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Negative Magnetoresistivity in Dilute Alloys*

M.-T. HEAL-MoNonj' ANn R. A. WEiNEa

Department of Physics, University of California, San Diego, La Jolla, California

(Received 25 October 1967)

The negative magnetoresistivity of dilute alloys containing magnetic transition impurities is calculated
in the second Born approximation using an s-d exchange model. Physically the variation of the magneto-
resistivity is the product of: (a) the field and temperature dependence of the conduction-electron scattering
amplitudes, (b) the freezing out of the impurity s spin degree of freedom by the magnetic field. In zero field,
the former contribution leads to the well-known Kondo logarithmic series in T, whereas the latter remains
constant in temperature. But in the presence of a magnetic field and for gIJ~H/AT &2, the freezing out
of the spins, mainly described by the square of the magnetization, varies, and much more rapidly than
the perturbation expansion of the scattering amplitudes. This is verified experimentally in CuMn alloys
(for T))TK, ~,), and allows us to phenomenologically extend our results to T= TK, z„ for which we get
the same good fit with experiments in CuFe alloys. For gIJ~H/k~T&4, the impurity spins are completely
aligned with the field; the scattering amplitudes become the main source of variation in the magneto-
resistivity. In this case, as in absence of field, an exact theory in needed.

I. INTRODUCTION

p

�I
TER some comments on previous work on the

.IL same subject, we calculate the effect of a paralleli

magnetic field on the low-temperature resistivity of
dilute alloys such as CNMn and CNFe, showing a Kondo'
resistivity anomaly. Our calculation is just a third-order
perturbation expansion of the s-d exchange Hamilton-

ian, and is therefore, in principle, restricted to tempera-
tures much greater than the Kondo temperature T~.
Work is in progress on a calculation using Suhl's scat-
tering-matrix methods' which will be valid at all

temperatures and magnetic fields. '
Although the s-d exchange model is known to be in-

correct for transition impurities, it has been shown'

that the Anderson model, which describes them cor-
rectly in terms of virtual d bound states, leads to the
same anomalous Kondo behavior as the truly bound

spins involved in the s-d exchange interaction. However,
calculations of the resistivity in the Anderson model are
extremely complicated even in zero field, ' and conse-

quently we have worked with the s-d exchange model to
obtain explicit results.

We shall assume the impurity concentration to be
small enough to neglect completely the effects of in-

ternal fields due to correlations between the impurities.
Our last section will brieQy comment on the internal-

field case in the absence of an external field. The resis-

tivity can then be calculated by considering the scat-
tering of the electrons from one impurity located at
the origin; then the total impurity resistivity (we will
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~ We ignore the usual positive magnetoresistivity due to the
vt&H term in the Boltzmann equation (v is the velocity of the
conduction electrons) .

2 J. Kondo, Progr. Theoret. Phys. (Kyoto) 32, 37 (1964).
' H. Suhl, Physics 2, 39 (1965); Phys. Rev. 138, A515 (1965).
4 R. More and H. Suhl, Phys. Rev. Letters 20, 500 (1968).
' J. R. Schrieffer and P. A. Wo18, Phys. Rev. 149, 491 (1966).
~ D. R. Hamann, Phys. Rev. 154, 596 (1967).

drop, in the following, the phonon part) will be ob-
tained by multiplying the result by the number of
impurities.

The unperturbed Hamiltonian is

X= Qadi aL, ai, , 21JiiH g—ai„~ s~,, *ai,„gpliHS„—
k, o k,o,o i'

where ak. (ai„) is the creation (destruction) operator
for an electron of momentum k and spin component, 0
in the s (field) direction, and ei, is its kinetic energy.
The second and third terms represent the Zeeman
energies of the electron and impurity, respectively; H is
the magnetic field, pg the Bohr magneton, and g and 2
the g values of the impurity and the conduction elec-
tron. 5, is the component along the s axis of the im-
purity spin S. The perturbing Hamiltonian is

K'= (V/N) Q ag, t'ai. ..
2(J/E) Q— ai, ...ts... Sai,„(2)

where s and S are the spins of the conduction electron
and the impurity, respectively, and E the number of
atoms of the crystal.

