
PROPERTIES OF MAN DELSTAM CUTS

This can be analyzed according to the previous tech-
niques and exhibits the same singularities and i~ pre-
scriptions in the natural boundary value as (2.1), pro-
vided we assume the Feynman ie prescription as
discussed above. Such properties are normally pre-
served under infinite summation so that Fig. 1 now
applies to the whole model theory defined by Fig. 5
and, we suggest, to the complete theory.

Under the normal threshold cut, (5.8) has poles of
order up to (l+1) "+'. The normal threshold dis-
continuity is, using a generalization of (3.2),

a—I
discNG„= p P G,'G. ,"/(1+1).

1

Thus our behavior near t= —1 agrees with unitarity
which, in mth order, reads

n—1

trr —&rr"=p Z err"ttrr" " .
r I

Notice the importance of the two-dimensional nature
of the integration in this for it means that the residues
at. the poles factor into products. This is not the case
for analogous calculations for the diagrams of Fig. 4.
The residues in that case still contain integrations
and this is what gives rise to the GP essential singu-
larity in that case."
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General restrictions on the SIJ(3) invariants are found such that an experimentally satisfactory one-para-
meter solution of the parity-conserving nonleptonic hyperon decays is obtained under octet dominance and
CI' invariance. Both normal and abnormal charge conjugation are considered. The pole model is discussed
as an example. In this model the restrictions determine the BBM and spurion P/D ratios, for which reason-
able values are obtained.

I. INTRODUCTION

''T is known that within the framework of strict
~ ~ SU(3) symmetry, the situation with respect to the
(p-wave) parity-conserving nonleptonic hyperon decays
remains in its pre-SU(3) state of the AI= sr rule when
one applies octet dominance and CI' invariance, to-
gether with the charge-conjugation properties of the
current-current theory of the weak interaction. With
these assumptions, one SU(3) restriction is imposed on
the parity-violating amplitudes. This is the well-known
Lee-Sugawara' relation. It is found to be experimentally
good for both the parity-violating and the parity-
conserving decays, and can be deduced for the parity-
conserving decays as well under one or the other of
some further symmetry assumptions. '

In a recent paper, ' a somewhat general result is ob-
tained on the conditions under which an SU(3) model
leads to a one-parameter solution to the parity-violating

~On leave of absence from Downing College, Cambridge,
England, and the University of Khartoum, Sudan.

~ M. Gell-Mann, Phys. Rev. Letters 12, 155 (1964}.' B. W. Lee, Phys. Rev. Letters 12, 83 (1964); H. Sugawara,
Progr. Theoret. Phys. (Kyoto) 31, 213 (1964).

' S. P. Rosen, Phys. Rev. 140, 326 (1965).' $. Coleman and S. L. Glashow, Phys. Rev. 134, B671 (1964);
$. Coleman, S. L. Glashow, and B.W. Lee, Ann. Phys. (N.& ) 30,
348 (1964).
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B(Z+~ psr') = v3B(A ~ pn ) . — (1.2)

The relation (1.1) is the Lee triangle known to be in
agreement with experiment. Relation (1.2) is also well
satished experimentally. '

Using (1.1) and (1.2) together with

(1.3)

to characterize the experimental situation, we then
state necessary and sufFicient conditions on the SU(3)
invariants, such that an experimentally satisfactory
one-parameter solution is obtained. A special case of

' See, for example, N. P. Samios, in Proceedings of the Argonne
International Conference on Weak Interactions, 1965 PArgonne
National Laboratory Report No. ANL-7130 (unpublished) j.

hyperon nonleptonic decays in agreement with experi-
ment. In particular, it is shown that beyond the above
assumptions, it is sufhcient to neglect the decuplet
contributions in both the Bsr and BB channels. It is
our purpose in this paper to apply similar considera-
tions to the parity-conserving amplitudes.

