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Energy Deyosition by Electron Beams and 8 Rays*
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The product of two empirical relations, for the practical range and the transmission probability of normally
incident electrons through plane sheets of matter, may be differentiated to yield a simple formulation of
the energy deposition by electron beams, in agreement with more complex formulations and with experi-
mental data. When combined with the 8-ray distribution formula, these results provide a theory of the
spatial distribution of ionization energy about the path of a rapidly moving ion, which is basic to theories of
radiation damage and detection.

given by Weber' for the practical range r in aluminum
of monoenergetic electrons of energy m between 3 keV
and 3 MeV has been extended to the energy interval
0.3 keV-20 MeV by small adjustments of the constants.
These have the value 2=5.37&10 4

g cm ' keV ',
8=0.9815, and C=3.1230X10 ' keV '. Of these, only
the constant 8 lies outside the uncertainty assigned by
Weber. In the limit of low energies, Eq. (2.1) reduces to

I. INTRODUCTION

~&ALCITLATIONS of the dissipation of the energy
M of normally incident beams of electrons in matter

have been made by Spencer, ' by Berger, ' and others,
while many experimental studies have been made for a
variety of electron energies and materials. Nevertheless,
simple and accurate formulations of the energy dissi-
pation have not hitherto been achieved. For the present
work a practical range-energy relationship in a form
originally formulated by Weber, ' and an expression for
the transmission probability of electrons through slabs
due to Rao,4 have been combined to yield the dissipation
of electron energy, in good agreement with calculations
of Spencer and a wide variety of experimental data.

The spatial distribution of the energy loss of a rapidly
moving ion has been calculated for radiobiologica1
eGects by Hutchinson' and by Butts and Katz, ' and
for studies of the width of heavy-ion tracks in electron-
sensitive emulsion by Katz and Butts. In these calcu-
lations rectilinear 8-ray paths and a power-law range-
energy relation were assumed, while binding effects
were neglected. To overcome these neglects, the dissi-
pation of energy of normally incident electron beams
was formulated and applied to a 8-ray distribution
formula incorporating binding eGects. The resulting

e ~

r=9.93m p,g cm—'keV ' (2.2)

or about 1 L/eV in water.
Experimental data reported by Katz and Penfold, '

Young, ' Kanter and Sternglass, " and Cosslett and
Thomas" are plotted over Eq. (2.1) in Fig. 1, where
the radius of a plotted point represents 10'f/o uncer-
tainty.

In subsequent sections of this paper, Eq. (2.1) is
used to approximate practical range-energy relations
for all materials.

III. TRANSMISSION OF NORMALLY INCIDENT
ELECTRONS THROUGH FOILS

A simple formula for the transmission of mono-
energetic (0.01-3 MeV) electrons normally incident on
foils is given by Rao4 as

r =AwL1 —8/(1+Cw) ] (2 1) (3.2)g =9.2Z~'+ 16Z-"

h =0.63Z/A+0. 27.
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calculation of the transverse distribution of ionization „L1+ep( h) j/~1+
energy is basic to theories of radiation damage and
detection. where g is the fraction of incident electrons of energy m

and practical range r transmitted by an absorber of
II. PRACTICAL RANGE-ENERGY RELATION FOR thickness t. In an absorber of atomic number Z and

ELECTRONS mass number A the constants g and h characteristic of
the absorber are given byThe relation
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FIG. i. Practical range versus
energy for electrons in aluminum.
Data from Refs. 8-ii are plotted
over Eq. (2.1).The radius of each
data point represents a 10%
uncertainty.

10-6

10
10 2 10 100 101

II I I I II I I I il I I I I

102 103 104 105

ENERGY (keV)

IV. ENERGY DISSIPATION OF NORMALLY
INCIDENT ELECTRONS

EIectrons of range r which penetrate a foil of thickness
t have residual energy 8' which can be found from
Eq. (2.1) as the energy to go to the residual range r —t.
The residual energy may be written in functional form
as

W(r, t) =m(r t). —(4.1)

The energy transmitted through a foil is then approxi-
mated by the product of p, the probability of trans-
mission, and 8', the residual energy. The energy 8
dissipated at depth t by a beam containing i electron
per cm' may be represented as

8=d(rtW) /dt. (4.2)

Not all of the energy d(rtW), failing to penetrate a
layer dt, is deposited there, for some of the energy is
back scattered into earlier layers. In erst approximation,
however, there is a compensating energy deposition in
dt from electrons back scattered from later layers.