For gyring/k&T(2, the most rapidly varying part of
the negative magnetoresistivity is caused by the
freezing out of spin-Qip scattering due to the aligning
of the impurity spins by the magnetic field. That is,
consider the following spin-Qip scattering process:
initial state of an electron of momentum k;, spin down,
and impurity with spin component Mq, going into the
final state of an electron of momentum ky, spin up, and
impurity spin component Mz —j.. In the simplest case,
g=2, energy conservation gives I kg I=I it; I, so for
electrons initially within kiiT of the Fermi surface (the
only ones which contribute to the resistivity) the
final-state spin-up electron has a total energy (kinetic+
Zeeman) less than ~z by at least 2pi3H k&T, and this—
scattering process is forbidden by the exclusion prin-
ciple. Since the field tends to align the impurity spins
552
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along the positive s direction, more of the spin-Rip
processes are of this forbidden electron-spin-down
into electron-spin-up type than of the spin-up into
spin-down type allowed by the exclusion principle,
and the total contribution of the spin-Qip scattering
amplitudes to the resistivity is decreased. This is a
much more important source of the variation of the
resistivity with field (or temperature at fixed field) than
the field and temperature dependence of the scattering
amplitudes themselves, at least until the spins are
completely aligned. In this regime the leading term in
the magnetoresistivity is then given by the square of
the magnetization M' to both second and third order
in R'.' An extension of our results for temperatures
close to Tx can then be made (for gpiiH/kii T sufficiently
small) by replacing the Brillouin function for M by
the experimental magnetization. Since it appears ex-
perimentally' ' that M is not given by a Brillouin func-
tion of H/T, and, on the other hand, that theoretical
calculations of M exhibit the same kind of logarithmic
behavior in T as the resistivity, ""this extension should
include the most important part of the Kondo ef/ect in
the negative magnetoresistivity by correctly accounting
for the freezing out of the spin-Qip scattering.

Our results are compared with experimental data"
for both T»Trr (CuMn) and T Tx (CuFe). In both
cases, fairly good fits can be made and estimates are ob-
tained for the effective values of the exchange integral J.
These estimates should be taken only as order-of-
magnitude results, since the perturbation series is not
rapidly converging in CNMn, and we use rough approxi-
mations in fitting CuFe. The case of high gpiiH/kiiT
is brieQy discussed.

II. COMMENTS ON PREVIOUS CALCULATIONS
OF THE MAGNETORESISTIVITY

A. Second-Order Calculations

%e would like to make several remarks concerning
previous calculations of the resistivity to second order
in 3.".~" As was shown in these papers, the magnetic
6eld appears in the transport equations via the equi-
librium distribution of the spin states of the impurity as
well as in shift of the fermi distributions to f(ei,+piiH) .
This leads to relaxation times for spin up and down, 7+,

~ The second-order result has already been noted by K. Yosida,
Phys. Rev. 107) 396 (1957).' J. A. Careaga, B. Dreyfus, R. Tournier, and L. Weil, in
Proceedings of the Tenth International Conference on Low-Temperg-
tlre Physics, Moscow, 1966 (Proizvodstrenno-Izdatel'skii
Kombinat, VINITI, Moscow, 1967).

9 M. D. Daybell and W. A. Steyert, Phys. Rev. Letters 18, 398
(1967).

'0 M. S. Fullenbaum and D. Falk, Phys. Rev. 157) 652 (1967);
K. Yosida and A. Okiji, Progr. Theoret. Phys. (Kyoto) 34, 505
(1965)."B. Giovannini, P. Paulson, and J.R. SchrieBer, Phys. Letters
23) 517 (1966}.' P. Monod, Phys. Rev. Letters 19, 1113 (1967)."T.van, Peski Tinbergen and A. J. Dekker, Physica 29, 917
(1963).

which are energy-dependent through ei, and f(ei,):

Therefore, because of the presence of f(ei,), which is
rapidly varying at the Fermi energy ez, it is incorrect
to write directly, as has been done before, ' ~'

pH pro-
portional to 7,~

' with

7ejp = 7 6P) CF =T 6p) g

Rather, one has to use r+ ' given by Eq. (3) to calcu-
late the conductivities 0~ from