We start by 6nding what can be deduced about the
parity-conserving decays under the assumptions of
Ref. 5 mentioned above. Two relations among the four
independent amplitudes result:

2B( ~Are )=B(A~Pre )+%3B(Z+-+Pm') (1.1)
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these conditions, stated in result II.2, is to neglect
the 27 in the Bzr channel as well as the previous
decuplets.

There is, however, in the case of the parity-conserving
decays, good motivation for going beyond this to con-
sider the abnormal charge-conjugation case (6=—1),
which, under CI' invariance and the current-current
picture, becomes possible only as a violation of SU(3).
Whether it is considered against exact SU(3) or the
current-current interaction (CP cannot be seriously
blamed for this), the abnormal component in the
parity-conserving decays seems to be important—
possibly dominant —both in bootstrap calculations~ and
in the pole model. ' A further argument~ for considering
the abnormal component is that in its absence E~'~ 2'
is forbidden, ' ' in direct conQict with experiment.

The case of abnormal charge conjugation is con-
sidered in Sec. III.The Lee relation (1.1) results without
further assumptions, "and we find that (1.2) and (1.3)
are satisfied if and only if the invariants A, of the
direct channel satisfy the simple restriction

A27=A&0=Ace) (1.4)

where A„ is the octet invariant A(8, ~ 8,). This re-
striction therefore ensures a one-parameter solution
satisfying experiment.

In Sec. IV, we discuss the pole model ""under a
plausible approximation on the mass spectrum, "using
the same formalism as in Secs. II and III. It is straight-
forward to see that this model is effectively abnormal"
and the results of Sec. III therefore apply. The Lee
triangle holds, and the restriction (1.4) leads to a simple
qua'dratic equation with numerical coefficients (i.e., not
involving the decay amplitudes) for the F/D ratio P

at the BB3I vertex and to a simultaneous equation
()rt= —1) determining the effective F/D ratio r) at the
spurion vertex. To two decimal places, the solution
with positive $ is

$=0.54, rt = —1.87. (1.5)

The value for $ is in good agreement with the estimate
)=0.58 obtained" from data on semileptonic processes.
The g value, which includes the effect of the meson
exchange in the BB channel and becomes the actual
F/D ratio at the spurion vertex only if the meson ex-
change is negligible, is in line with other theoretical
estimates

7 R. F. Dashen, Y. Dothan, and S. C. Frautschi, Phys. Rev. 143,
1185 (1966); R. F. Dashen, Y. Dothan, S. C. Frautschi, and
D. H. Sharp, ibid. 151, 1267 (1966).

P 3. W. Lee, Phys. Rev. 140, 3152 (1965).' N. Cabibbo, Phys. Rev. Letters 12, 62 (1964).
0 G. Feldman, P. T. Matthews, and A. Salam, Phys. Rev. 121,

302 (1961);H. Sugawara, Nuovo Cimento 31, 635 (1964).' B. W. Lee and A. R. Swift, Phys. Rev. 136, B228 (1964).~ This observation is also made in Ref. 8, where a transforma-
tion on the phenomenological Lagrangian exposes its effective
X7-transformation property.

"W. Willis et al. , Phys. Rev. Letters 13, 291 (1964)."Y. Hara, Y, N@rpbp, and J. Schechter, Phys. Rev. Letters 16,
380 (1966).

Mz(B.vr) —+ Bt=p Cr"pTp, (2.2)

where Cq'&'~ are numerical coefficients, This set of equa-
tions can be solved for the invariants T;. It yields a
one-parameter solution, together with a relation among
the amplitudes BENT. Denoting the unknown parameter
by X, the solution is

Tz = )'—(6/5)n+ sp sp+3 —tt—+z y rt

T27 )i+3

~10

kn+pp kV sP+st',
T„=X n+8, —

(1/v'5) T-= kn pp+—

T,=) +-;n—(5/12) p—,~, ~

where n, p, , r) are given by

(2.3)

n= (5/+6)Mz(=- ~A~)+ (5/+6)M, Pr ~A&),
P= 4M ties(A &Arr) 4M—z„(A +-s-),— —

7= —6Mz(1V ~Zs-),
3=2Msts(Z ~ 1Vs')

2.4
t =4Mz&. (A N )+4M„,(A

=(V'6)M(=- A )—(+6)M, (1il A ),
~=4(+6)M,Q ~Z~).

