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It will be shown that a consistent quantized gauge field theory of chiral symmetry can be formulated
within the framework of the Giirsey models. The freedom of unitary transformations is emphasized, espe-
cially with respect to the problem of the decoupling of the 4;-meson field from the pion field. In the lowest
order, our theory reproduces the same results as those calculated from other approaches. However, the

higher-order terms are different.

I. INTRODUCTION

FTER the many successes of current-algebra
calculations,! various Lagrangian models with the
correct commutation relations and the PCAC (partially
conserved axial-vector current) condition have been
formulated.2=* The major aims are several: (1) It is
easier to read off the matrix elements from an interacting
Lagrangian. (2) They can be used to understand the
off-mass-shell corrections, about which current-algebra
technique makes no statement. (3) The different
exchange mechanisms involved in the processes become
transparent in a Lagrangian language. (4) The singular
behaviors of the commutators can be partially answered.
In all these approaches, it has been emphasized
repeatedly that only the “tree’” graphs need be taken
into account. In fact, exact current algebra and PCAC
are not necessary. For a particular process we need to
have these algebraic constraints only to the order of
the “tree’” graph.
In view of the success of the universal coupling of the
p meson,® it has been very tempting to speculate on
formulating a gauge theory® of SU(2)XSU(2). This
program received even more impetus after the cel-
ebrated Weinberg spectral sum rules’” and the z+-z°
electromagnetic mass calculation® appeared. As has
been explained by Lee, Weinberg, and Zumino® (LWZ),
if the algebra of currents is replaced by the algebra of

_* Work supported in part by the U. S. Atomic Energy Commis-

sion.

1 M. Gell-Mann, Phys. Rev. 125, 1067 (1962); Physics 1, 63
(1964) ; see any elementary-particle physics journals.

2 An incomplete list is: S. Weinberg, Phys. Rev. Letters 18,
188 (1967); J. Schwinger, Phys. Letters 24B, 473 (1967); H. S.
Mani, Y. Tomozawa, and Y. P. Yao, Phys. Rev. Letters 18, 1084
(1967); J. A. Cronin, Phys. Rev. 161, 1483 (1967); R. Arnowitt,
M. H. Friedman, and P. Nath, Phys. Rev. Letters 19, 1085 (1967).

3P, Chang and F. Giirsey, Phys. Rev. 164, 1752 (1967); L. S.
Brown, zbid. 163, 1802 (1967).

4J. Schwinger, Phys. Rev. 167, 1432 (1968); J. Wess and B.
Zumino, ibid. 163, 1727 (1967); B. W. Lee and H. T. Nieh, ibid.
166, 1507 (1968).

6 J. J. Sakurai, Ann. Phys. (N. Y.) 11, 1 (1960).

6 C.’N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954);
R. Utiyama, ibid. 101, 1595 (1956) ; M.. Gell-Mann and S. Glashow,
Ann. Phys. (N. Y.) 15, 437 (1961). For the use of a gauge trans-
formation to decouple the 4 ;- system, see Y. P. Yao, Phys. Rev.
138, B698 (1965).

7S. Weinberg, Phys. Rev. Letters 18, 507 (1967).

8 T. Das, G. S. Guralnik, V. S. Mathur, F. E. Low, and J. E.
Young, Phys. Rev. Letters 18, 759 (1967).

9T, D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Letters
18, 1029 (1967).

171

fields, the gauge theory provides us with more informa-
tion about the Schwinger terms.”® Besides, it makes the
Weinberg sum rules come out as a result of the canonical
commutation relations (i.e., kinematics).

In the work of LWZ, it was assumed that the pion
field would cause no complication in the formal com-
mutation relations. Thus it becomes necessary to
demonstrate that the incorporation of the pion field
can indeed be carried out, and what further con-
sequences may follow.

In this paper, we shall show that we can formulate a
consistent quantized gauge theory within the framework
of the Giirsey models.? In Sec. II, we shall discuss the
general transformation properties of the nucleon field
and the pion field which characterize the different
Giirsey models.>'2 Lagrangians are also constructed
here.

Section IIT is devoted to the quantization of such
models. We shall show that a consistent canonical
scheme can be devised if proper fields are chosen as the
independent ones. The commutation relations of LWZ
follow.

In all these Lagrangians, bilinear coupling appears
between the A, field and the pion field. In Sec. IV, we
therefore choose as an example a particular model to
demonstrate how a unitary gauge transformation® can
be carried out to decouple them. In the lowest order,
our transformed Lagrangian is the same as the ones
discussed by other authors.* However, the higher-order
terms according to our approach are different.