6y =6g+PgB)

where m and e are the mass and charge of the electron,
respectively. The energy integrals involved in Eq. (5)
can be done exactly, with the total conductivity given
by

and the resistivity by

PH =0

For the simple case of g,pH/k, T«,ivor example,
while the calculations using Eq. (4) find' "
pH gpii

' J'S(S+1)
pH=O &&T 9EV'+J'S(S+1)3'

X t L2+4S(S+1)3V'+V'S(S+1) I (~)

the correct second-order result is

pH gpBH J'S(S+1)
pH=o &sT 9LU'+J'S(S+1) j'

X I [1+4S(S+1)jV'+xJ'S(S+1) I. (10)

The discrepancies resulting from such approximations
are much more important in the third-order calculation.

B. Third-Order Calculations

A recent paper by Harrison and Klein" contains a
third-order perturbation calculation of pH for the case
~
J ~&&V. Although the transition probabilities are cal-

culated correctly, their result for pH is incorrect because
of several numerical errors and a more fundamental
error in the way they handle the expansion in J/V.
They ignore the cross term in (V—2Js S) ', which is in
fact the largest contribution to the magnetoresistivity.
The present paper will follow essentially the same pro-
cedure as HK but (we hope) with fewer errors and
with some generalizations.

'4 R. J. Harrison and M. %.Klein, Phys. Rev. 154) 540 (1967};
we will henceforth refer to this paper as HK.
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III. CALCULATION OF THE
MAGNETORESISTIVITY

The relaxation times 7-+ to third order in K' are
given by

V2~2VJ S J2 S 2

S(S+1)—(S')+(S.)+J2
1—f~(1—e+ )

+&~4VJ &S.)+~&S:)jg'(;~g"~)
+» LS(S+1)-&S')~(S.)j

g~(~+Ig~ &)+g'('+)
)1—f+(1—s')

where vo is the atomic volume of the host metal, k the
wave number of the conduction electron, and t, the
impurity concentration. &S,) and (S,') are the equi-
librium averages of the operators S, and S,' at the
temperature T:

(S,)= Q I'2r, 3IIs,
358=8

+8
(S.')= Q I'~,,~s',

integrals over the Fermi distribution:

k+(e) =X 'Q(e, p —e) '.

To make such terms converge we would have to take
into account the energy dependence of V and J, but
then the problem would be practically impossible
to solve explicitly. YVhereas these terms were tempera-
ture-independent in the B=O case, here their contribu-
tion to the resistivity depends on the temperature
through their product with (S,) or (S,'). However,
they do not contribute to the lnT terms and their
omission causes only slight changes in the coefficients
of (S,) and (S,').

The scheme we use for approximate calculations of
the resistivity is to write, from Eq. (11),

1/r+ ——(k212c22/IrfP) &second order+third order j. (1g)

Then, on the assumption that the third-order term is
much smaller than the second-order term, we expand
Ty as

z5' 1 third order1— (19)
kmcvo second order, second order

which enables us to do the integrals in Eq. (5) without
too much difhculty in the limiting cases given belo~.

A.
~
J ~((V, Arbitrary H and T

+8
~M sa/ Q eM aa

My=8

MS is the expectation value of S,.
Ke note the useful relation

&S:)=S(S+1)-&S.) -th-:-.
The Fermi distribution f~ is

fa ——Eexp ((e~—ep) /kIIT )+1j—',

with 2~ given by Eq. (6). The functions g+(e) are
given by

(14)

(~) 1, e+.&2

de= —&0.'
Be 1—f(2) (1—e+ )

'
sjnh(2n) ',( ) ~,gf+(q)

I+ ~n
~ d2=II(n),f ~f(~),

86 kIIT j

This is the case studied by HK. We expand Eq. (19)
in powers of I/V to order (I/V)2J/eF. From the first
term of Eq. (19) we obtain three terms in (I/V)2:
two from the two J' terms in Eq. (11) and another
one from the square of the VJ term of Eq. (11).
S111111ally~ a111011g tile (J/V) I/EIP telIIls 111 Eq. (19)
we obtain a cross term between the VJ and VJ' parts

(13) of Eq. (11). It is these last two terms which have been
omitted in HK and which give the largest contribution
to the magnetoresistivity (the 4(S,)' term below) .

