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The theory of the population of excited levels for atoms and ions is given for stationary, nonthermal
plasmas. Simplified expressions were obtained, with the aid of which populations of the levels 2P, 3P, and 3D
were determined for the ions C Iv, N v, and 0 vI. It is shown that the populations obtained by this method
are in very good agreement with the populations determined directly from the balance of excitation and
de-excitation processes. Plots are given which enable the determination of electron density and temperature
from relative intensities of three chosen lines from a given ion.

1. INTRODUCTION

'HE spectroscopic methods of measurements of
plasma parameters are not su@ciently well de-

veloped for the range of electron densities lying between
the solar-corona type of equilibrium and the thermo-
dynamic equilibrium. It is true that, using the con-
tinuum spectrum of hydrogen plasma, one can deter-
mine the electron temperature kT, and density for a
wide range of changes of electron density S.. However,
because of very intense impurity lines, such measure-
ments are possible only for extremely pure plasmas. ' '
In previous works~' the measurements of electron tem-
perature from the relative intensities of lines from the
same ion have been presented. Unfortunately, the rela-
tions determined in these references between intensities
of lines and electron temperature are valid only for
plasmas of relatively low densities, when one can still
apply the solar-corona equilibrium relations. For the
range of Ã, between that de6ned by the solar-corona
equilibrium relations and the thermodynamic equi-
librium, a method for electron-density determination
has been given, using the absolute intensities of lines.
However, the determination of plasma electron densi-
ties from absolute line intensities is much more trouble-
some than their determination from relative line inten-
sities. Elsewhere, ' the method of determination of N,
from relative line intensities of the same ion was ex-
pressly mentioned. It is shown in the present work that
from relative intensities of three chosen lines of a given
ion, one can determine electron temperature and den-

'H. R. Griem, Plasma Spectroscopy (McGraw-Hill Book Co.,
New York, 1964).

'R. W. P. McKhirter, W. E. GriKn, and T. J. L. Jones, in
Fourth International Conference on Ionization Phenomena in Gases,
Uppsala, Szveden, 1960 (North-Holland Publishing Co., Amster-
dam, 1960), Vol. 2, p. 833.' A. N. Zajdel, G. M. Malyshev, and E. J. Shreider, Zh. Tekh.
Fiz. 31, 129 (1961) I English transl. : Soviet Phys. —Tech. Phys.
Bl, 129 (1961)g.' L. Heroux, Proc. Phys. Soc. (London) 83, 121 (1964).' J. L. Schwob, J. Phys. (Paris) 25, 713 (1964).

I. M. Tait, in Proceedings of the Symposium on Atomic
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sity for nonthermal plasmas and for a broad range of
changes of X..

In all these cases a knowledge of the population of the
excited levels considered is required for the known elec-
tron velocity distribution. Unfortunately, the lack of
experimental data for excitations of ions makes it diK-
cult to choose the proper function for the cross section.
In the present work the expression given in Ref. 9 is
used; for not too high values of k T., it is close to the ex-
pression of Seaton. '0 In the method of calculation of
electron density and temperature given below, other
functions for the excitations can obviously be used. The
use of other cross sections can cause some changes of
relative line intensities, but it does not inQuence the
validity of the method itself.

2. ANALYSIS OF THE POPULATION OF EXCITED
LEVELS OF ATOMS AND IONS

Ke consider the populations of levels of excited atoms
and ions for an optically thin, stationary plasma which
does not interact with the chamber walls. For such
plasmas we can neglect the radiative excitations as well
as the radiative induced transitions. As the electron
temperatures of the considered plasmas are not higher
than 20—30 eV, the collisions of atoms with ions and of
ions with ions can also be neglected in comparison with
the collisions of electrons with atoms or ions.

