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Analysis of the xa Hypernucleus «C14
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(Received 23 January 1968)

An analysis has been made of the yet unobserved zzC'4 system in a h.-A.-C" model, using A-A. interactions
quite reliably determined from the analysis of pqHee. Allowance has been made for distortion of the core by
the two A. particles. The sensitivity of the results for AB+&=B&z—28& to the nuclear compressibility co-
efBcient is explored and the role of the AA. hypernucleus as a possible probe into this coefBcient is discussed.
Finally, the importance of an accurate experimental determination of Bss (ssC'4) has been stressed.

1. INTRODUCTION
' 'N a recent paper' by the present authors, hereafter
i - referred to as I, a preliminary theoretical investiga-
tion was made of the yet unobserved AA hypernucleus
AAC', treating the latter as a system consisting of two
A particles and a C" core. Although such a treatment
may not be very unrealistic in view of the fair rigidity
of the core, the calculations of Herndon and Tang' show
that the C" core may be rigid but not completely so.
From their analysis of AC" on an Q.-n-n-A model, they
find that the A causes a decrease of about 8% in the rms
value of the n-e separation distance in the free C" core.
Thus in &AC", one may expect some contribution to the
additional binding energy I&Bst, (=Ijas 28') due —to
core distortion by the two A particles, although this
contribution is likely to be considerably less than in
A&Be" and other possible AA hypernuclei, excepting
AAHe, whose core has rather exceptional rigidity. Since,
after AAHe', the next rather rigid core AA hypernucleus
is AAC', it seems worthwhile to make a detailed inves-
tigation of the latter with the inclusion of the above-
mentioned distortion effect. It is hoped that of all AA

hypernuclei, a combined analysis of AAHe' and AAC' is
likely to give comparatively more signiicant informa-
tion about A-A, A-X interactions, besides throwing light
on the structure of the core nuclei. '—'

In the present investigation, we shall analyze»C" by
the same C"-A-A. model as used in I but shall, however,
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include the core-distortion effects. Furthermore, the
present analysis will differ from I in that besides using
completely attractive A-A potentials, we have also used
here the meson theoretical hard-core A-A potentials.
The use of the latter is important, especially if one
wants to obtain information about the Z-A-x coupling
constant fxt&. This coupling constant seems to be ex-
tremely important in determining the strength of the
AZ interaction. "For both above-mentioned types of
potentials we have built up information on AAC",
basing our results on those quite reliably determined
from AAHe'. Finally, we have also considered the role
of AA hypernttclei as a possible probe into the nuclear
cores.

2. CALCULATIONAL PROCEDURES

We consider the following two A-A potentials.

(a) Completely attractive Yukawa potential:

V»(r) = —(I«( '/4~) (e ""lt r),

where UAA is the volume integral of the A-A potential
and p, the inverse range.

(b) Meson theoretical hard-core potential:

V~s(r) = r&r,
=3fxg'W(r), r) r,

where r, is the hard-core radius and W(r) the shape
function.

The two A's in the AA hypernuclei are in the singlet
configuration 'Sp (Pauli principle) for which the cou-

pling with the ZZ channel is weak and we have therefore
used only the lowest fourth-order potential, the second-
order potentials being zero because of zero isospin of
the A hyperon. Our potential (b) (for even ZA parity
and fxx=o) thus corresponds to the static limit of the
graphs in Fig. 1. The shape function W(r) is given by

W(r) =XVt&'& —3XV,&'&+IIVt&"—3IIV,&'&, (1)
' Very recently Pappademos (see Ref. 7) has studied the low-

energy X and AZ interactions in connection with a search for
dibaryon bound states and resonances in these systems. He comes
to the conclusion that, for the most likely values of the coupling
parameters and the core radii, no bound states in these systems
are indicated.' J. Pappademos, Phys. Rev. 163, 1788 (1967).