To complete the calculation, we need the following
integrals:

BJ(E )I+(x)=, ln ——,'x de',
86 2k~X

where s is the number of conduction electrons per atom.
These g(2) integrals give the contributions of the inter-
mediate states responsible for the anomalous behavior
of the resistivity.

%e have dropped, as Kondo' and HK do, the terms
in the third-order part of Eq. (11) which do not involve

8~ 1—f(e) (1—e+~)

Bf(e) I+(e/kI2T)
c4

1—f()(1—")
I2(n)g+e/2 &~

sinh( —,'n)
'

The funct1ons Il(n) and I2(n) are the same as those jn
HK. They are computed numerically and shown in
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Fig. 1. Ke agree on their asymptotic expansion for

II(n) ~—0.432+0.091n',

II(n) 0—432. +0 030. ce', (21)

but we find the following for
~

ce ~) 10:

II(ee) ln
[ II/2 i

—(3 27/n. )+ ~,
Io(n) —ln

] n/2
(

—1+(3.27/n') + ~ . (22)

In terms of Ii, II, n, and (S,) the resistivity in the
presence of the magnetic field is

3T m
pn ————, cso V'+I't S(S+1)—A (n) j2' e 5

0,5

3sJ3
+ (S(S+1)—~ (~) )

X 1.568 1-' 8-, 23
26@

A (n) =4(S,)'+ (S,) (coth —',n —lail/sinh'( —',ee) )),
and

&( ) =I:S(S+1)—4&S*)'-&S*)-thl 3

XV.(-)-I.(0) j+-,-t:&S.)/ .h (-:-)j
&&Pm(~) —Ie(0)j (24)

and where we have used Eq. (13) to simplify the ex-

pl esslolls fol A aIld B. Eqllatlolls (23) aIld (24) I'e-

place Eq. (2.27) of HK. Subtracting pn~, we obtain
the negative magnetoresistivity hp as

~p =pH —pH=O

3~ m 3' kg Vl
cioIo 2 (n) 1+ 1.568+in

26@ 85 6p 2'�)
3Js

— B(n) . (25)

For„o.&&i~this becomes

3' m cx
&p————, cI1o —J'S(S+1) 1+4S(S+1)

26@85

FIG. 1. The functions 11{a)a,nd I~{n}versus a.

The lnH terms appearing here reQect Kondo-type
anomalous behavior in the applied 6eld" when all the
spins are aligned by the magnetic field, so that (S,)
is constant. Presumably an exact theory' is needed to
explain correctly such large-0. behavior, just an exact
theory is needed for the low-T behavior in absence of
field.

B. gIIsH/IeIIT« 1, Arbitrary V and J
In the limit of high temperatures or small magnetic

fields, we can expand Eq. (19) in powers of a for
arbitrary V and J. To order 0.', we need the following
integrals:

Bf(e) eI+ +n
~

de= —0.432+0.091n',
Be kIIT j

J f(~)1' ~~) ~.= —o.z1oo-.o.oo1,Bf(e)

86 keg T

Bf(e) f'( )I' d.= —0.114,
Bc kIr

&S.)=S(S+1)-/3.

(1+4S(S+1)) ln
kgT

ep 2'

while for n&10
3%' Rz,.=——, -. V+I rS(S+1)-4&S.) -&S.)j2' e'A,

X 1+—(o+h

The result for general V and J is very complicated, so
we will not write the general formula. However, the
interest of this small-n expansion is that we can, then,
compare two simple extreme cases: ~I ~((~ V (

and
+6.27S(S+1)+1.11, (26) ) V ~(&~ I ). Sillce this ratio is Ilot experlmelltally well

determined, our calculation allows us to know which
of these orders of magnitude for ( I ~/~ V

~
corresponds

to the physical situations. By comparison with experi-
ments for dp we can obtain an order of magnitude
for