Taking all these assumptions into account, we can
write an expression for the population of an excited
level e for the range of densities 5„for which the colli-
sional excitations play an essential role in the population
of this level and are balanced by the radiative de-excita-
tions from the level e. This expression has the form'

N„/N =B„*(g„/g ) expL —(E„E)/kT,$, (1)—
where

B~*=g g &s+r, e~" ~

k(n

In the expression for B„~ the multiplication takes into

' H. R. Griern, Phys. Rev. 131, 1170 (1964).' M. J. Seaton, in Atomic md Molecular Processes, edited by
D. R. Bates (Academic Press Inc. , New York, 1962).
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account the excitation of the level e from the ground
level m, by stepwise excitations of the intermediate
levels lying between e and m for a given mode of popula-
tion i, whereas the summation over i takes into con-
sideration all the paths leading to the population of the
level n. The quantities S„and X are the densities of
atoms and ions in the excited state e and in the ground
state m, respectively; g„and g are the statistical
weights of levels e and m; E„and E are the energies
of excitation of levels n and m; and the coeScients
7.~+~, I, are de6ned by the following expression:

~.=Z II
k(n 1+

r(k

For large Ã. (Q,&kvk~l, ,))1 for each k), we have
8 = 1, and Kq. (4) tends towards the Boltzmann statis-
tical expression.

Uslllg (3) Rnd (4) wc cRI1 obtain R slllglc, Illorc gcll-
eral expression:

&.(~k. k+Il'.) gk

~k+1, I gk+1
8(k

Ã„ t ~. ""' g„E.—E„
exp

i
. (2) 1++, g k2'. )

i'&n

In this expression AI,+~, g is the coeScient of spontane-
ous radiation from level k+1 to level t, and (ok, k~IV.)
is the rate coef6cient for excitation of an atom or ion
from level k into level k+1 by an electron impact.

Consider the case where electron densities in a plasma
are so small that one must also take into consideration
in Kq. (1) the cascade transitions from higher levels
which contribute to the population of the level e, as
well as the optically forbidden transitions. Then instead
of Kq. (1) one gets

S„g„(E„—E ~gn gg=8 *
exP~ — —+P Bl*

g 4 kT, '~" Q A„kg

E,—E„g„E„—E
gexpl +r „k~~ exp — . (3)

kT.
" g„kT.

In this expression the second term gives the population
of the level e by the cascade transitions, and the third
term gives the population by the optically forbidden
transitions. r„k ~ is de6ned here by Kq (2), in .which

OI, , k+& cs replaced by 0 „"'~ . For the levels which are
populated directly from ground state by the optically
allowed transitions (e.g., s-p transitions), one can neglect
the inQuence of the optically forbidden transitions.
When electron densities in a plasma are suSciently
lllgll, 111 tllc cxplcssloll fol tllc poplllatloI1 of Rll excited
level, the collisional de-excitations must be also taken
into account.

Further, the plasma will be considered to be one for
which we can assume a Maxwellian velocity distribu-
tion of electrons. Such an assumption is valid for most
experiments.

Using the Klein-Rosseland relation for the cross sec-
tions for excitation and de-excitation of atoms and ions

by an electron impact and taking (0 V,) from Kq. (2),
one can write the expression for the population of levels

in the form

+RA
t&m Q g kg

exp — — . 5

3. DEPENDENCE OF THE RELATIVE
POPULATIONS OF EXCITED

LEVELS ON N, AND AT,

To determine the ratios of the population of excited
levels as a function of electron density, it is convenient
to express the above-mentioned formulas as explicit
functions of E.. For this purpose we write v-k+1, ~&'~

=E,p k+I, k", wher. e the expression for pk+I, k is obtained
from Kq. (2).

If the population of a level e is going from the ground
level ns, for every way of population, through the same
number of intermediate levels, then Kq. (1) with the aid
of pk+I, k can be presented in the formE„g„E„—E )

WE+ID 8 exp
E g kT. i

Dn Q g Pk+Ik,

In this expression the value of the exponent e—m of E,
is equal to the number of intermediate levels between the
ground level m and the excited level e. It follows im-

mediately from Kq. (6) that if two levels, e and e',
have j (E„—E„')/kT, ~((1, and there are different num-

bers of intermediate levels between the ground level m

and the levels II and e' (e mWN' —m), the—n their
population ratio will be strongly dependent on E.,
whereas the dependence on kT, will be slight. This en-

ables the determination of the electron density from the
ratio of intensities of two lines belonging to the same
ion. Taking into consideration that the line intensity is

given by I I=& ~ a» a,

E„/E„=B„(g/g ) cxpC —(E —E„)/kT.j, (4) we get the following expression for the determination



of the electron density:

I&'g'Aeppay D& g& En.' En)
g n' —n —exp ~. (7)

IgA gv zD *g ~ kT.

