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E,, is the threshold energy for production of anti-
protons. The production rate is given by

pmx d
0 dp

To obtain an expression for the differential cross section
do/dp, we use the results of Wayland and Bowen?:
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where the primed quantities are in the c.m. system and
T is the longitudinal temperature, T is the transverse
temperature, ps*= p.24m?, p?=p2+m?, p is the mo-
mentum of produced secondary, m is the mass of
produced secondary,

k=2 Vo/h3m264ToK2 (mc”/To) y

(B2)

(1;‘6.];) R. Wayland and T. Bowen, Nuovo Cimento 48A, 663
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and V, is the interaction volume. As we are working
with high energies, d%/dpdQ decreases very rapidly
with increasing 6. Therefore, we can write cosf~1 and
sinf=6, and extend the range of integration over 6 to «.
Thus we have
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where
b= 21rTom2K2 (m/To)k )
p*=7*(p—BE)+m’.
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It is shown that Smith’s formulation of the collision lifetime matrix can be applied to the relativistic
steady-state solutions of Maxwell’s equations for the total-reflection case. In this way, a delay time A¢ is
obtained which, though probably unobservable as a time process (At~10716 sec), leads to measurable re-
sults in a suitable stationary experiment. By multiplying the delay time At by the group velocity of the
wave in the vacuum, we obtain the displacement Ax of the wave in the vacuum parallel to the surface. If
the incident wave is then collimated by a slit, the center of the reflected beam, on reappearing in the di-
electric, will show a parallel displacement relative to the beam reflected at the mirror which is given by
Axjy= (A/7) [(sing;)/ (sinf;—1/n2)1/], where \ is the wavelength of the light in the dielectric of refractive
index 7, and 6; is the incident angle, greater than or equal to the critical one. This is just the result of the
experiment performed as early as 1947 by Goos and Hinchen, who found the parallel displacement to be

given by (A%||)exp=0.52\[1/ (sin%;—1/n2)1/2].

HE time delay of scattering processes has not
been discussed explicitly until quite recently.
Eisenbud,! Bohm,? and Wigner® have pointed out that
a simple wave-packet analysis of an elastic collision
(in single-channel scattering), which can be described
by phase shift §, implies a delay time which involves the
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energy derivative of the phase shift:

36 as
At=20—= — if—S*, 1)
OE

dE

where S'=¢?% is the scattering matrix. Smith* had shown
that it is possible to obtain a delay time from the steady-
state solution of the time-independent Schrddinger
equation for a single energy E. In his paper it was shown
that a collision lifetime Q (in single-channel scattering)
can be defined as the difference between the time spent

4 F. T. Smith, Phys. Rev. 118, 349 (1960).
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by the particle in the region of the scattering interaction
and the time spent in the same region in the absence of
the scattering interaction:

Q=;1_)rg/ [Uz(z)Ur*(z)—2/v]dz. 2)

In (2), Ug(z) is the steady-state solution normalized
to unit incoming flux with a potential function that
vanishes at large z and becomes infinite at z=0. The
term —2/v arises from considering the probability
density in the absence of interaction (V=0 for all 2<0
and is infinite for 2=0). Furthermore, some device is
needed to exclude oscillations of the integral. Smith
was also able to prove that Q from (2) is identical with
At as given by (1). Examples of scattering processes
in which the form of the incident wave packet has been
explicitly taken into account have been considered
in detail by Beck® and by Nussenzveig.® The question
of whether the interesting details of onset and straggling
effects in the scattered wave packet can be studied
experimentally has been posed by Austern.” Quite
recently Froissart, Goldberger, and Watson® have shown
that just as the energy derivative of the argument of the
S matrix gives a time interval for events, the corre-
sponding derivative with respect to momentum transfer
gives a space interval. More generally, they suggested
that these two derivatives may provide a basis for
introducing space-time intervals into physical theory.
Ohmura® has shown from a more general wave-packet
analysis of a scattering process that the observable
delay time is not always given in terms of the scattering
matrix only, but depends also on the energy derivative
of the phase a(E) of the incident wave packet. Since
the latter is independent of the scattering matrix, the
suggestion made by Froissart, Goldberger, and Watson
would remain valid only under the conditions specified
implicitly in their paper.