~

I
~

in both limits. Then a comparison with the
V's obtained from pa; at higher temperatures

(27) (gIISH/ksT~O), using the above J's, should enable us
to know which order of magnitude of

( I )/) V
(

is con-
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sistent with the hypothesis from which we started. Since
we use only a truncated perturbation series, these
estimates are obviously subject to considerable error;
consequently the values obtained for

~
J

~

and
( V (

must be definitely regarded as rough order-of-magnitude
estimates. But as long as one of the two extreme cases
seems to reQect the experimental situation, the order of
magnitude of the ratio

) J ~/( V ) should be correctly
estimated.

For
~

J (&&~ V
~

the small-n limit for the magneto-
resistivity is given by Eq. (26). For

~
V ~&&) J (

58 we
have

37r t7s J'S(s+1)8r'
Ap —— cvp2' 8"A 27

4+ 4ln +3.48
~

. (30a)
3Js k~T

sp 2ep

As an example of an intermediate case for the
~

V ~/( J (

ratio, the result for
)

V (/j J
(

is given in Eq. (30b):

37r m J'S(S+l)n'
Dp = ———

CVO 1+' '-S(S+1)
2ep e'A, 9L'1+S(s+1)$8

3' k~T+-'ps'(S+1) '+ ln
6p 26@

&&L1+"-s(s+1)+;s'(s+1)')

(05505-8 777S(S+7)+0580&(S+7)'jI .
6'
6p

(30b)

We note also that for fixed J/es the magnitude of the
magnetoresistivity decreases with V and that the ratio
of the lnT term to the first Born term appears to be
smallest for

( V
( ~

J ~7
for all values of S&1.

IV. COMPARISON WITH EXPERIMENTS

We will restrict ourselves to comparison with those of
the experimental data" which are obtained in a fairly
large range of temperatures and fields, for concentra-
tions low enough to consider the internal fields as
unimportant compared with the external field, and
where the negative magnetoresistivity is reasonably
well separated from its positive part. Other magneto-
resistivity measurements can be found in Ref. 12.

A. CuMn Alloys

experimentally, the actual measured quantities are
pH~ and Dp, and not pH directly.

The experimental data" on the negative magneto-
resistivity in CuMn alloys have been obtained in the
temperature range 1.4—9.3'K. From previous estimates
of J and the behavior of the zero-field resistivity, TE.
seems to be of the order of a few tenths of a degree
Kelvin, " so these alloys appear to oGer a significant
test of our perturbation results. Using the procedures
described in Sec. IV B,a rough estimate gives ( J (/( V (

0.16, so we have used Eq. (25) to fit the data. We
have tried two fits, using Brillouin functions for
(S,)," by keeping, erst, only the J' part of Eq. (25),
and second, with both the J' and J' parts of Eq. (25) .
In the 6rst case we used J —0.33 eV, in the second
case J —0.24 eV. Both fits are fairly good (within
10/o) with a barely perceptible improvement in the
second case. Figure 2 shows the variation of Dp versus
T in both cases. The fit of the second case implies J(0.

The most striking feature of these results is that both
the first and second Born approximations for the elec-
tron lifetimes can give equally good fits to the negative
magnetoresistivity. This indicates that most of the
observed temperature and field variation of the mag-
netoresistivity is not due to the temperature and field
variation of the scattering amplitudes, but rather is
caused by the freezing out of spin-Qip scattering as
H/T is increased, as explained in the Introduction.
Since the same factor, A(n) in Eq. (25) accounts for
this freezing out in both the first and second Born ap-
proximations, " the fact that both will give a good fit
to the experimental results indicates that the freezing
out is by far the dominant contribution to the magneto-
resistivity in the temperature and field range of the
experiments. At this point, we note that the main con-
tribution to A (n) is the 4(S,) factor which is propor-
tional to the square of the magnetization Jt/12. Therefore,
one conclusion is that for gI5ISH &2k&T, Dp is essentially
proportional to 3P and this is verified experimentally.
This is true as long as the magnetization has not yet
saturated; once it does saturate ((x&4), the freezing-out
factors will cease to change and the variation of the
negative magnetoresistivity will be given by that of
the scattering amplitudes. We expect that this would
be correct even if M is not given by a thermal-equi-
librium spin distribution.