%hen the number of intermediate levels is different for
each mode of populating, then one cannot 6nd such
simple relations between E, and the ratio of I„q/I„q..
Nevertheless, knowing the relations I„q/I„q =f(S,),
one can also determine Ã, easily.

Equation (6) is valid for the same range of electron
densities for which Eq. (1) is valid. For lower densities,
the population of excited levels by the cascade transi-
tions and by the optically forbidden transitions has also
to be taken into consideration, using Eq. (3).

On the other hand, for suKciently high plasma den-
sities, the expression for the electron density is obtained
from Eq. (4) in the form

D„.~D„

Dn Dn'

D.=r. rr
~&. 1+& my', a"'

Here E,(7) means the electron density determined by
Eq. (7). Similarly, one can consider the range of low
and high electron densities when determining the elec-
tron temperature kT.. But for low electron densities it
is not possible, usually, to get kT, as a simple function of
the ratio I„q/I„~.However, frequently itis convenient,
for the determination of kT., to use the lines radiated by
excited P levels (with 5 as the ground state). In this
case the inhuence of the cascade and optically forbidden
transitions is practically negligible, and the formula for
k T, is the same as in the case of solar-corona equilibrium.
Using Eq. (4) for high electron densities we obtain a
general expression for kT, in the form

InkAe'k'gn'&n'k' ~n, ')
kT.=(E..—E,„) ln +ln i. (9)

Im'k'Ankgn&nk'n',

For very high electron densities, Eq. (9) evidently tends
towards the formula valid for the plasma in thermo-
dynamical equilibrium.

4. DETERMINATION OF
¹

AND AT, PROM THE
POPULATION OF IONG C rv, N v, AND 0vx

To determine the populations of some excited levels
of lithiumlike ions, we shall use the excitation cross sec-
tion of ions by electron impact given by Griem'.

0 „=4mao'$ f „
e(E —E )

where ao, $„,and f are the Bohr radiusfor the hydro-
gen atom, the number of equivalent elections in state 5$,

E
~ \ .—SD

FIG. 1. Simpli6ed scheme of levels for ion C Iv, N v, and 0 vz.

and the absorption oscillator strength for the m-e tran-
sitions, respectively; XH is the ionization energy of the
hydrogen atom, and e is the energy of the colliding elec-
trons (all energies are in eV).

The average Gaunt factor g changes only sbghtly for
changes of the ratio e/(E —E ) over a range from1to
5; thus, for not too large values of this ratio, there is
relatively good agreement between Eq. (10) and the
more precise expression of keaton. "Hence the quantity
(a V.), calculated for a Maxwellian velocity distribu-
tion of electrons, changes only slightly for not too high
temperatures kT. (kT,&2~E„E~), if 0 „—given by
Eq. {10)is used instead of Seaton's cross section. That
also means that for this range of kT, one can use Eq.
(10) when determining r from Eq. (2):

A„" Xn'I' XH
r„-=1.6X10-"g X, —

i
. (11)

QAykTi E E—
Further considerations pertain to some chosen excited

levels of the ions C Iv, N v, and 0 vr. To determine the
electron densities from relative intensities of lines of
these ions, it is convenient to compare the populations
of the levels 3D and 3E.However, for the determination
of the electron temperature, we consider the ratios of
populations of levels 3I' and 2I'. The levels 21', 3I', and
3D are relatively well separated from other levels,
which fact considerably simplifies the analysis of their
populations (Fig. 1). The populations of these levels
were calculated with the aid of Eq. (5), yielding the fol-
lowing forms for the above mentioned levels:

ga ( Ea—E)
2'~». (k): = —expl-

g„ lyr, „g„k kT, )
3'&'n, 3&2(N):