1203



1204 ALI, KOK, AN D GRYPEOS

TABLE I.Results for zzC' as a function of the volume integral Uzz of the Yukawa AA potential (a) and the nuclear compressibility
coeKcient X. (All energies are in MeV, lengths in F; d u is dined as aqq —ao). Figures in parentheses indicate rigid-core results. '

100

Range (MeV F') —300

19.51 (18.79)—1.36 (—2.05)—0.092

19.66 (18.64)—1.17 (—2.20)—0.115

22.01 (20.91)
1.14 (0.07)—0.105

22.50 (20.90)
1.67 (0.06)—0.133

300

26.82 (25.01)
5.95 (4.17)—0.127

27.93 (25.20)
7.10 (4.36)—0.164

500

33.28
12.40—0.148

35.04
14.21—0.193

150

~BAN
hg

19.22 (18.'79)
—1.65 (—2.05)—0.058

19.25 (18.64)—1.59 (—2.20)—0.071

21.57 (20.91)
0.70 (0.07)—0.066

21.85 (20.90)
1.01 (0.06)—0.085

26.08 (25.01)
5.22 (4.17)—0.078

26.79 (25.20)
5.95 (4.36)—0.096

32.19
11.33—0.090

33.32
12.48—0.112

a In both Tables I and II, in the calculations of hBgg, we used the variational results for Bg rather than the experimental value of Bg.

(a—ao), (a—ao)'
bg(a) = bg(ao)-bt +-', bs 7

apap

a—ao a—ao '
4~(a) = 4a(ao) &t +s—&s

a02ap

The total binding energies of 1 and 2 A particles to the
core are then given by

B ( ) =b ( )—Ã.( )—E.( o)j (4)
and

B~~(a)= bs~(a) —LE.(a)—E.(ao)j, (5)

where the core energy E, is represented by the quad-

r r r
rr

r
r&

r

A A

FxG. i. Graphs showing the two-pion exchange processes con-
tributing to the AA potential in the lowest order.

' J. J. De Swart and C. Iddings, Phys. Rev. 128, 2810 (1962);
R. H. Dalits, Phys. Letters 5, 53 (1963).

where X refers to the crossed graphs and II to uncrossed
ones and cr refers to the spin-dependent contribution.
The explicit expressions for the component parts in-
volving Bessel functions of order zero and one have
been taken from Ref. 8.

The binding energies of 1 and 2 A particles to the core
(exclusive of core energy) were expanded about the free
harmonic-oscillator size parameter ap characterizing the
density distribution of the free core as follows:

ratic approximation

(6)

es being related to the compressibility (stiffness) co-
eScient E by

os AE= a '(——d'E,/dao), a= ao. (7)

A is the mass number. Bzz is thus characterized by the
compressibility coefficient through expressions (3), (5),
and (7).' Maximization of BJ, and Bss with respect to
a yield the equilibrium sizes az and azz in the ordinary
hypernucleus and the double hypernucleus con6gura-
tion, respectively. One readily obtains the convenient
expression

~Bs~=B~s(as.~)—2B~(aj )

~boy(ao)+bl /(bs e2) ~t /2(a2 e2) y (g)

where Abqq(ao) = bqq(ao) —2bq(ao) would have been the
total additional binding energy if there was no distor-
tion, while the remainder in (g) gives the contribution
to DB~q of core distortion which is, as expected, E-
dependent. For a given value of E, AB~q is thus readily
obtained as a function of the volume integral Uq~ of
potential (a) or of the coupling constant fzo, in potential
(b), the coeKcients bt, bs, ct, cs, however, varying in
each case.

The calculation of biz was made with the equivalent
two-body method of Ref. 10. Since this method has
been applied before in a number of other problems, we
shall not go into details of the method but shall outline
its application in the present problem very brieQy. Ac-
cording to this method appropriate to the best 5-state
variational wave function of the product form
gt(rt)gs(rs)gs(rs), where the r's are interparticle separa-
tions, one obtains the following two-body equation for
the radial Schrodinger function fJ,~(r) describing A.-A

9 These expansions were also used in the h.-A core model studies
(see Ref. 4) of gee". In the present case, these are even more
suitable in view of the better rigidity of the C" core.

'o A. R. Bodmer and S. Ali, Nncl. Phys. 56, 657 (1964).
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TAnxE II.Results for ssC" for the meson theoretical hard-core AA potential (b) (with r, =03ts„') as a function of the coupling constant
fss and the nuclear compressibility coefficient X. Figures in parentheses indicate rigid-core results. Again Ao =ass —ae.