In this section and in Sec. V, we emphasize the
importance of identification of fields with particles.
Equivalently, we argue that unless further dynamical
principles are assumed, the gauge transformations to
decouple the 4,7 fields are not unique. Because of
different choices of the symmetry-breaking Lagrangian
to maintain strong PCAC conditions, they give rise
to different higher-order processes. The o terms!® are
also discussed here.
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II. GURSEY MODELS

As is well known,'* the mass term in the Lagrangian
of a free isodoublet fermion field is not invariant under
the chiral phase transformation

v — 6075%"'59\1/; (1)

to make it so, we write the Lagrangian as®!?
- 1 -
£1= _‘I"Yu__a“‘I’—M‘I’U(ﬁp)\I,’
i

where U(p) is a unitary matrix function of the pion
field ¢ and satisfies the transformation property

U(e)— oty (geomsir®,  (2)

If we now make the transformation parameters &0
space-time-dependent, we must introduce additional
fields V, and 4,,° which transform as

Vi— V,+go0XxXA4,
and
Ay— A, +go0XV,—0,80. 3)

The Lagrangian

1
L= —\Tl’y#—.a"‘I’—M\TIU(gO)\I/—I—gTI’Y,‘%T‘I" Ve
7
+ighyuyssTE- A+ (4)

is invariant under these combined transformations.
We digress to discuss the transformation property of
the unitary matrix U (). In general, it can be written as

U(p)=M7vspe-T, ©)
where \ and p are functions of ¢* The unitarity condi-
tion is

NH4-pPp?=1. (6)
The transformation property in Eq. (2) gives

U ={—gvys37:80, \-yspp- 7}
= —gh\ys7+00-+gpo-80.

On the other hand, direct variation of Eq. (5) gives
oA op
5U=2—¢‘3¢+75(2—¢-5w'7+p5¢-T) )
32 So?

which implies the consistency conditions

1IN
gpd- p=2—-"0¢" ¢ (7
d¢?
and
op
—gN0=2—0 80 tple. (8)

o

“¥We use the metric (—1,1,11)-p»=0,1,23, £kJ=1.23,
{vurysh == 28w, ve= =7, vs=7"v'¥*v*=—vs!, and yo=7.'. The
symbols «,8,y=1,2,3 are isospin indices. Dot and vector products
refer to the isospin space.
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It can easily be shown that these two conditions
combine to yield

)
—(\+p*?) =0,
d¢?

which is equivalent to the unitarity condition (6).

In general, 86 is not along the direction of ¢. Therefore
we shall parametrize a general transformation on the
pion field as®®

do=pof-+qo-d0¢p,

where p and ¢ are functions of ¢% Let us consider the
case when p>20 and §0- ¢70. Equations (7) and (8)

lead to
8(lnp)  —g
b0t 2(p+ge?)

and
—g\=pp.

That is, for a given set of p7#0 and ¢, we can determine
A and p by these equations together with the unitarity
condition.’® A particularly simple case is when ¢=0.
Then, with p= constant, or with a proper choice of scale,
we may write p=g/m and

U=[1—(g&/m*) "] *+vs(g/m)¢-7. ©
When p=0 but 89- 50, we have from Eq. (8)

op
—g\if= (2——q¢2+ qp)qo- .
d¢?

Hence, if 86 is not along the direction of ¢, it follows
that gA=0. Upon imposing a physical requirement that

A=1+0()+ -,

which means that we should recover the free massive
fermion Lagrangian as g— 0, we infer that g=0. This
implies that there is no chiral symmetry in our system,
which is not a desirable result. We therefore assert
that when p=0 and 86 ¢50, 60 must be along ¢. For a
given g the quantities X and p are determined by the
unitarity condition and
) o\ \
8p 6¢29 ®

An example in this case is
U=g—2(a/m)75'r-¢, (10)
which gives
So=2md0=md0- 0o/2¢%.

Finally, when 80- ¢=0, we have for p>0
b= =8/ (P

18 This is also independently observed by L. S. Brown (Ref. 3).
16 J. Wess and B. Zumino (Ref. 4) considered a particular case
in this class.
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and
A=t/ (P ™.
We shall abbreviate
U2=g—ys7-9. (11)
It can be shown that we have the condition
a+n?=1.