The relation, independent of T;, is

(+6)Mz( ~Avr) —2Mzts(A-+ s.)——,'(g6)
XMz(X +&zr)+Mzts(A ~ E7r)+—', Mz(Ã +Zzr)-—

—Mstp(Z ~ Xpr) —Mits(Z ~Xpr) =0 ~ (2.5)

Now, CI" invariance implies that the parity-conserving
amplitudes are even under charge conjugation. This

"L.S. Brown and C. M. Sommerfield, Phys. Rev. Letters 16,
751 (1966)."C. Itzykson and M. Jacob, Nuovo Cimento 48, 655 (1967).

A. Kumar and J. C. Patil, Phys. Rev. Letters 18, 1230 (1967).' B. W. Lee and A. R. Swift (Ref. 11), using the pole model
with the same mass approximation, but seeking an actual 6t to the
amplitudes, fInd g = —1.96.' These equations are explicitly given in Ref. 5.

IL NORMAL CHARGE CONJUGATION

We decompose the isospin eigenamplitudes

Mz(B' —& Bvr)

for the parity-conserving part of the process B' —+ Bx
in terms of the SU(3) invariants T, of the direct channel,
using the assumption that the weak interaction trans-
forms like a unitary octet. Normal charge conjugation'
means that it transforms like the sixth component of
the octet:

P„-Ep+Fp. (2.1)

Taking into account all the amplitudes relevant to the
nonleptonic hyperon decays, one can write a set of
eight equations of the form"
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determines their crossing relations. The s ~I crossing the parameters:
relations (where s and u are, respectively, the direct
and crossed Bn channels) among the isospin eigen-
amplitudes are

(9/5)n+-,'y+-,'/i =0,
pn+ p r pill —0

(2.12)

(2.13)

Mp(Ã ~ Z7r) = —-'p (+6)M i/p(Z ~ )Ver)

+-p, (+6)Mp/p(Z ~ A ~),
Mi/p(h. —+ -ir)=-', (/6)Mi( ~h7r),
Mi(N ~Air) = —-'p(+6)Mi/p(A. ~ 1Vpr),

Mi(1V ~ Zir) =
p Mi/9(Z ~ /77r)+ p Mp/p(Z ~ 1Vvr) ~

(2.6)

One immediately notices that Eqs. (2.6) reduce (2.5)
to an identity. It is thus clear that CP invariance gives
no restriction on the parity-conserving amplitudes, in
contrast to the parity-violating case where (2.5) be-
comes the Lee relation on using the crossing equations. '

Using (2.6), we see from (2.4) that the following
relations hold:

P = —(12/5)n, v= p, —r/= pal+48. (2.7)

These relations reduce the number of independent
parameters in (2.3) from eight to five, as is expected
from considering the charge-conjugation conditions in
the BBchannel. In fact, on substituting (2.7) into (2.3)
and using the s+-+ t crossing matrix, one directly checks
that the J38 invariants T;" satisfy the conditions of
unitary-charge conservation:

Tip"+Tip*"=T„"=T„"=0. (2.8)

(In the octet invariants T;;",the index j refers to the BB
state. ) The remaining invariants of the / channel are

Ti"= 8X—pn+58+ Pp/i —47,
T»"———(9/10)n+ 8—p/i+ i.q,
Tip" ———(9/10) n—g'/i ——,'y,
T.."= (11/10)n+ b —p/i+ —,',7,

(1/V'5) T-"=——,'pn+ p/
—i'p V.

(2 9)

This completes the parametrization of the invariants
using octet dominance and CP invariance.

Now, imposing the same conditions that usefully
restrict the parity-violating amplitudes to a one-
parameter solution in agreement with experiment, we

find the following results.