One further point must be made in connection with
our estimate of J from the second Born fit to experi-
ment. Even at these high temperatures (10 to 100
times Tlc) and very small J/es (~—0.04), the J' term

We will draw graphs and speak in terms of pH—
pH O=kp and not in terms of the full pH, because,

58 The
~

V
~

&&
~
J case is extremely diilicult for arbitrary 58, due

to the presence of the t 1—f+(1—e+ ) 'j terms which must be
kept in the denominator in the expansion in powers of V/J.
Fortunately it seems that this case has not yet occurred experi-
mentally, since in both CNMn and CeFe alloys we Gnd that

~
1

~
&& (

V
(

is the case consistent with experiments.

'M. D. Daybell and W. A. Steyert, Rev. Mod. Phys. (to be
published) .

~7 In this temperature and Geld range, the Kondo effect does not
cause signiGcant shifts in the magnetization from a Srillouin
function with S=2. This can be seen in the results of Refs. 8 and 12
which lead to a susceptibility X=g')575'S (S+1)/3kr) (T+T ) with
T' =0.2~0.1'K.

"The 8 (a) term in Eq. (25},which includes both the eGects of
freezing out and changes in the scattering amplitudes due to the
application of the Geld, is completely negligible for u(4.
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FIG. 2. Negative magnetoresistivity —Ap as a function of temperature T in CuMn (c=75 ppm) for H =10 and 20 kg. The smooth
curves are the theoretical curves; the open circles are the experimental points (Ref. 12). (a) Theoretical results given by the 6rst
Born approximation, J= —0.33 eV; (b) theoretical results given by the erst and second Born approximations, J=:—0.24 eV.

made as large a contribution to the magnetoresistivity
as the J' term. That is, the perturbation series is not
converging rapidly and the value of J we have obtained
indicates nothing more than the order of magnitude of
J. This is one of the dangers of doing perturbative
expansions in a theory with lnT anomalies: The lnT
is so slowly varying that even far above the critical
temperature associated with the logarithm, its value is
large enough to require summing all orders of perturba-
tion theory, as was pointed out by Suhl and Wong. "
The only reason we have obtained reasonably good. fits
to the experimental results is that the lnT terms con-
tribute very little to the magnetoresistivity temperature
and field variation in the region of the experimental
temperatures and fields; in other words lnT varies less
rapidly with respect to T than M'ac I/T' for small a.

B. CuFe A11oys

tween 5 and 16'K, and our results cannot, in principle,
be used in this temperature region. However, as we
have seen in the CuMn alloys, the most important
contribution to the negative magnetoresistivity for the
experimental temperatures and fields is due to the
freezing out of spin-Rip scattering; the temperature and
field dependence of the scattering amplitudes, for which
exact results are needed for T T~, have little eGect
on a 6t to the experiments. We have therefore made a
rough extension of our perturbation results to T TE..

Using the procedures of Sec. III B, we 6nd
~
J (/I V

]0.2. Rewriting Eq. (25) in terms of the magnetization
M (in Bohr magnetons per atom),

M=g(5*)

(we shall take g=2 in the following), we can express
the freezing-out factor A (n) in Eq. (25) as

The magnetoresistivity measurements for CNFe ( ) = ( + ( /
alloys are at temperatures between 1.4 and 7'K."
Unfortunately, the estimates of Tz" are spread be- (32)

"H. Suhl and D. Y. Kong, Physics 3, 17 (1967).~ C. M. Hurd, Phys. Rev. Letters 18, 1127 (1967); M. A.
Jensen, A. J. Heeger, L. B.Welsh, and 6, Gladstone, Phys. Rev,
Letters 18, 997 (1967}.

For u&1 the second term in Eq. (32) is very well ap-
proximated by

n/6M =IjsH/3k' TM IJs'S/3k~TX—= ps'/II, ,(P) (33)
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5.0 I I
J regarded as an order-of-magnitude estimate. Consider-

ing the crudeness of the way we have extended the
perturbation-theory results, the fit is fairly good.

