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p-Wave Resonances of U2s'f

L. M. BQLLINGER AND G. K. THoMAs

Argonne Xational Laboratory, Argonne, Illinois
(Received 26 February 1968)

The neutron transmission of a thick sample of U'3 has been measured over the energy range 0—200 eV
with exceptionally good statistical accuracy. The extremely small transmission dips that are detected are
interpreted as p-wave resonances, and their resonance parameters are derived. The probability argument
used to identify the p-wave resonances is applicable to most nuclides.

' N the study of neutron resonances at very low energy
(&100 eV), it is usually assumed that almost all of

the observed resonances are excited by s-wave neutrons.
Although p-wave resonances are surely present in most
heavy nuclides, the centrifugal barrier causes the neu-
tron widths to be so small that the resonances are rarely
detected. However, since data of exceptionally good
statistical accuracy can now be obtained with the large
and efficient bank of boron-loaded liquid scintill. ators
used in transmission measurements with the Argonne
fast chopper, ' we have measured the transmission of a
thick sample of U"' in an attempt to detect and to
analyze the expected. tiny transmission dips from p-wave
interactions. The sample was cooled to liquid-nitrogen
temperature to enhance the depth of the dips by reduc-
ing the Doppler broadening. The neutron time-of-Aight
resolution of the experimental system was about 25
nsec/m, which is adequate for the energy range 0-200
eV that was studied. These measurements are similar to
those reported' earlier for Th'".

Examples of the transmission data obtained are given
in Figs. 1 and 2. The sample had a thickness of 0.1696
)&10" atoms per cm'. Although this sample was ex-
ceptionally pure chemically and rather pure isotopically,
the resonance structure produced by a 0.031% impurity
of U"' is initially a serious source of uncertainty. How-
ever, the transmission dips caused by this isotopic
impurity were unambiguously identi6ed in a second run
in which the transmission sample consisted of 0.020 in.
of U"' in addition to the original thick sample of U"'
The transmission dips due to U"' are easily identified
because they are much larger for the composite sample
than they are for the U"' sample alone. For example, in
Fig. 1 it is obvious that the resonances at 9.3, 11.7, and
12.4 eV are due to U"' whereas those at 10.25 and 11.32
eV are not. Fortunately, the U"' sample is so pure
chemically that we detect no resonances from possible
chemical impurities.

Although the transmission dips that result from the
U"' impurity are easy to identify and reject in the
energy range shown in Fig. 1, at higher energies there

t gi'ork performed under the auspices of the U. S. Atomic
Energy Commission.' G. E. Thomas, Nucl. Instr. Methods 17, 137 (1962).

~ L. M. Bollinger, R. E. Cote, and G. E.Thomas, in I'roceedings
of the Second United Nations International Conference on the
Peacefnt Uses of Atomic Energy, Geneva, 1958 (United Nations,
Geneva, 1958), Vol. 14, p. 239.' L. M. Bollinger and G. E.Thomas, Phys. Letters 8, 45 (1964).
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are so many of the unwanted dips that they tend to
obscure small dips from U"'. However, their effect can
easily be eliminated by deducing a corrected spectrum
in which the intensity is N, =N —nN&, where N is the
spectrum obtained with the U"' sample alone and N~
is that obtained when the 0.020-in. -thick sample of
Uses is added, and cr= (t,/ts)(rt, /rts)((1 is a constant.
Here t is the running time, n is the effective thickness of
U"', and the subscripts u and 5 refer to the spectra N,
and Nb, respectively. The subtraction procedure elimi-

nates the inhuence of the U"' resonances only if the
U"5 impurity is small enough that efr&(1 for both of the
measured spectra. This condition is satisfied at energies

greater than 20 eV. The effectiveness of the procedure

may be seen from the corrected spectrum given in Fig.
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FIG. 1. Measured neutron time-of-Qight spectra at very low
energies. For the lower curve, 0.020 in. of U"' was added to the
1.4-in. sample of U" used for the upper curve. The spectra are
almost fully resolved,
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FIG. 2. A time-of-Sight spectrum
from which the resonance dips caused
by the U23' impurity in the sample
have been removed by the procedure
described in the text. The transmission
dips to which energy labels are at-
tached are those that are accepted as
being real. Other structure that ap-
pears signi6cant in the iigure (such as
near 75 eV) tends to disappear when
the data are plotted on a scale that is
large enough to preserve their inherent
accuracy.

2, where none of the U2" resonances4 can be detected-
not even the rather prominent ones in the neighborhood
of 56 eV.