For example, if U is given as Eq. (9), we have

o= (1422,
1 g7 1\
i) ©

g \!2
K=(1——-g02) .
mZ

From the transformation property

(12)

where

8= —mkdl
we have
do=— %gﬂ -0 )

dn=3%go™"[n- 8+ (o>—n?)36]
=380 [ (80X n) X n+0%0]. (13)

On the other hand, when U is given by Eq. (10),
we have
dn=1god8
and

do=—1%gn-66. (14)

It is seen that we can obtain this from Eq. (13) once we
are reminded that now 80 is along the direction of ¢.
[Although the transformation relations (13) are
obtained from a particular unitary matrix (9), we
suspect that they have general validity. ]

From this point on, we shall limit ourselves to these
two models specified by matrix (9) and matrix (10). As
was mentioned before, Eq. (13) covers the transforma-
tion properties in both cases. We define a new fermion

field ¢ through the relation
y=U". (15)

It shall be taken as the field operator that describes the
nucleons. Then, the Lagrangian (4) becomes

Lo=—Y[v, 1 /i*+M W+ ghvidri- V'™

+igdvavszy- A, (16)
with
Vie=Vet(2/g)d*nXn+204+ X,
A= Ar+(2/g)a*d* (o7 n)+2(A*Xn) X,
and
dr=gut-gVeX . arn

This Lagrangian is invariant under the isospin
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transformation
Vi — VE—gboX VE+404w,
Ar— Ar—gowX A*,

and
¢ — p—ghwX o.
Furthermore,
Ve — V'E—80X V'E 4945w
and (18)

A'r— A'— gdwX A",

Under chiral isospin transformation, besides Egs. (1),
(3), and (13) [or (14)], we also have

V't — V'e4-80X V'e—9a450,

A’ — A'e 50X A,
and
Y — y—3%ir-60y, (19)
where
80=ga=1(86X 7).

We must add to the Lagrangian other parts which
contribute to the kinetic energies of the fields V*, 4+,
and ¢. As usual, the combination

Vuv2+A uv2 )
where
V;w=ava_any+gVnX VP+gAMXAv

and
a"l‘w= dp.Av_dVAM )

is invariant under SU,X SU,, while the combination

—gm2 (4,247 2
transforms as
m,2A 080 (20)
under chiral SU, and as
—m2V 08w (21)

under isospin SUs.

We still need an extra piece in the Lagrangian to
correspond to the kinetic energy of the pion. Tenta-
tively, let us assume that this term is —3m?(4'#)?,
where 7% is some mass scale. The complete Lagrangian
is then

1
L=—Pyi0—MPU (o)+gdvugrd-V*
1

Fighviyssrd- AP —3V 0 (0HV — 8" VitgVEX T
+gAFX ALV Vo — 34, (4 47— A¥)
+idwdr—im (A, 44+ V V)

— LA AL, (22)

where £ is so chosen that it provides us with the pion
mass and that, after the unitary transformation which
we shall introduce later on, we shall have the strong
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PCAC condition. We shall return to this point in the
subsequent sections. At this moment, it is only necessary
to say that £’ is a function of ¢? (with no derivatives).
Because of Egs. (20) and (21), respectively, we have
the PCAC condition!?
—d,4*=constX ¢ (23)
and the conserved-vector-current (CVC) condition!®

3, V#=0. (24)

III. QUANTIZATION

We shall assume that Vi, 4%, and ¢ are independent
variables. It follows from the Lagrangian (22) that we
have the equal-time canonical commutation relations

[V (x),V i (x") J= 6118 (x—X),
[4%(x),4 (") J= 80 (x—X') ,

and
[P (%) m(2") ]= 6 (x—x). (25)
In the last expression, we have defined
p'=(2m/g) (e A"+ 07 y-A"n), (26)

which is seen to be the conjugate momentum to the
field 5.

The Euler’s equations, which follow from variations
with respect to 4o and ¥V, successively, give

m A= — @R A%+ gV X A+ ighy'vsiry
—5go ' [(®— )"+ p'n ]
and
mp2V0= — akV0k+ gVOkX Vlc+gA0kX Ak
+g0' Yt g Xn.
We have here expressed the dependent variables A4°

and V?in terms of the independent ones. It takes little
effort to show that

@7

1
) / m,*A%-80d° and - / m,2p° - dwd’x
i

are the generators for the chiral SU, and the isospin
SU,, respectively. That is,

i[/mPZA°-60d3x, n:|=%ga“[(az—n2)60+n-50n:], etc.,

and

1
—.[ / m 2V dwdx, 71:,= —géwXn, etc. (28)

K

17 M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960);
Y. Nambu, Phys. Rev. Letters 4, 380 (1960).

18R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
(1958); S. S. Gershtien and Ia. B. Zeldovitch, Zh. Eksperim. i
Teor. Fiz. 29, 698 (1955) [English transl.: Soviet Phys.—JETP
2, 576 (1956)].
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After some algebra, it is also verified that
[m,°4.20(%),m,* A6 (2) ]= g €apym,2V 0 ()8 (x—X') , (29)

and the other commutation relations listed in Ref. 9.
Another interesting commutator is

