rotons and phonon-phonon
interactions. This suggests that 7, for high temperatures
was considerably overestimated in I. A reduction in r,

T, P. Ptukha, Zh. Eksperim. i Teor. Fiz. 40, 1583 (1961)
[English transl.: Soviet Phys.—JETP 13, 1112 (1961)].
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would lead to a decrease in both 3 and #7,n. Measure-
ments of the viscosity below 0.6°K would serve to
clarify this situation. At present the viscosity has been
measured® in the hydrodynamic regime down to 1°K;
the results are of the same order of magnitude as our
calculated values but also suggest that the theoretical
7, is too large.

The hydrodynamic expression (51) for the phonon
stress tensor is valid for w(r,) and sk(r,)<1. A zero fre-
quency experiment is in the hydrodynamic regime for
small velocity gradients. For nonzero frequencies w and
k are related by combining the results (42) and (54) to

yield"
@pm \ 12
=)

Ntot

(56)

where p, is the normal mass density, given to lowest
order in the concentration by
Pn=P"—Ps=mn3+pph, (57)

in the regime where rotons may be neglected. Thus, in

G. BAYM AND W. F. SAAM
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order of magnitude we have
s| k[ (ro)~slwmmns/ns1%r,)
~L (/o) (ro)/ 7)) (o)) 2. (S8)

Since 7,&K(7,) and s/v;~10, the inequality s|k|{(r,)<K1
is extremely hard to satisfy even if w(r,)<<1. Using (56)
and our numerical results for 54 we find that the purely
hydrodynamic result is valid to within 109, over the
range 0.2 to 0.6°K, in which phonons are important,
only for frequencies of the order of 0-10 cps. The fre-
quency restrictions become slightly less strict as the
temperature is increased. The hydrodynamic result for
the He? viscosity, valid for wr, &1 and v7k7,&<1 only
requires frequencies smaller than about 100 kc/sec for
T20.01°K.

As mentioned above, typical frequencies used in high
frequency AC shear viscosity experiments are of the
order of 10 k¢/sec. For this frequency, over the tempera-
ture range where phonons are important, we still have
(1)1 but sk({r,>>1, except near 0.6°K where sk({r,)
2 1. To find mpp in this regime we must solve (47) in the
low frequency but high wave number limit. In this limit

®(g)=

; (59)

7 4isk- g

for simplicity we have written 7, '=7r¢ 47,7, 4!
=7¢l—7Y, and £y l=751—75% The l=1, m=1 mo-
ment of (58) implies, for skr,~skr,>1,

3r 2w\ /2 V3 ‘1311 7:51/2‘1’21
‘Pnz"—[(—) + ]— ) (60)
4skL\ 3 T bh skiy
while the /=1, m=1 moment of the Boltzmann equation
(47) yields

&y1+152skr Bor= 2w/ 3) 3. (61)
Thus from (60) and (61) we find
(10m/3)¥20; 524
Py =— ~—Py, (62)
iskty 3w

for large sk, and small wr,. The phonon contribution to
the stress tensor is then
Ton,se= (Z5)25ppn{®a1)= —ippuvs(re HE;  (63)
in addition
Va= (3/2m)/%P11)=3mvs(r )/ 4sk. (64)

We now use (42) to relate w and & ; the 2, contribution
to g can be neglected for ppn&Kmns. Thus

(65)

To a very good approximation (r,")=(r;"!) which can

k2= (imnsw—pprirc ™))/ 3.

11 Equation (56) is a standard hydrodynamic result. See, e.g.,
L. D. Landau and E. M. Lifshitz, Fluid Mechanics (Addison-
Wesley Publishing Co., Inc., Reading, Mass., 1959), p. 89.

be evaluated analytically as

(rr1)=3.9X 10" (xT%) sec! (°K)~. (66)

This result is considerably larger than {(r,)! or {r,) ! in
the temperature range of interest. Thus below 0.3°K for
w=10 kc/sec we may approximate k2 by ¢mmnsw/9;, and
we find that the condition sk>>(r,)™! is satisfied only up
to 0.2°K. The temperature range 0.2°-0.6°K is an
intermediate wavenumber, low-frequency regime, in
which the relation between % and w can be found only by
extensive numerical calculation; such a calculation has
not yet been carried out.

The stress tensor, for T"S0.2°K, is, from (65), (63),
and (46),

T 2e= —tkns[ 1 — ppnl7 L) wmns Jvs~ —iknsvs.  (67)

Thus in the low-frequency and high-wavenumber limit,
the phonon contribution to the viscosity is completely
negligible; this effect extends to higher temperature the
range over which 7, is measured directly. As can be seen
from Fig. 2, the disappearance of the phonon viscosity
in an AC experiment is most noticeable in the 1.3%,
solution at 0.2°K, where the reduction from the
hydrodynamic result is about 20%,.
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