As can be seen in Figs. 1 and 2, our spectra contain
many small transmission dips that are not caused by
U"'. The U"' sample was so pure chemically that the
actual magnitudes of possible chemical impurities could
not be determined in a routine chemical analysis. Hence,
we depend on the characteristics of the observed reso-
nances themselves to show that they are not caused by
chemical impurities. Two kinds of information are used
for this purpose. One is the observed width, which for
each resonance is small enough to be consistent with the
radiation width I'~=0.026 eV and the Doppler width
that is expected for U"'. On this basis we conclude that
the atomic weight of any nuclide responsible for a
resonance is fairly high: A &150. The second and more
useful kind of information consists of the energies and
areas of the observed dips. These have been systematic-
ally compared with the resonances' that would be
produced by a small impurity of each element that has
a stable isotope. Ke find that none of the observed
transmission dips can be attributed to a stable isotope.
Similarly, none of them can be attributed to unstable
isotopes of heavy elements (other than U) for which the
neutron cross section has been measured. Hence we
conclude that all of the observed transmission dips are
formed by resonances in uranium.

Our final step in the isotopic assignment of the ob-
served resonances was to compare them with what
would be expected from uranium isotopes other than
U"' and U" Again this was done by a comparison with
resonance parameters deteriruned in previous measure-
ments. 4 For lack of information to the contrary, a small

dip observed at 5.19&0.03 eV must be attributed to
U"', which is known4 to have a prominent resonance at
5.19&0.02 eV. Similarly, a barely detectable dip at

4 Data from many sources are summarized in Brookhaven
National Laboratory Report No. BNL-325, Suppl. No. 2, Vols.
I—III (unpublished)1. Information on uranium is given in Vol. III.

about 5.49 eV probably results from a known resonance
in U"'. Using these dips as a measure of the amount of
U"4 and U2" in the sample, one can then show that
neither isotope could be responsible for any of the
clearly observed transmission dips at higher energy.
The inQuence of other possible uranium isotopes is not
detected at all.

Since almost all other possibilities have been excluded

by the tests outlined above, we conclude that all of the
remaining transmission dips are due to U"'. All of these
resonances that are exceptionally weak, including the
previously reported' ' ones at 10.25 and 89.5 eV, are
listed in the upper part of Table I. For comparison, the
well-known large resonances4 in the same range of
energy (usually assumed to be s-wave resonances) are
given in the lower part of the table.

All of the usual methods of making an unambiguous
separation of s-wave and p-wave resonances are in-
eGective for the tiny resonances of interest here, because
the neutron widths are so unusually small; the weakest
of the resonances (the one at 16.3 eV) has a peak cross
section Op of only 0.3 b. However, the probable nature
of these resonances can be inferred by comparing the
observed neutron widths with the expected widths for
s-wave and p-wave resonances. This comparison is made
in Table I. First we list values of gF„that are obtained
from the areas of the transmission dips. From these
values we obtain the ratio gi'„/(gi'„)for s-wave and
p-wave excitations by using mean values (gI'„)calcu-
lated from the strength function, which is defined' as

St,—— + gp
(21+1)AE

where AE is the neutron energy range considered, I'„'is
the reduced neutron width for an orbital angular mo-

'L. M. Bollinger, R. E. Cotb, D. A. Dahlberg, and G. E.
Thomas, Phys. Rev. 105, 661 (1957}.

'A. Saplakoglu, L. M. Bollinger, and R, E, Cote, Phys. Rev,
109, 1258 (1958).
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TA&IE I. Summary of data on low-energy resonances in U"'. The energies and widths
of the resonances in the lower part of the table were taken from Ref. 4.

jvo
(eV)

gr.
(10 'eV) s wave

gP /(gP )
P wave P(p,gr ) Asymmetry / value

4.41&0.01
10.25~ 0.02
11.32&0.02
16.3 ~0.04
19.6 ~0.04
45.2 w0.2
49.6 ~0.2
57.9 +0.3
63.6 &0.3
83.5 w0.4
89.5 ~0.4
93.2 ~0.5

125.0 ~0.6
152.6 &0.8
159.3 &1
173.3 &1

6.67
21.0
36.7
66.2
81.1

102.7
116.9
145.7
165.4
189.6

0.111+.0.002
1.56 ~0.01
0.358~0.006
0.053w0.015
1.0 a0.1
0.83 &0.15
0.68 ~0.23
0.48 +0.08
5.5 &1.5
7.0 +0.7