The dissipation of the energy of normally incident
beams of electrons has been calculated from Eq. (4.2)

for a variety of materials and energies for comparison

with the calculations of Spencer' and an assortment of
experimental data, with good results. Energy dissipation
as a function of depth in C, Al, Cu, Sn, and Pb for
normally incident electrons of energies 0.025, 0.1, 1,
and 10 MeV is displayed in Fig. 2, with the results of
Spencer plotted for comparison. The agreement is best
at low energies and at low Z, but is satisfactory for
many purposes at all energies and all Z. Calculations
from Eq. (4.2) are compared with experimental data
in Figs. 3 and 4. The fractional energy dissipation of
1-8-keV electron beams measured by Kanter" for C
is shown in Fig. 3(a), and for Al in Fig. 3(b).

Experimental data for low, intermediate, and high Z

are shown in Figs. 4(a)-4(c). Energy dissipation data
for 32-keV electrons in air from Grun, " for 57- and
104-keV electrons in Al from Busman, '4 and for 1- and
2-MeV electrons in Al from Nakai, ' are shown in
Fig. 4(a) . Data for Cu at 10 and 20 keV from Cosslett

"H. Kanter, Phys. Rev. 121, 6/7 (1961).
"A. E. Grun, Z. Naturforsch. 12a, 89 (1957).
'4 F. N. Huft'man, J. S. Cheka, B. G. Saunders, R. H. Ritchie,

and R. D. Birkhoff, Phys. Rev. 106, 435 (1957)."Y, Nakai, Japan J. Appl. Phys. 2, 743 (1963).
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1O-I2 classical kinematics it can be shown that electrons of

energy cv are ejected at an angle 8 to the path of the
moving ion, given by

C0
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Air 32 keV
At -57keV
A I - 104 keV
Al - 1MeV
AI - 2MeV

(5.4)cos 8 =~/&mc:

E:
for the collision between a free electron and the ion.
For distances from the ion's path substantially less

than the range of the 5 ray of energy a, it is therefore

sufhcient to consider that all 8 rays are normally

ejected; and that their energy dissipation in cylindrical

shells, whose axis is the ion's path, may be found from

knowledge of the energy dissipation of normally incident

electrons onto sheets of matter.
If E is the energy Bux carried by 8 rays through a

cyllndllcal surface of I'Rdlus j whose Rxls 18 the ion s

path, the energy density 8 deposited in a cylindrical
shell of unit length and mean radius t is given by the
expression
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To calculate the energy Qux E we require appropriate
values for the binding energy, obtained from energy
loss studies as reported by Berger and Seltzer" and
Hutchinson and Pollard, 2' and integrate the energy
dissipation over the 8-ray distribution formula, sum-

ming over the atoms making up the medium.

We write
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0: FIG. 4. Energy dissipation for electrons of varous energies
incident on (a) air and aluminum, (b') copper, and (c) gold and
lead. In each case a curve based upon Kq. (4.2) is compaxed with
experimental data.

II; Equation (5.2) Inllst be sl1111Ined fol' colllpos1te ma-
terials in which there are E; electrons per cm' having
average binding energy I;,

In many applications of the spatial distribution of
ionization energy, interest is focused on the energy
distribution relatively close to the ion's path. From

'0M. J. Berger and S. M, Seltzer, .Natl. . Acad. Sci.—Natl.
Res. Council, Publ. 1133, 205 (1964)."F.Hutchinson and E.Pollard, in Mechanisms ~e Radiobiology,
edited by M. Krrera and A. Forssberg (Academic Press Inc.,
New York, 1961},Vol. 1, p. j..

~' W. H. Barkas and M. J.Berger, Natl; Acad. Sci.—Natl. Res.
Council, Publ. 1133, j.03 (1964).

Because of the analytic forms of each of the expres-

sions mRklng up the integrand the computation may
be sirnpli6ed by carrying out the differentiation indi-

cated in Eq. (5.5) before carrying out the integration

of Eq. (5.6).
Numerical computations have been carried out for a

variety of materials from P=0.01 to P=0.99. The re-

duction in the number of ejected 8 rays due to the

density eGect at high ion speeds has been ignored,

since this e6ect contributes a reduction in the stopping
power of protons in Be of about 5% at the highest

speed calculated and which drops oG rapidly with

decreasing speed. '~

Results of the calculations are displayed in Figs. 5-7
for C, Cu, and Au. In o~der to present the results in a
form independent of the atomic number of the bom-

barding ion, the contribution of the third term in the

square brackets of Eq. (5.2) is separately presented as

a correction to the G.rst two terms, signi6cant at large

P and Z. Except for distances up to, say, 10 ' g/cm'

(where the influence of binding is important) and at
distances Rppioxlmatlng the I'Rnge of 8 rays of IDRxlIQuDl
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