T
1+9

A

IO—

I.32 0K

+ I.75'K
o 2. I I 'K

2.58'K
o 3 l64K

3.62'K
4 20K
5.30'K
6.00'K

O. I
I

3.0 4.0 5.0I.O 2.0

I 0 M I +—(Bohr Ma gneton/atom j
Fe
I'eff .

Fio. 3. Negative magnetoresistivity —Ap as a function of
M'(1+pal'jppff ) in CNFe (c=110ppm). The experimentalpoints
are from Ref. 12. The solid line corresponds to a slope of one (in
a ln —in/plot) and is given by the J' part of Eq. (34) with
) J i

=0.91 ev.

where x is the susceptibility and p,«an "effective"
moment defined by (33). Then the expression for the
magnetoresistivity is

3J, kgT
X 1+—1.568+In . (34)

6g 26@

We can reasonably suppose that a possible extension of
this formula to T T~ which will take account of the
freezing out of the spin-Rip scattering is to replace M,
which is given by a Brillouin function in Eq. (34), by
the experimental magnetization (which deviates signifi-
cantly from a Brillouin function'") and to obtain
p, &P from the experimental susceptibility by Eq. (33).
In this manner we hope to take account of the logarith-
rnic anomalies in the magnetization'~ and through that,
their most important effects on the magnetoresistivity.

Since the J' terms in Eq. (34) are clearly superfiuous
in the face of the guesses we have made to extend it to
T~Tz, we have attempted to 6t only the J' part to
the experimental data. The result, with

I
J I 0.91 eV,

is given in Fig. 3. Once more, this value for J must bc

V. DISCUSSION

The estimates we obtain for
I
J

I
in CNMn and CuFe

indicate that
I J Ic F.& I

J Ic„M and hence (Sir)c„M (
(Tx)c„x„which seems to be the case experimentally.
We do not wish to calculate the T~ corresponding to
our values of

I J I
as these are only order-of-magnitude

values, and a change of 10% in J gives a huge change
(approximately one order of magnitude) in Trc.

Our second Born result for the magnetoresistivity
indicates that there are two ranges of the value of
H/T in which specific mechanisms for the H and 2'

behavior of the magnetoresistivity can be separated.
The 6rst is u (2, in which all the observed variation of
Dp is given by the magnetization. In the other range,
0. &4, the magnetization is saturated and all the varia-
tion is due to the temperature and 6eld dependence of
the scattering amplitudes themselves. In the inter-
mediate region 4&o. &2, both effects are of the same
order of magnitude.

All the present experimental data has been obtained
in the first region and can be successfully Qtted by the
first Born approximation to the lifetimes, which
adequately account for the freezing out of spin-Rip
scattering. Experimental data would be welcome at
much higher fields" and/or lower temperatures to give
some indication of the temperature and 6eld variation
of the scattering amplitudes. Since the perturbation
series converges so slowly, an exact theory is needed
in the second region for both T&)T~ and T& T~.

The total resistivity in the presence of a magnetic
field is the sum of pH=O and of hp. The negative contribu-
tion of Dp may then introduce a maximum, below the
well-known minimum (when the phonon part is added),
in pH, as is observed experimentally. " Since

I hp I is
proportional to 3P (for n &2), 8

I Ap I/BB decreases
for increasing fields. Therefore, the difference between
the values of the maximum and the minimum decreases
for increasing fields. " It is reasonable to think that in
the very-high-Geld region the maximum will disappear.
This maximum is analogous to the one introduced in
pH=& by internal fields (for much higher concentrations)
in the absence of an external 6eld. In this case, the
internal fields due to correlations between the impurities
increase with the impurity concentration and the in-
duced maximum of pH 0 disappears gradually as the
concentration increases. "We expect that high external

"Previous experiments up to 100 kG on both CNFe and CuMn
Lsee, Y. Muto, K. Noto, and F.T. Hedgcock, Can. J.Phys. 42, 15
(1964)j are difficult to analyze quantitatively as the negative
magnetoresistivity is not correctly separated from the normal
positive magnetoresistivity.