Result II.1

Any SU(3) model with normal charge conjugation,
CP invariance, octet dominance, and vanishing de-

cuplet contributions in both the Bx and BB channels

gives the following two relations among the parity-
conserving amplitudes:

28( ~Am ) =8(A~ pw )+@38(Z+~p~p), (2.10)

Using (2.4) and (2.6), these can be written

(/6)Mi( —+ A~) Ml—/2(A ~ &pr) —Ml/2(~ ~ +pr)
—Mp/p(Z ~ /Ym') = 0 (2.14)

3Mi/p(h. —& /Yn-)+Mi/p(Z ~ /Vm)

+Mp/p(Z ~ Sm) =0. (2.15)

Equations (2.14) and (2.15) reduce to (2.10) and (2.11),
respectively, on making use of the AI= ~ relations con-

necting the isospin eigenamplitudes to the observable

decay amplitudes 8(7+8'), ' t—ogether with the
AI = 2 restriction on the 5 decays. These are

M», (A ~ A/~) = ——;(/6)8(A~p~-),
Mi/p(Z ~ /Ypr) =8(Z+ ~ n~+) ——,'V28(Z+ ~ perp),

Mp/p(& ~ cV~) = —8(Z ~ ippr ), (2.16)

Mi( ~Avr)= —8(. —+Avr ),
and

8(Z+-+m+)+V28(Z+~ pep)
—8(z-~ N~-) =0. (2.17)

We note that both (2.10), which is the Lee relation,
and (2.11) are well satisfied experimentally. Thus the
conditions of negligible decuplet contributions (with
normal charge conjugation) are favorable to both the
parity-violating and the parity-conserving amplitudes.

These conditions, however, do not lead to a one-

parameter solution for the parity-conserving ampli-

tudes, since we still need one more relation. The follow-

ing result is a statement on conditions that can ensure a
one-parameter solution for the parity-conserving ampli-

tudes under normal charge conjugation.

Result II.2
In an SU(3) model with normal charge conjuga-

tion, CP invariance, and octet dominance, the following
conditions (i) and (ii) are equivalent:

TJQ 0 ) T27 T]Q TgPk )

28(-——& A~ )=8(A -+ pm=)+&38(—Z+ ~ p~p),

8(Z+ +perp) = —v38(h. ~ pir—),
8(Z- ~ ~~-) =0.

The proof of this result, by substitution from the
previous equations, is straightforward. We note that the
relations (ii) are all well satisfied experimentally, so that
the restrictions (i) on the SU(3) invariants for such a
model are a good characterization of the experimental
situation.

8(Z+ —+ pn-P)= 938(A~P~ ). — (2.11) IIL ABNORMAL CHARGE CONJUGATION

To see this, note that we have already imposed all but
the decuplet conditions. These yield two constraints on

Abnormal charge conjugation, 8= —1, occurs if the
weak Harniltonian transforms like the seventh com-
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ponent of a unitary octet'.

H„E—Ep. (3.1)

3t ———',Xt—(7/4) Xz——,'8,

Atp= raXt+~~Xz —
are,

A go+= ~~Kg—43X2—~8,

a,.=a.,= ——.'/5~„
A,g= —

ghee
—4A2 —~6)

(3.4)

where b is the same parameter as that of Sec. II, and

&r= e(+6)Mr(Z ~Am)+(5/3)Mtp(A ~ Nrr), (3 5)
4,= 4Mt(z(A ~ err) —2(+6)Mt(Z ~A~) .
It is now straightforward to use this solution to find the
conditions that must be satisfied to reproduce the ex-
perimental results in. terms of one parameter. We
summarize this in the following result, using the ex-
perimental conditions (ii) of the result II.2.