E &nl~lI ~ken

-1+r. +r ' (1+r '+r )(1+ma)(1+ra )

exp/ —
/, (13)

kT,
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FIG. 2. Ratio of actual aD8
thermal equiTibrium popula-
tions of the levels 2I', 3I', and
3D of the iona N v and 0 vx.
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ELECTION DENSlTY NeEcm ~2

&ggm g gglm g gggmg g ggg= 'rgggg+7'ggggg alld the Ilu111-

bers ~~ and +~ connected with the subscripts n and k

denote the quantum number J of a given sublevel.

~ 1~1
3'Dg&g. vg (I'):

-&+~"a+~..)(&+~1 )

+m (i+g gg'1'g+g gg'gg-

gn'I+gn'I ( E'gg' ~m)
eml-g„E xT. )

Ag ~ gg t' Eg—E )+ P gg —exp~ — (. (14)
Q Agg E IgT,

In Fig. 2 the ratios of populations of the levels 2E,
3I', and 3Bof the ions N v and 0 vl, calculated accord-

ing to the Eqs. (12)—(g4), to populations determined by
the statistical Boltzmann formula are presented as a
function of S. for the two temperatures kT.=S and

kT,=20 eV.

From the ratio of intensities of hnes of the levels 3D

and 3I' as a function of A „one gets the curves enabling

the determination of electron densities. It can be seen

from Pig. 3 that this ratio depends only slightly on kT,
for a wide range of changes of X..For high electron den-

sities the ratio of intensities of lines is close to that ob-

tained froln the Boltzmann formula.

For the rectilinear part of the curves, the electron

density is given by a simple relation following from

Kq. P).
Comparing now the intensities of lines from the levels

3I' and 2E, one gets the dependence of their ratio on

temperature. This is presented in Fig. 4. At densities

Ã «~10". the ratios of intensities of these Hoes do not

depend on Ã„ in agreement with the results of other

authors. ~'
One should still consider to what extent the popula-

tions of excited levels, calculated with the aid of the

method given above, coincide with the solutions of the

set of equations which were obtained as the result of a
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Pro. 3. Relative line intensities of the ions C xv, N v, and
0 vr as a function of electron density S, for di8erent electron
temperatures.

balance of thc pI'occsscs leading to tbc cxc1tat10D and
dc-excitation Of the lcvcls considered.

In the. equation obtained from the balance of excita-
tion RQQ Qc-cxchatlon processes RQQ determining the
population of the levd 2P, Rnd. also of the corresponding

s
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Pro. 4. Relative bne intensities of the ion C rv, N v, and 0 vx
as a function of electron temperature,

expressions for the 3P and 3D levels, the excitation cross
sections can be taken from the expression (10). Also,
(o V,) can be expressed by r, vrhich is given by Eq.
(11) )as in Eqs. (12)-(14) above).

Then the equation for the population of the level.
2P3gg has the form

+k ~ksrs gk +k +m) ~ +ma—exp — l+' Q — A„ay(1+x ~g Q A,a„~/A at,)1+x~ g k,T. 2 &-~ N

s g„
+ Q ~ &A(1+r.ga Q ~ g.p/& ps) [» (1+r~ )j ' 1+Igs~l (1+ra )] '

e~-3 g st ~g&g)

( E„» Ep—
Z r 8~ Z ~.s.~g.a expl — + Z r-n~ Z ~ n.~S'-aexp -- —

I (15)~ss8~8 ft pQ'sg Ir. 3
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TAM.E I. Populations of levels for ion N v calculated from Eqs. (12}-(14}and compared with those obtained from Eqs. (15), (15'},and
(15").Ã with subscript "Boltz" denotes a population obtained from the Boltzrnann statistical formula.

Level 2'E'3(2(k}

&a/&~ ao»es &a/&a ao»~3
Kq. {12) Eq. (15)

Level 3'Eeq2(e)
&e/&e ao»tz &n/&n aoifs

Kq. (13) Eq. (15')

Level 3~Dggo(22 )
&n /Ne aolta &e p4 aoit.