(240 (%),ms(2") ]
= Jiig‘f_lt (o= 7°)dapt naﬂﬂ]‘s (x— x),

which differs from that of the ¢ model.1®

Before we go on to Sec. IV, let us stress the impor-
tance of choosing V3, 41, and  as independent variables.
If we first redefine new variables®

Ap— a,—(2/8)dn

and treat Vi, a;, (as the 4;-meson field), and % indepen-
dently, we can show that the quantization procedure
cannot be carried through. Rather than presenting the
actual algebra, let us argue by noticing that transforma-
tions which depend on derivatives in general change the
commutation relations of the fields. Therefore there is
no guarantee that the commutator algebra will be
preserved after such transformations. On the other
hand, if one is interested only in the S-matrix elements,
then such transformations can be justifiably performed.*®

(30)

Iv. A MODEL

In this section, we shall assume a certain form for the
unitary matrix. The reason for doing so is only to fix
the scale m. We must remark that our general approach

is independent of such a specific choice. We write
U=e¢2Wmysro, (31)

It is clear that

(32)

under an infinitesimal chiral transformation. The
explicit forms for the parameters in Eq. (11) are

_ (g/m) ¢ sinh((—g2p?/m?)1/?)
(— g2/ m?)V2

o= cosh((—g*¢*/m?)1%).

¢ — o+5mdd

n

and
(33)

The symmetry-breaking part of the Lagrangian can be
taken as
L'=—que?, (34)

where p will become the mass of the pion. The PCAC
condition (23) is

— A (mp2/8m 2 . (35)

The approximate signs here mean that £’ should be s0
chosen that after the unitary transformation, which we
shall introduce below, Eq. (35) becomes Eq. (44).

The term —%$m?4’#4,’ in the Lagrangian (22)

1#S. Kamefuchi, L. O’Raifeartaigh, and A. Salam, Nucl.
I(’lhyés(j)ZS, 529 (1961); H. J. Borchers, Nuovo Cimento 15, 784
960).
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contains a cross term

— (2m*/g)a*0* (e )4 u. (36)

Such a term implies that the kinetic-energy matrix of
the A4 field and the ¢ field is not diagonal. Therefore it
is necessary to define new field variables.® From the
structure of Eq. (36) we deduce that a unitary trans-
formation with the generator

(37

can accomplish this purpose. We shall elaborate more
on unitary transformations in Sec. V. It is now
evident that we are essentially performing a chiral
transformation, with

80=(2/g)onm?/m,2.

In general, of course, the various fields after this
transformation will become very complicated. We shall
use as examples the problems of p— 27, 41— p+,
and 770 electromagnetic mass difference to show
what the program is. Then, the relevant parts are

[IkE ALy | ke_ichA E— (Z/g)adkﬁ )
eieG(pe—ieGg <p+d<p s
eieGne—ieG&J.n_l_ ay,

(38)

and
pr=e"CV e OV 1+ 2an X A p— (2/g)a*n X dxn,  (39)
in which
a=etAlmpt_1,
In addition, the combinations Vi2+A4;2 and A,

are both invariant. Substituting all these into the
Lagrangian (22), we have

E—eieGoee—ieG
———(6 Vv 6 Vu+gV XVv+gAMXAP)2
—1(0,4,— 0,4, gV X A,—gV,XA,)?
—3m[(4d,— (2a/g)dm)*+pu*]
—3m A+ (2/g)dun+2(4 wX1) X7
—32(etap)?.  (40)
In order to retrieve Weinberg’s mass relation,” 2m,?
=m4?% we put
mE=m,2.
However, note that this is not a necessary condition
for consistency in the theory.
To eliminate the term (36), we clearly want
a=1
or
e=In2.

We must now identify the various fields for describing
the different particles. We make the assumption that

YORK-PENG YAO
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they are
@~ meson,
Ay ~A1meson,
and
pu~p MeEson.

It is especially important to make the last identification
if one wants to couple the p meson directly to the
photon (vector-dominance hypothesis),?® For the CVC

condition is now
3,0*=0, (41)

whereas
3.V ,.5#0

in this new description. Condition (41) is necessary to
guarantee gauge invariance.
It is also noted that we should equate

mr=8m 2
or
m= 2mA

in order to have the correct factor for the kinetic energy
of the pion field in the Lagrangian (40).
We make use of Eq. (39) to express

VisZpu— (g/ma) X A+ (g/2m42) o X Dy,

where now

(42)

Dy=0,+gpuX.