Result III
In an SU(3) model with abnormal charge conjuga-

tion, CE invariance, and octet dominance, the parity-
conserving amplitudes satisfy the Lee triangle. The two
relations

B(Z+~p~') =—V3B(A ~ p~-),
B(Z-~ n~-) =0 (3.6)

hold if and only if the invariants A; satisfy the
restriction

227= d gp= A „. (3 7)

Note that (3.7) is a simpler condition than the cor-
responding one for the case of normal charge conjuga-
tion $11.2 (i)j and that it involves only the direct-

Proceeding in the manner of Sec. II Lwith the AF= —1
processes acquiring a minus sign in Eqs. (2.2)j, we

again obtain a parametrization of the group invariants,
to be denoted A;, which simultaneously takes into
account the conditions of abnormal charge conjuga-
tion, octet dominance, and CP invariance. It turns
out that the analysis is similar to the case of the parity-
violating amplitudes, ' and one obtains a three-parame-
ter solution with the Lee relation holding. '4 The latter
follows from the relation, similar to (2.5),

(+6)M (. A )+2M ( (A " )
+-,'(+6)Mt(1V ~An)+My)z(A ~.Vrr)
——,'Mr(X ~Za.)—Map(Z ~ 1A.)

—Mtp(Z ~ c77r) =0
& (3.2)

which, on using the crossing equations and the AJ=-,'
restrictions, reduces to

2B( —+ A7r
—

)=B(—A p7r )+43B(Z+ -prr') . (3.3)

The three-parameter solution for the direct-channel
invariants A; is

channel invariants. We 6nd in Sec. IV that (3.7) is
applicable to the pole model, leading to two simple
algebraic equations that determine the F/D ratios.

IV. POLE MODEL

At ———(5/3)x(1 —u)+2yu,
A z7 = ax(1 —u) yu—, —
A,p= ——,'x(1—u) —xu —y(1—u),
A, e.—— ,'x(1 u)+—x-u+y—(1 u), —
A „=(13/6)x(1—u)+-a, yu,
~-=~ *=-:(V'5)Exu+~(1-u)j,
A gg = ex(1 u)+ aalu )

(4.2)

where a common multiplicative factor has been dropped.
From (4.2) one can directly check that this is a case

of abnormal charge conjugation. " In fact, Eqs. (4.2)
can be reproduced from Eqs. (2.4) by the following
identification":

lit = ——,'x(1—u) ——,'yu,
Xn = —2xu —2y(1—u), (4.3)

8= —',x(1—u)+xu —yu+y(1 —u) .
'0 Note that identifying (4.2) with the parametrization of

normal charge conjugation leads to the result that all terms must
vanish identically. This model therefore exists only in the case
of abnormal charge conjugation.

For the hyperon nonleptonic weak decays, the pole
model was first suggested by Feldman, Matthews, and
Salam" and later employed by several authors either
phenomenologically or in connection with current
algebras. It consists in approximating the parity-
conserving amplitudes by the baryon octet poles in the
s and N Bm channels and the pseudoscalar meson octet
pole in the BB channel. In order to continue using our
formalism, it is convenient to adopt an approximation,
used by Lee and Swift, "on the baryon mass splitting.
For the physical decay process B,~ B,+rr we assume

M(B,)—M(B,)=const. (4 1)

This then results in M(A)=M(Z)= ra(M( )+M(1V)).
Besides being a reasonable estimate, considering the
other assumptions (such as octet dominance), the
approximation (4.1) has two advantages:

(i) It enables us to continue using the SU(3) in-
variants without complicating the expressions with
factors involving the mass ratios and differences.

(ii) It allows us to take implicitly into account
the octet meson exchange in the BB channel by
simply ignoring it. The reason for this" is that under
(4.1) the contribution of the meson exchange can be
absorbed into the antisymmetric component of the
spurion vertex.