100

150

Range

Bhh
ABhh

4a

Bhh
ABhh

4a

Bhh
ABhh

Aa

0.1

18.99 (18.34)—1.89 (—2.50)—0.086

19.00 (18.15)—1.83 (—2.69)—0.107

18.76 (1834)—2.11 (—2.50)—0.055

18.66 (18.15)—2.18 (—2.69)—0.066

0.2

19.93 (19.15)—0.95 (—1.69)—0.091

20.07 (19.02)—0.76 (—1.82)—0.114

19.65 (19.15)—1.22 (—1.69)—0.058

19.65 (19.02)—1.19 (—1.82)—0.070

0.25

22.63 (2146)
1.76 (0.62)—0.106

23.15 (21.48)
2.32 (0.62)—0.134

22.19 (21.46)
1.33 (0.62)—0.066

22.47 (21.48)
1.62 (0.62)—0.081

0.275

27.96 (26.04)
7.08 (5.20)—0.128

29.16 (26.28)
8.33 (5.44)—0.166

27.21 (26.04)
6.35 (5.20)—0.079

27.92 (26.28)
7.08 (5.44)—0.097

relative motion: with the above A-core function and the generated A-core
potentials have been made. These calculations yield
binding energies which agree within 1% of the values
obtained by numerical solution of the two-body h.-core
Schrodinger equation with the same potential.

The numerical solution of the Schrodinger eigenvalue
problem (9) with the effective potential Uss+Wss&s&
gives bshe as a function of the parameters &x,s,P of the
A.-core function. For a given strength of the A.-A. po-
tential, the maximum of this function gives the required
b~~ for this strength.

For the estimation of distortion eBects we started,
for a given I, with a value of U4 (four times the spin-
averaged volume integral of the A-X interaction) occur-
ring through the volume integral of the A.-core potential
Uts ( 3U4) which gives 4(ao) = 10.51 MeV, the recent
experimental value" of Bs(sc").Maximization of Bs
in Eq. (4) with respect to a then gave a value of
Bs(as) which was obviously higher than 10.51 MeV.
However, to achieve stabilization of the A-core system
at the experimental value of Ba(as), the value of U4 was
lessened somewhat. The procedure was repeated till
Ba(aa) =10.51 MeV was obtained. The final value of
U4 thus 6xed, which corresponded to a weakening of the
A.-F interaction due to core distortion by one A par-
ticle, was kept the same in all subsequent calculations
of bye for various values of a.

(d'fas/dr') (2ttg —s/rt')

&&(b»+t&U»(r)+Was&'l(r) j)fag=0. (9)

The third. particle (i.e., the core in the present case)
appears through S'z&('& which is solely due to its pres-
ence. Wss&sl (for details of the definition and computa-
tion of Was&a&, see Ref. 10) is a functional& of the rela-
tive A-C" function g~ pic for which we choose a three-
parameter trial function g(r)=e "+se e" and of the
eGective A-C~ potential Vq ~as which was generated by
folding a Vukawa A-g interaction into the normalized
spherical density distribution of the core p, (r) repre-
sented by

p.(r) = (3srst'as) 'L1+ (4r'/3a') je-'"" (10)

The electron-scattering data for C'2 are well 6tted" by
expression (10) with a= as= 1.64+0.05 F. For the
A.-g interaction we have considered two ranges
tss„' ——0.7 F (bt,sr=1.5 F) and tttr '=0.4 F (bye=0. 85
F) appropriate to two-pion and E-meson exchange (see
Refs. 12—19), respectively. Variational calculations

3. RESULTS AND DISCUSSION

For the A-core distortion, we obtained volume inte-
grals Us of magnitude 948.4 and 955.7 MeV F' for
p,+&=p2 for X=100 and X=150 MeV, respectively,
the original rigid-core value of U4 being U4=970.0

'5 G. Alexander and U. Karshan, invited talk on low-energy
hyperon interaction in Proceedings of the Second International Con
ference on High Energy Physics and S-nclear Strnctnre, Rehovoth,
Israel (North-Holland Publishing Co., Amsterdam, 1967)."A. R. Bodmer and S. Ali, Phys. Rev. 138, B644 (1965).» S. Ali and A. R. Bodmer, Phys. Letters 248, 343 (1967).

~8 S. Ali and A. R. Bodmer, Nuovo Cimento SOA, 511 (1967).' S. Ali, J. W. Murphy, and A. R. Bodmer, Phys. Rev. Letters
15, 534 (1965).