Eq. (14) Kq. (15")

10»»

10»2

10»3

10»4

10»5

10»6

10»7

10'8
10»~

10'0

10»»

10»s

10»8

10»4

10»~

10»e

10»~

10'8
10'9
1020

6.64X10 6

6.64X10 ~

6.63X10-4

6,59X10 '
6.22X10 2

8.99X10 '
8.69X10 '
9.85 X10-»

9.98X10 '
1.00

3.32X10-6

3,32X10 '
3.32X10 4

3.31X10-~

8.21X10 2

2.49X10-»

7.68X10 '
9.71X10-»

9.97X10-»
1.00

6.64X 10-~

6.64X10-~
6.63X10-4

6.50X10-g

6.22X 10-2

3.99X10-»

8.69X10 '
9.85X10-»
9.99X10-»

1.00

3.32X10 6

3.32X10-~
3.32X10-4
3.31X10-3

3.22X 10-2

2.54X 10-»

8.09X10»
1.05
1.07
1.07

kT, =5 eV

8.19X10 8

3.19X10 7

3.18X10 ~

3.18X10 '
8.15X10-4

3.12X10 '
4.31X10-~
3.77X10»
8.64X10»
9.85X10-»

kT,=20 eV

1.59X10-8
1.59X10-'
1.59X10-6
1.59X10 '
1.59X10-4

1.55X10-3
1.89X10 ~

2.24X 10-»

7,59X10-»
9.69X10»

8.19X10 8

3.19X10 ~

3.19X10 6

3.18X10-5

8.12X10-4

3.03X10-3

4.33X10 2

87OX10 '
8.61X10-»

9.84X10 '

1.59X10 8

1.59X10-'
1.59X10 6

1.59X10 ~

1.59X10 4

156X10 '
1.96X10 ~

2.16X10»
7.53X10-»
9.69X10-»

2.25X10-»
5 50X10-»»
3.80X10-9
3.61X10-7
838X10 ~

2.13X10 '
4.37X10 '
3.64X10 '
8.59X10»
9.84X10»

1.12X10 «»

1.22X10»0
2.05X10 9

1.01X10-'f

8.73X10 6

6.72X 10-'
1.98X10 ~

2.14X10-»

7.51X10-'
9.68X10-»

2.25X10»~
5.50X10-»
3.80X10-'
3.61X10 7

3.38X10 ~

2.13X10 '
4.87X10-'
3.64X 10-»

8.59X10 '
9.84X10 '

1.19X10-»
1.27X10-»0
2.09X10-~

1.02X10 ~

8.85X10 '
6.73X10 4

1.98X10-&
2.14X10-»

751X10 '
9.68X10-»

Hel'e s8, Ip, and s~ are the pr1nclpal quantuIn numbers
for the terms 5, I', and D, respectively. The summation
here is only up to the levels edith principal quantum
number equal to 0= Sq as the lnguence of h1gher levels

on the population of the level 2I' is slight, and the
calculations for higher levels become much more
de.cult.

The expressions for the population of the levels 3I'
and 3D are like Eq. (15), and we denote them by (15')
and (15"), respectively.

To solve (15) for' IVk, one should write similar equa-
tions for g 8 and E„~, thus getting a set of equations,
the solution of vrhieh is very laborious. In this connec-

tion, the method of successive approximations vvas ap-

pHed, assuming from the outset that the densities E„»
E„~ (and for the level 3D also X„p) are determined by
Eq (5). It .appeared that with this assumption the

populations calculated from Eq. (15), and from the simi-

lar equations (15') and (15") for the levels 3P and 3D,
are in a very good agreement vnth those calculated from
Eqs. (12)—(14).This is illustrated in Table I, which was

obtained @faith the aid of the GIER computer.
It foHows from these considerations that, as far as

the population of excited levels is concerned, the more
complicated equations of the type of Eq. (15) can be re-
placed by the simpler Eqs. (12)—(14), resulting from

Eq. (5). Note that the form of these equations is similar
to that of the Boltzmann equation.
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