Representing the effective spurion vertex by xD+yF
and the BBM vertex by (1 u)D+uF (not to—be con-
fused with u of Sec. II), we obtain from the combined
contribution of the direct- and crossed-channel baryon
poles the following expressions for the invariants:
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kn= —1, k+n= s,—

for which the solution with positive g is

)=0.54, s) = —1.87

(4.4)

(4 5)

to two decimal places. "The value for $ is in good agree-
ment with other determinations" of the F/D ratio
at the BB3f vertex. If one neglects the t-channel
meson exchange, s) becomes the actual F/D ratio at the
spurion vertex. The fact that the above value for q is
not drastically di8erent from estimates by other

The result III is therefore applicable, and we conclude
that in this model (i) the parity-conserving amplitudes
satisfy the Lee triangle (3.3) and (ii) the two relations
(3.6) will hold if and only if the parameters are re-
stricted such that (3.7) is satisfied.

Writing )=cs/(1 —n), s) =y/x, the condition (3.7) gives

authors'4 " for this ratio indicates that the meson
exchange is not a major contribution.

Finally, we remark that since the question of whether
or not conditions such as (3.7) are satisfied is com-
pletely determined by the actual values of parameters
like F/D ratios, one may conclude that within SU(3),
relations of the type (3.6) must be of purely dynamical
origin. The I.ee relation (3.3), on the other hand, can
be a symmetry eGect in that it is a direct consequence
of abnormal charge conjugation in models with this
property. Since every. dynamical model for the parity-
conserving decays must include the pole model in some
approximation, it seems that a large abnormal com-
ponent is in any case inevitable.
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Backward (8 =180') ~N Disyersion Relations: Ayylications to the
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On the basis of Mandelstam analyticity, crossing, and the observed drop of the backward (180') s+p
differential cross sections with energy, a set of unsubtracted dispersion relations is written for the mE
amplitudes A+, J3+ at 6xed 8=m-. A further application of crossing allows the derivation of separate sum
rules on A and 8+, which are not of the superconvergent variety, and which provide us with information
about NN-+ nv scattering. In particular, we are able to deduce a value of the spin-Rip f'(1250)-N-N
coupling constant, which is shown to permit the following observations: (1) The residue function of the P
(or P') trajectory in sN scattering changes sign between t=0 and t=mr'=1. 56 GeVs, and (2) universal
coupling of the f'(1250) meson to the gravitational stress-energy density and the knowledge of the afore-
mentioned coupling constant 6xes the zero-momentum-transfer values of two of the three mechanical form
factors. The values are given in the text. Lastly, we present an extended discussion of the Barger-Cline
model within the context of backward dispersion relations.

I. INTRODUCTION
' 'N this paper, we make use of the Mandelstam
- ~ analyticity, crossing, and the observed high-energy
behavior of the backward sr+p difFerential cross sections
to derive unsubtracted backward (8= 180') sr1V disper-
sion relations. From these we obtain sum rules on the
two invariant amplitudes A and 8+. These are Not

superconvergent relations at N=o; unlike such rela-
tions, 's the sum rules in the present work (1) do not
make use of the Regge postulates niv (0) and/or
csa(0)( —ss, or, equivalently, lim, „sA+, sB+=0 (the

validity of any of these assumptions is at best in doubt')
and (2) clearly separate the I=O and I= 1 contribu-
tions in the XE-+ srsr channel. Thus we are able to
estimate (with a fair degree of confidence) the spin-
flip coupling of the f(1250) to the nucleon and thence
to proceed to the results mentioned in the abstract.
An outline of the paper is as follows: Sec. II:derivation
of the dispersion relations )Eqs. (35)—(38)j and the
sum rules LEqs. (41) and (42)j; Sec. III: saturation of
the sum rules by known resonances; Sec. IV: numerical
estimate of the coupling of the f(1250) to srsr and 1';

3 A. Ashmore, C. J. S. Damerell, W. R. Prisken, R. Rubinstein,' D. S. Seder and J. Finkelstein, Phys. Rev. 160, 1363 (I967). J. Orear, D. P. Owen, F. C. Peterson, A. L. Read, D. G. Ryan,' D. GrifEths and W. Palmer, Phys. Rev. 161, 1606 (1967). and D. H. White, Phys. Rev. Letters 19, 460 (1967).