It is the aim of the present paper to show that
Smith’s formulation can be applied to the relativistic
steady-state solutions of Maxwell’s equations for the
total-reflection case, and that observable results can
be obtained from a suitable stationary experiment. We
consider the left half-space filled with a medium of
dielectric constant e [e(z)=e¢ for all 2<0 and =1 for
z>0]. We distinguish two cases: (a) the “free’” case
in which the plane wave incident from the left at
an angle 6; equal to or greater than the critical one
[Beris=sin""(1/n)] is totally reflected by a mirror at
2=0; and (b) the second case in which the wave under-

( & G3 Beck and H. M. Nussenzveig, Nuovo Cimento 16, 416
1960).
6 H. M. Nussenzveig, Nuovo Cimento 20, 694 (1961).
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Rev. 131, 2820 (1963).
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(1964).
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goes total reflection after penetrating some distance in
the vacuum.!®
Taking the electric field of the incident wave polar-
ized normal to the plane of incidence (y axis), the
electric fields in each case are, respectively, as follows:
case (a)
Ey=E0(eikzz_ —ikz)zsoei(kzx—wl), (3)

case (b)

8,= & { (etkert-g2idg—ikez) <

2k,
+< e—i8e-—-Kz> }ei(ka:x—-wt) , (4)
k22+K2 250

where K= (1/n)[ (n*—1)k2—EkX]72, n=(¢)'?, and &
=tan~!(K/k.). The solution in the absence of a mirror,
for 250, satisfies 9%8,/922+k.28,=0, from which it
follows that

« 98, 068,08,*

* 920k, ok, 0z

19
(ZSO)7 —_*[8
2k, 02

:|= 8,8,*. (5)
Likewise, for >0 it satisfies
98, 98,08,*

920K 0K 9z

1 0
=20, ——[éz,*

=8,8,*. (6)
2K 93 :I (

The integrated excess electromagnetic energy density
from g=—Z to 2=+-Z is given by

1 +Z
AV (2)=— / (8,84 —EEH Nz, (7)

wJ—-Z

where Z must be taken always positive. This gives

35 sin2(k.Z—38)+sin2k.Z
F
ok, ks
4Z(1+1/2K2)
e(k2+K?)

since we take &o=FE, For sufficiently large Z the
exponential term may be neglected, and the oscillating
terms may be avoided by taking the average value of
AU (Z) as Z increases. Thus, we have

AU(Z)= CEOEO*[—z

KZ:' , (8)

1 2Z
(AU)=lim — f AU(Z')dZ" = —2eEoEe*05/ k.. (9)
Z—0 Z z

According to Smith’s formulation, if we now divide

y the incoming Poynting energy flux J5,™°

AU) by the i ing P i flux §.f
= (¢/8m)nEyEo* cosb;, we obtain the desired delay

10 Hereafter the solutions without mirror will be written with
script characters.
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time, which is

At=———. (10a)

From 0k,/0w=ew/c%., and since we take S=¢2% we
can write Af as
N
At=—i—S*.
dw

(10b)

The last formula is identical with (1) when one sets
E=%w. From the phase shift (by differentiation), the
delay time At can be written as

A sind; tané;
Al= ,
(¢/n)w (sin20;— 1/n2)\/2

(10¢)

where A is the wavelength of the light in the dielectric
and 6;> 6. As given by (10c), Af is probably beyond
experimental detection: It becomes infinite for ;= fcri,
but when 6; deviates as little as 10 min of arc from
Ocrit, At is about 1074 sec and then remains always of
the order of (\/c)~10"® sec. However, a mechanism
can be imagined by which this delay time, unobservable
as a time process, might lead to measurable results in a
stationary experiment. During all the time the wave
propagates through the vacuum, it must travel with a
certain group velocity ,(? in order that momentum
may be conserved along the reflecting surface. Upon
dividing the Poynting vector along the surface by the
energy density, we obtain v,(9 = (¢/%) sinf;, and thus
the displacement Ax of the wave in the vacuum parallel
to the surface is given by

A tané;

Ax= (A9 =— —————— (11)
w (sin20;— 1/n2)1/2

Now, if the incident wave is collimated by a slit, the

center of the reflected beam, on reappearing in the

dielectric, will show a parallel displacement relative to

the beam reflected at the mirror given by

A sin0.,-
A=Az cosf=— ——————
w (sin%0,— 1/n%)12

(12)

This shift is also very small, but may be amplified
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Fi16. 1. The experiment of Goos and Hénchen.

by successive reflections to produce an observable effect
as in the Goos and Hinchen experiment” (see Fig. 1).
The optical beam 74, striking the interface under an
angle 0;> 0., is reflected not directly as a beam AR
but as a beam 4’R’, displaced parallel by a distance D,,
which they found to be given by

D,=0.52 (13)

A,
(sin20;— 1/n2)12
in fairly good agreement with Eq. (12), since™
1> sind;> (1/7).

Now, following Ref. 9, we can say that the displace-
ment of the “incident orbit” is D;, normal to 74, and
it is seen that D;=D,. Setting E=%w, since the mo-
mentum transfer Ap is normal to the surface and equal
to 2#k., its projection on a direction perpendicular to
IA will be Ap;=2hk,sinb;, and thus according to
(10), (11), and (12) we write

a6 1 as
D;=Axj=—2— = —2ihS*
Ok, sinb; dAp

(14)

which shows that the displacement of the incident orbit
in a direction normal to it, is given by the derivative
of the .S matrix with respect to the momentum transfer
in the same direction. This is the result given by
Froissart, Goldberger, and Watson.®
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