'e W. Gajewsiri et ot., NucL Phys. BI, 105 (1967).

"M. F. Ehrenberg et ef., Phys. Rev. 113,666 (1959);U. Meyer-
Berlrhout, K. W. Ford, and A. E. S. Green, Ann. Phys. (¹Y.) 8,
119 (1959).

~'Although somewhat larger intrinsic ranges than these have
been found to be more suitable for describing the h.-p scattering
data (see Refs. 13-15) we restrict ourselves to these, the reason
being mainly that we are then able to compare the present results
with the existing ones (obtained with the same method) for other
AA hypernuclei (see Refs. 16-18) (especially ssHe') for which no
calculations have been made with bh~&1.5 F. However, the ap-
propriateness of a h.-S potential with bhN&1. 5 F is more for the
scattering data than for hypernuclear analyses which in fact often
tend to favor a shorter range (see Refs. 19 and 2). Recently
Herndon and Tang (see Ref. 14) have proposed a hard-core AI&I.-
potential (with bshe =2 1F) which g.ives agreement with the scat-
tering data as well as with the binding energies of 8-shell hyper-
nuclei. The essential feature which this potential has is that the
attractive part of the potential when centered at the origin has an
intrinsic range of 1.5 F or less. As mentioned by Herndon and
Tang, the longest range for the attractive part consistent with
charge symmetry corresponds to the range p, &

' for a Yukawa
potential without a hard core (bshe = 1.5 F).' S. Ali, M. E. Grypeos, and L. P. Kok, Phys. . Letters 24B, 543
(1967)."R.C. Herndon and Y. C. Tang, Phys. Rev. 159, 853 (1967);
153, 1091 (1967).
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TABLE GI. Results for qqHe' for the meson theoretical hard-
core A-A potentials for r.=0.3y ' as a function of the coupling
constant fqq. o. , P, s are optimum parameters of the A-core
function.

fry Big(MeV) n (F ') P (F ')

O.i
0.2
0.25
0.275

3.59
4.33
6.74

12.31

0.62
0.64
0.70
0.82

2.93
2.88
2.84
2.24

—0.365
—0.367
—0.371
—0.490

MeV F'. Thus the values of U4 were lessened by about
2.23% and 1.48%, respectively. For p&, the corre-
sponding values were 3.00% and 1.95% for K=100
and 150 MeV, respectively. These values are consistent
with the estimates of Bodmer and Murphy, "who also
studied ~C" with a two-body model. The values of the
equilibrium sizes were found to be a~= 1.593 and 1.610
F for p2 and a~=1.584 and 1.604 F for p~, the values
in both cases corresponding to E=100 and E=150,
respectively.

Tables I and II show the three-body results for
potentials (a) and (b), respectively. We have, for
ease of reference, also included in brackets the rigid-
core results Lobtained with ay= aiig= ap'. Bg(up)
=bii(ap), Bye(ap) =bye(ap)7. Let us first discuss the
results for potential (a) for which we have considered.

p '=@2 '=0.7 F, corresponding to the two-pion ex-
change mechanism of the A-A interaction. The general
features of the three-body rigid-core results (insensi-
tivity to the core size so long as the strength of the A-

core potential is adjusted to reproduce 8+ correctly,
etc.) have already been discussed in I and hence we
shall not discuss them further. By plotting the results
(including core distortion) for Bq~ as a function of
Uqp for both p2 and p~, one notices that the behavior
of Bqq is as expected. For a given U, Bq~ increases with
decreasing E, the rate of increase being larger for larger
U. Although the rigid-core results for p2 and p~ diGer
much less, reflecting the fact that the over-all di6er-
ences between the A-C" potentials for these two ranges
are small, one has that for a given U (especially for a
larger one) and a given E, the pic results for B~s are
somewhat larger than the p~ ones. This may be under-
stood in the following way: The presence of the two A

particles causes a radial core compression. For the com-
pressed core size which is smaller than the free core size,
the density distribution is effectively pushed inward
and has a shorter range Lnote from Eq. (10) that a
decrease in u implies a faster falling off of the density7.
Now since the A-E interaction for the E-meson range
is also deep near the origin and shallow outside com-
pared to that for the 2x range which is less deep near
the origin but more extended outside, the A-core wave
functions are now pulled in and the two A's are allowed
to interact more eGectively. Thus the E-meson potential
contributes proportionally more to the binding energy
8~~ than the two-pion one. However, as the value of

"A. R. Bodmer aud J. W. Murphy, Nucl. Phys. 64, 593 (1965).