85.0 &4
3.0 ~0.6

14.2 ~2
370 ~2
10.4 ~1.3
33 4 ~4

1.5X10'
8.5

31
25
2.0

68
26
0.70
3.0

145

2.94X10 '
27
5.9
0.73

12.4
6.8
5.3
3.5

37.8
42.8

500
17.3
70.6

167.0
45.7

143.0

0.32X1
1.03
2.8
1.7
0.12
3.7
1.3
0.03
0.13
5.8

0-66X1
2.62
0.53
0.045
0.64
0.15
0.11
0.06
0.59
0.51
5.5
0.19
0.56
1.09
0.28
0.82

4.9X103
4.9
7.8
2.6
0.15
3.7
1.2
0.022
0.080
3.1

0.997
0.988
0.995
0.996
0.994
0.992
0.992
0.992
0.989
0.988
0.908
0.989
0.984
0.978
0.985
0.979

0
0
0
0
2.7X10 "
0
0
1.3X10 3

3.1X10-&6

0

yes
yes
yes
yes
yes
yes
yes
yes
yes
yes

mentum / of the incident neutron, and g is the usual
statistical factor g= rs (2J+1)/(2I+1), J being the spin
of the resonance and I the spin of the target nucleus.
For the low energies involved in our measurement the
reduced width I'„' for a p-wave resonance is I'„'
—=I' k 'R 'Eo '", where Eo is the resonance energy, 0
is the neutron wave number, and E is the nuclear radius.
Using the value' 8=9.1)&10 " cm yields I'„'=2.5
&10'Eo 'j"I'„.For s-wave neutrons the reduced width
is F '—=I' Eo—'~'

Values of gl' /(gI'„) were calculated under the as-
sumption that the strength function S is 1.0)&10 4 for
s-wave resonances and 2.5&& 10 ' for p-wave resonances,
as reported by Uttley et al. ~ In the table one sees that
the neutron widths of the newly found resonances are all
of about the size expected for p-wave resonances and
that they are all much smaller than would be expected
for the typical s-wave resonances. This in itself suggests
strongly that they are p-wave resonances.

A more quantitative statement about the nature of
the tiny resonances may be made by considering Hayes's
theorem' on conditional probability. Let us apply this
theorem to our problem under the assumption that all
resonances are either s-wave or p-wave resonances.
Then, when a resonance of unknown orbital angular

~ C. A. Uttley, C. M. Newstead, and K. M. Diment, in Proceed-
sngs of the Conference ol 1Vstctear Data for Reactors, Pares, 1966
{International Atomic Energy Agency, Vienna, 1967), Vol. I,
p. 165.' Bayes's theorem is discussed in most books on probability.
For example, see H. Cramer, The Elements of Probabtlety Theory
(John Wiley tk Sons, Inc. , New York, 1954).

momentum has a known value of gI'„,the probability
that the resonance is excited by p-wave neutrons is

p (gI' )
I'(p g'I' )=

w,P, (gI'-)+~.p. (gI'-)
(2)

where sro and sr, are the tt priori probabilities that the
resonance is excited by p and s waves, respectively, and

po(gi'„) and p, (gl'„)are the probabilities of obtaining a
value gF„within some arbitrary interval when a reso-
nance is known to be p wave or s wave, respectively.

Let us assume that the density of states is propor-
tionaP to 2J+1, independent of parity, where J is the
spin of the state. Then, since states with J= -', and —,

' are
formed by p-wave interactions, whereas only states
with J='sare formed by s waves, the ct priori prob-
abilities are w„=~ and x,= 4. Also, it appears that the
appropriate lower limit on the arbitrary interval
associated with p is the uncertainty in gF„.Thus, when

the error is small, we may let p„—& p~ and p, ~ p„where
p~ and p, are the probability density functions of gI'„for
p- and s-wave resonances, respectively. As a result, for
the U"' resonances Eq. (2) reduces to

Z(p, gr„)= (1+-,'(,,/, ))- .

If the neutron strength function is assumed to be
independent of J, then for the special case of a target

'Evidence concerning the J dependence is reviewed, for ex-
ample, by L. M. Bollinger, in NNclear Spectroscopy, edited by
F. Ajzenberg-Selove (Academic Press Inc. , New York, 1960),
Part A, p. 433.
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FIG. 5. Plots of P(p, gI' ) versus x„for U~~' at representative
values of the neutron energy. The abscissa is x~=7„/(P„)~,and
the probability P(P,gl' ) was calculated from Eq. (4) with
SO=1.0X10 ~ and S~ =2.5X10 4. The ratio (x,)/(x~) is 1110, 111,
and 11.0 at the energies 10, 100, and 1000 eV, respectively.

nucleus with I=O it follows that the average value of
gl'„is independent of J for p-wave resonances; thus, the
quantity gl'„/(gl'„)=I'„'/(I'„')is expected to obey the
Porter-Thomas'P distribution for both the s-wave and
p-wave resonances, even though we cannot determine
the g values of the individual p-wave resonances. Now
Eq. (3) reduces to the explicit form"

={I+cEs'Is exp L:,' (xx—x,)j} ',
where x=—gI'„/(gl"„)and c is a constant that is inde-

pendent of Ep and gF„.For the conditions and param-
eters assumed above, c=3.16)&10 ' when Ep is in eV.