"See, for example, a survey of such experiments in G. J. van
Den Berg, Joe Temperature Physics (Plenum Press, Inc., New
York, 196$), p. 955,
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magnetic fields would, in the same way, make the
maximum of pH disappear completely. The high-Geld
experiments suggested above would be able to verify
this conclusion.

p(gI ~H', T)uH'(T) d(gl ~H'), (35)

where o,T' is the phonon contribution; pH, (T) should
be given by Eq. (23) with H=H, , and P(gpBHj T)
is a statistical factor" '4 which describes the distribution
of the internal fields H;. We would like to mention first
that the second-order contribution to (35), which HK
find to be the main one, already has been studied by
one of us'4 with the same approximation that HK has
used:

p(gp~H;, T)~p(gp~H, , 0) Lorentzian distribution,

(36)

and led to the same main conclusion: At very low
temperature the resistivity p varies linearly with the
temperature with a slope independent of the concentra-
tion:

pr 0 ~ cSLk+T/6(T —0)] (37)

where 6 is the width of the distribution p(gp~H;, 0):

Therefore
h~ cS.

pp/0 ~ const. XT.

(38)

(39)

As the expression for p(gpsK, T) for TWO was not
(and so far is still not) established, we restricted our-
selves" to study the resistivity in the neighborhood of
O'K. However, our result (39) was sufhcient to point
out, for the first time, that one could expect a maximum
in the resistivity between O'K and T;„, in agreement
with experiment. We would like to point out that a
detailed investigation of the low-temperature resistivity

2 W. Marshall, Phys. Rev. 118, 1520 (1960);M. W. Klein and
R. Brout, ibid. 132, 2412 (1963); M. W. Klein, ibid. 130, 1156
(1964); A. Blandin, thesis, Paris, 1961 (unpublished).

~ M.-T. Beal, thesis, Paris, 1963 (unpublished); J. Phys. Chem.
Solids 25, 543 (1964).

VI. INTERNAL FIELDS

In the absence of external fields, but when the con-
centration is large enough so that the correlations be-
tween impurities can no longer be neglected, the
impurities spins are then subjected to internal fields H;
due to these correlations. We agree with HK that, in
principle, the resistivity is then given by the formula

is complicated for the following reasons: (a) Although
the calculation of (35) with the approximation (36)
is reasonable for T((T one has to be careful in cal-
culating the temperature of the maximum T by
simply differentiating (35) with respect to T, with

p(gp&H;, T) approximated by p(gp&H, , 0), as HK do.
One will thus miss a term coming from the temperature
dependence of p(gjjoH;, T) near T, , which may not
be negligible. (b) Although we think the qualitative
result (39) should hold, the way of calculating it by
means of perturbation theory seems controversial.
Between O'K and T,„, (35) involves values of gp~H;
such that n, =gp~H, /4T) 4. In this region, we noted
in the previous sections that perturbation theory is
almost meaningless. Therefore, we believe that to
correctly describe the very-low-temperature behavior of
pH, (T) in (35) requires an exact theory of the scattering
amplitudes. Then a comparison between the measured
resistivity in the very dilute case in presence of an ex-
ternal Geld, and the measured resistivity in a more
concentrated case with no external Geld, could give
some information on the internal Gelds II;.¹teadded ie proof. Since the present paper was sub-
mitted for publication, other experimental results on
CNCr" and CNFe" alloys have become available. We
should like to emphasize that rather than plotting
the experimental Ap/pn 0 against the experimental M2

for small gIJ&H/kT, as was proposed by Yosida' on the
basis of a first Born calculation, which did not contain
any of the Kondo logarithmic terms, the conclusions
of this paper show that Eqs. (25) or (34) are more
correct for alloys exhibiting the Kondo anomalies. In
addition, the exact theory of More and Suhl' has now
been published. It shows that perturbation theory is
convergent not only for T))TK, ~, and gp~B&&kT, but
also for gp~H))kTE, ~~„T&&TK,~~,. This indicates that
our high-6eld result, Eq. (27), should apply which
implies that if M is saturated in temperature, (pH) cot;ai

should be practically temperature-independent.
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