E is increased, corresponding to comparatively less
distortion and hence a lesser decrease in the core size,
the disparity between the p2 and the pz results de-
creases. All this is also reflected in

~
haqit( (=

~
uq~ —a~ (),

which assumes comparatively larger values in the case
of p3:. For the values of the volume integrals U~q of the
A-A potential as are determined from the experimentally
observed value of Beati. (itiiHe') = 10.8&0.6 MeV "
namely for Uzz ——310 &8+23 MeV F' corresponding to
p2 and for Uq~ ——265&25 MeV F' corresponding to p~,
one obtains AB~J, (~qCi4) = 6.18 p p&+' "and 6.22 p sp+' "
MeV, respectively, for E= 100 MeV. For E= 150 MeV,
the corresponding values are 5.43 0 6+" and 5.21&0.51
MeV. Thus, although the volume integral of the A-A

potential for the larger A-S range p2
' is larger than

that for the shorter range p~ ', the results for rhBqq are
about the same for these two ranges because of the
above-discussed situation arising due to the core dis-
tortion. If the results for the A-A interaction are taken
to be reliably determined from itqHe' (and in fact this
should be the case since distortion effects for AA hyper-
nuclei are at their minimum" in qqHe') and if the ex-
perimental observation of ~~C" gives a value of ABJ, q,
which is approximately equal to or a little less than
EB~~(iiiiHep) =4.6&0.6 MeV, then this could be taken
to imply that for a given reasonable value of the com-
pressibility coefFicient, one would perhaps need a A-S
interaction range which might be even shorter than
pir ' (note that for a larger E, Bqs tends to decrease
with pq iv '). If, however, one assumes that the 2s.

range and the E range are about equa. lly compatible (in
fact, as we have discussed earlier, the analysis of qqBe"
did not seem to differentiate between these two ranges,
for the itqBeu interpretation of Danysz et al. 's event),
then one would require rather high magnitudes of the
compressibility coef5.cient—the one needed for p2
would be somewhat larger than IM~. In the limiting case
when Z becomes. infinite (rigid core) the EBqq values
for p2 and p~ become equal to 4.36 0.50+"' and
3.71 0.42+'" MeV, respectively. Thus, depending on the
experimental determination of EBqq(~qCi4) one could
associate varying amounts of compressibility with p2
and pz. The present analysis thus gives an indication
that, given an accurate determination of B~q, the AA

hypernucleus can be employed profitably as a probe
into the nuclear compressibility. In the present case,
even if one expects that the value of ABgg would be
insensitive to the mass number in the known range of
AA hypernuclei, i.e., ~qHes and ~qBe" (or qqBe") for
which the experimental ABqg values are about the same,
one would need to consider a "quasihard" C" core. Qn
the basis of the present results, one would expect a
value of E&150 MeV which is in not too great dis-
agreement with the observed values of E determined
from isotope shift and also with other estimates. '4

"D.J. Prowse, Phys. Rev. Letters 17, 'I82 (1966).
2' Y. C. Tang and R. C. Herndon, Phys. Rev. Letters 14, 991

(1965).
P'T. Kohmurs, Progr. Theoret. Phys. (Kyoto) 34, 956 (1965).
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We now discuss the results obtained with the meson
theoretical A-A potential for which we choose a hard-
core radius of r,=0.3p, '=0.42 F '" For this po-
tential, we had to perform calculations on ~qHe' for the
E range which were not performed in Ref. 12. The
results are shown in Table III.The value of the coupling
constant which is determined for tztr from Baa(aaHes)
=10.8&0.6 MeV is found to be fza=0.2711&0.002,
while the value obtained for tzz is fza ——0.2729+0.002."
For these values of the coupling constants, one obtains
ABgp=6. 23 0.6+ ' and 6.82 0.70+' "MeV, respectively,
for X=100 MeV; and 5.18 p, g5+' ' and 5.26 0.65+"
MeV, respectively, for E=150 MeV. One notices here
in the predicted values of AB~g, for the values of E
considered, a slightly diferent role of the two ranges
p2