The second form of Eq. (4) provides a clear descrip-
tion of the dependence of P(p,gl'„)on various factors.
First, notice that when x„and x, are small, P(g,gI'„)
depends mainly on Ep and its value is almost unity for
Ep& 100 eV. Second, as x„increases beyond a value of
5 or 10, the exponential term becomes important and

P(p,gI'„)decreases rapidly. Thus, for the low-energy
resonances with which we are concerned, there is only a
rather small range of gF„within which" the value of

P(p,gI'„)does not provide a meaningful determination
of the orbital angular momentum. This behavior of

"C.E. Porter and R. G. Thomas, Phys. Rev. 104, 485 (1956).
"The arguments that lead to Eq. (4) may also be used to derive

a useful expression for P(p, gP ) when INO. In the general case
the ratio x,/x„is not necessarily -,'; instead, it is ~s 4/9, and ~s when
I is 0, & and &1, respectively. Also, when INO the density func-
tion p„is not expected to be a simple Porter-Thomas distribution
but rather a distribution formed by the superposition of two or
more Porter-Thomas distributions with somewhat diferent mean
values. Nevertheless, if the factor $ is replaced by the appropriate
value of 7r,/x„,Eq. (4) is as accurate as is meaningful for most
nuclides, in view of our limited knowledge of &he J dependence
of (gi' ).

P(p,gi'„)is shown graphically in Fig. 3. Also, the figure
emphasizes the importance of low energy for an eGective
discrimination between s-wave and p-wave resonances
on the basis of the neutron width.

The calculated values for the probability P(p,gl'„)
that the observed U"' resonances are p-wave resonances
are given in column 5 of Table I. These values indicate
that there is a high probability that all of the narrow
resonances listed in the upper part of the table are
p-wave resonances —even the rather wide one at 89.5
eV. Also, all the resonances in the lower part of the table
are almost certainly s-wave resonances. These conclu-
sions are not inconsistent with previously published
information except with regard to the narrow resonance
at 10.25 eV. Chrien et a/."have concluded that this is
an s-wave resonance because its capture y-ray spectrum
is roughly similar to that of resonances that are surely
s wave. Although we agree that their p-ray data do
provide a strong indication that the 10.25-eV resonance
is excited by s waves, it also seems to us that the un-
avoidably marginal quality of the p-ray spectrum of
this weak resonance leaves room for doubt.

In an eGort to remove some of the remaining un-
certainty about the l values of the narrow resonances,
we have examined their shapes to see if they are in-
consistent with the asymmetrical shape that would be
expected of s-wave resonances. The results obtained are
given in column 6 of Table I. No useful information
could be obtained for the narrow resonances because the
expected difference between s-wave and p-wave reso-
nances is too small. However, a definite asymmetry was
observed for each of the resonances for which gI'„is
large enough to result in a small value of P(p,gI' );
thus, these are surely s-wave resonances.

The I-value assignments that follow from the data of
Table I and from the above discussion are given in the
last column. It must be understood, of course, that there
is some small probability that any one of the p-wave
assignments is in error.

If the above conclusions about the nature of the small
transmission dips are accepted, one may use the data of
Table I to deduce some interesting average properties
of p-wave resonances of U"s. First, consider the level

spacing. The most reliable data for this purpose are
provided by the resonances below the large s-wave
resonance at 21 eV. Here four spacings cover an interval
of 15.2 eV in an energy range within which almost all of
the p-wave resonances should be observable. Thus, the
average spacing is roughly 3.8 eV—a value that, in view
of the small size of the sample of spacings, is not in-
consistent with the expected value of one-third the
s-wave spacing of 18 eV.

A rough value of the strength function St of p-wave
resonances may also be obtained. By an obvious exten-
sion of the de6nition given in Eq. (1), the best value

"R.E. Chrien, M. R. Shat, O. A. Wasson, and D. L. Price,
gull. Am. Phys. Soc. 12, 105 (1967).