The relevant parts of the Lagrangian in this description
are

"%(aupv_avpu)z"'%(au/l »—d,4 u)2
- % (G ¢)?— %mpzpuz— maA w—ute?
—gou- (¢X9*0) —3g*(puX ¢)*+ (g/2m4)
X (ups—0,04) Lo X (3*47—0"A#) ]— (g2/4m 4?)
XL (@upy—0,00) X @ P+ (g/2m 4) (0 upy— d»py)
X (0#oXA"—0"oX A*)— (g/2m 4%
X (0upy—0ypy) - (D*eXD’g).

This Lagrangian is the same as the ones proposed by
several authors.*? However, we must once again point
out the difference in approach. The higher-order terms
by this method are different. The PCAC condition

(35) becomes
m m,2 u
L,
4 § M4

0 M. Gell-Mann and F. Zachariasen, Phys. Rev. 124, 953
(1961); S. H. Patil and Y.-P. Yao, ibid. 153, 1455 (1967)
N. Kroll, T D. Lee, and B. Zummo, ibid. 157 1376 (1967);
T. D. Lee and B. Zummo sbid. 163, 1667 (1967),see also Ref. 3
for further references.

% G. C. Wick and B. Zumino, CERN Report No. 67/ 1082/5-
TH.826, 1967 (unpublished); I. S. Gerstein, B. W. H. T.
Nieh, and H. J. Schnitzer, Phys Rev. Letters 19, 1064 (1967)

(43)

(44)
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where the axial-vector current is

my? _

m,? 1
= ———(A #——Dkp+additional terms) . (45)
g 4 ma

These additional terms are not present in the other
approaches. In principle, they can be detected.

V. FURTHER COMMENTS ON UNITARY
TRANSFORMATIONS

In order to eliminate the cross term (36), we madea
unitary transformation (37) as expressed by the gauge
parameters (38). However, we would like to emphasize
that the choice of such a transformation is not unique.
Different unitary transformations which get rid of the
term (36) do give the same Lagrangian (43), but they
give different higher-order terms. Besides, we have
imposed the strong PCAC condition

8,A*=constX ¢
in Sec. IV. This means that we want

eieGoe’e——ieG: _ %H? (92 . (46)

We can instead assume that

£&'=—3’e;

then we have
d,A#=constX ¢.

However, after a unitary transformation, we shall
have some generalized PCAC condition

dudr=ap+bo*t- -

There is a distinction between these two approaches. In
the former case, because £’ must be different for various
choices of the unitary transformations in order that
Eq. (46) holds, we get different on-shell and off-shell
matrix elements. In the latter case, different choices of
unitary transformations give different off-shell matrix
elements. However, they give the same on-shell
amplitudes.? We do not know which is the correct
approach; all we can conclude is that at this stage, the
algebra of currents (or fields) and PCAC are not
sufficient to determine many processes, e.g., pion-pion
scattering lengths.? It is hoped that further dynamical

22 This point has been discussed by B. Zumino, Phys. Letters

25B, 349 (1967); S. Weinberg, Phys. Rev. 166, 1568 (1968).
ny, Tomozawa, Nuovo Clmento 46, 707 (1966) S. Weinberg,
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principles can be devised to supplement and implement
this program.

As an illustration that different unitary transforma-
tions give different physics, because we insist on a
strong PCAC condition and hence the £”’s are different,
we now look at the commutator in Eq. (30). We shall
calculate the right-hand side to order ¢? only. Therefore
we must calculate e?ne~%¢ to order ¢® After some
elementary but tedious computation, one finds that the
transformation (37) and (38) leads to

. —1 7 g
[Aa°<x>,¢ﬂ<x'>1=—[(1———q,z).s,,,,
ma 12 m 42
1 g2
+€——;¢a¢ﬁ:|6(x—x’). 47)

ma

Both 7=0 and 7=2 27 s-wave contributions appear on
the right-hand side. This commutator has been used in
describing the process n — 3.2¢ Here, in order to obtain
a good fit for the energy dependence of the odd pion,
it is noted that the commutator [A4.%,¢5] should contain
only an 7=0 contribution. Equivalently, only /=0
s-wave enhancement should exist. Within our frame-
work, we can accomplish this by choosing

— (2/g)a‘37/9'r1

iG=i / m2A°- 59’ .

[4e5]= (—i/ma) (1= ¢Ddas. (49)

Various low-order calculations based on this model
[Eq. (43)] can be found in the existing literature.t
We are looking further into higher-order detectable
processes to differentiate our approach.

and
(48)
Then,
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