' and p,~ ' as compared to the situation for the
Yuk.awa A-A potential —one now has a little more
binding with the IC range rather than with the 2m range.
This is presumably because the meson theoretical po-
tential outside the hard core is extremely deep and
rapidly varying, falling oB to zero after about 2 F and
thus the A-core wave function for the E range which,
as discussed earlier, is expected to experience more
attraction in the present problem than that for the 2x
range, at short distances, feels even stronger attraction
for the rapidly varying meson theoretical potential and
hence makes (IzBss)„n greater than (BBaa)„... es-
specially for small E. However, again, if it turns out
that the results for AB~~ are about the same for ~~He'
and qqC", then, for a given low E value, one would now
favor p, ~

' rather than p,~ '. Thus the conclusions about
the range of the A-E interaction are seen to depend
somewhat on the type of the A-A potential. Neverthe-
less, if the A-N interaction range is 6xed from some other
considerations, e.g., from a thorough and combined
analysis of S ttrtd P shell IzyPerrtztclez~"s; then, for this

"The behavior of Bqq as a function of r, was studied for ggHe,
where it was found that, so long as the change in the hard-core
radius is not too large, the results are not expected to depend dra-
matically on the hard-core radius (see Refs. 18 and 26). Inci-
dentally, for seHez, potential (a) with tz=tzz and potential
(b) with r, =0.3p, ' were found to be equivalent in the sense that
the values of the binding energy Bzz, the scattering length azz,
and the effective range rf)qq were found to be about the same. This
equivalence was attributed to the fact that potentials (a) and (b)
for the above values of range and hard core have the same intrinsic
range of 1.5 F. Such an equivalence, although existing in the
present problem for the range p2 ' of the A-N interaction, does
not seriously hold for j(Iz '. Since the calculations of Ref. 18 were
mostly performed for p~, we conclude from a comparison of the
present investigation with that in Ref. 18 that the intrinsic range
equivalence of the A-A. potential in AA hypernuclei may not be
absolute but may depend on the range of the A.-N interaction."R. H. Dalitz and A. Rajasekaran, Nucl. Phys. 50, 450 (1964).

'" Note that these values are consistent with the observation of
Pappademos that the strengths of the h.-Z interactions are not
large enough to form any dibaryon bound states. The Ah. scatter-
ing length, the effective range, and the well-depth parameter for
fz+ ——0.2711 are —1.6 F, 2.55 F, and 0.815, respectively. The
scattering parameters for the other Ah. potentials are given in
Refs. 1 and 17."See Refs. 29 and 14 where possibilities of reconciliation of the
scattering data with hypernuclear analyses have been discussed
in some detail.

"R. H. Dalitz, invited paper presented at the ToPical Cog-

given range, the analysis of aaCt4 would, besides select-
ing an adequate X value, also shed considerable light
on the form and strength of the A-A potential. It is be-
lieved that the results of the present investigation will
serve as a useful guide in understanding these points in
greater detail when an accurate determination of
Bag(aaC") has been made.

A more dynamical approach than the one presented
here would be to study the zzC" system as being of
n-n-n-A-A structure. In this case, it would be necessary
to use suitable O,-n potentials which give a fair repre-
sentation of the ground state of the C" system as a 3n
system —one would probably have to allow for the
existence of a possible D-wave n-0. wave function com-
ponent in the J=O+ ground state of C".Thus one would
need an angular momentum projection of the n-o, po-
tential onto the various partial waves. ' As mentioned
before, Herndon and Tang have used a 3n model of C"
in their e-n-o, -A model studies of ~C". They however
introduce, besides using a two-body n-o. interaction, a
completely attractive three-body potential which is
parametrized. It is rather dificult to see the justifica-
tion for introducing such an attractive three-body term
and the significance of its parametrization.

After the work. reported in this paper was completed,
a report by Ananthanarayan" came to our attention
in which the z&C" system was studied using the diferent
method of Dawson, Talmi, and Walecl~a. His results
indicate a rather low value of ABatz(3. 75 MeV) which
was based on the A-A. interaction deduced from gee'
for which the method of Dawson ef cl. was not very
appropriate but, nevertheless, the possible modification
of the results due to uncertainties resulting from his
analysis of &&He' was also discussed. In any case, the
results of Ananthanarayan correspond more to our
rigid-core results, supporting a near rigid structure
for C".
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