P —RAVE RESONANCES OI' U'''

of 51 ls
1

s = P P(p,gr„)gr.'.
36E

In this sum let us restrict the data to the range 0—100
eV. Also, assume that a quarter of the 100-eV range is
excluded from observation by the presence of the large
s-wave resonances. Then we obtain the value

S (2 I4 +s.o)&&l0 4

where the errors designate 80 jo confidence limits calcu-
lated under the assumption that the reduced width
gI'„' is distributed according to the Porter-Thomas
distribution. If the contribution from the 10.25-eV
resonance is dropped, the value of S1becomes 1.6&(10 '.
These values are in excellent agreement with Utley's
value of 2.5)&10

Nothing useful can be learned about the distribution

of neutron widths, because there is a high probability
that a resonance is not detected if gF„/(gl' )(0.1. The
dearth of p-wave resonances with small values of

gF„/(gl' ) is apparent from the table.
Perhaps the most interesting resonance parameter

that can be deduced from the narrow resonances is the
total radiation width for a p-wave resonance, since few

such widths have been reported previously for in-

dividual p-wave resonances in a heavy nuclide. The
most favorable transmission dip for this purpose is the
one at 4.41 eV. By curve fitting these data we obtain
I"~=0.017~0.007 eV, a result that does not diQer

significantly from the value 0.026~6.002 eV for s-wave
resonances. 4 Unfortunately, the error cannot be reduced
enough to provide an accurate comparison of the two
widths because the shape of the necessarily small

transmission dip is dominated by the Doppler width.
The authors are indebted to Dr. j'. E. Moyal for a

helpful discussion of Hayes's theorem.
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Production of 'Be, "Na, and '4Na Fragments from Heavy
Elements at 3, 10, and 30 Gev*

J. HUDIS AND S. TANAKAt

Chemistry Department, Brookhaven ¹tional Laboratory, Upton, ¹m York 11973
(Received 9 January 1968)

Formation cross sections of Be, ' Na, and ~'Na from tantalum, lead, and uranium targets irradiated
with 3-, 10-, and 30-GeV protons have been measured. Similar measurements have been made with silver
and gold targets at 30 GeV. At 10and 30 GeV, the yield of 24Na increases regularly with target mass, whereas
at lower energies plots of cross section versus target mass show minima. From the Be data, it seems probable
that the excitation energy transferred to the struck nucleus by the incident particle reaches a maximum even
for the heaviest nuclei at E„(10GeV. Very little, if any, additional nuclear excitation energy is gained by
raising the incident proton energy above this Ggure.

I. INTRODUCTION

~ iHE formation cross sections of 7$e, "Na, and ~'Na

have been measured from tantalum, lead, and
uranium targets at 3, 10, and 30 GeV and from silver
and gold at 30 GeV. These results combined with
published data from copper' ' and silver' targets extend
the systematic study of the yields of these fragments
as a function of target mass to the highest proton
energies presently available. The results from lead and

*Research performed under the auspices of the U. S. Atomic
Energy commission.

/Present address: Institute for Nuclear Study, The Tokyo
University, Tanashi-Machi, Kitatama-gun, Tokyo, Japan.' J. Hudis, I. Dostrovsky, G. Friedlander, J. R. Grover, N. T.
Porile, L. P. Remsberg, R. W. Stoenner, and S. Tanaka, Phys.
Rev. 129, 434 (1962).

~ G. Rudstam, E. Bruninx, and A. C. Pappas, Phys. Rev. 126,
1852 (1962).

'S. KatcoG, H. R. Fickel, and A. Wyttenbach, Phys. Rev.
166, 1147 (1968).

uranium targets presented here were originally included
in a survey of formation cross sections of a large number
of nuclides from these targets at 3 and 30 GeV. 4

There are two reasons for interest in the yields of
these fragments at high incident energies. In the work
of Caretto et ul. ' and Crespo et ul. ' and others it was
observed that plots of cross sections of fragments in the
18 to 30 mass region versus target mass show minima
somewhere between silver and tantalum targets. The
minima seemed to become shallower as the energy of
the incident proton was increased, however, they were
still present at 6 GeV. At this energy cross sections for
'4Na were lower from silver targets than from either

4 G. Friedlander, I'hysics and Chemistry of Fission (International
Atomic Energy Agency, Vienna, 1965), Vol. II, p. 265.

5 A. A. Caretto, J. Hudis, and G. Friedlander, Phys. Rev. 110,
1130 (1958).' V. P. Crespo, J. M. Alexander, and E. K. Hyde, Phys. Rev.
131, 1765 (1963).


