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The consistency conditions that we have studied are
not a bootstrap method in any complete sense, since
we have not included unitarity except weakly, in that
it is not violated by our model. We expect that full
unitarity will provide strong additional conditions that
further limit the types of phase contours that may
occur. This problem could be studied in the limited
case of coupled two-body channels that took into ac-
count the resonances on which our model is based.
The method of phase contours could also be extended
to more general collision amplitudes, although the
many variables involved would make their discussion
somewhat elaborate.

The most important feature that has been neglected,
apart from unitarity, is the local distortion that comes
from resonances at low energies. It is not at all obvious
how to take account of direct-channel resonances as

well as the asymptotic behavior from crossed-channel
resonances. However, our study of phase contours
provides a new method of approaching this problem,
which can certainly be developed much further.

The solutions for phase contours, described in this
paper, give some information about Axed-angle be-
havior. More generally, the study of phase contours
and zeros permits a new formulation of the problem of
relating asymptotic behavior at fixed momentum
transfer and asymptotic behavior at 6xed angle. We
will consider this in a later paper.
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Ward identities are set up for three-point functions obeying SU(3) &SU(3) chiral algebra. Assuming

single-particle dominance and simple momentum dependence of the vertex functions, decay widths of

the &~, Q, and P mesons are obtained with all the mesons on the mass shell. Further, within this scheme,
momentum-dependent X~3-decay form factors are also obtained. Our results are in good agreement with

experiments.

ECKNTLY, Schnitzer and Weinberg' have de-

veloped a technique to calculate the three-point

functions obeying chiral SU(2)XSU(2) commutation

relations with the pions on the mass shell. The central

idea is to write down the Ward identities for the vertex

functions and supplement the algebra with the assump-

tion of single-particle dominance. In this way, they

obtain both p~xx and A&~ p~ decay widths in

agreement with experiment. Similar decay-width calcu-

lations have also been performed by Das et ul. '; they
work, however, in the limit p '~0. We attempt, in
this note, to calculate the E*, Q, and P meson decay
widths within the framework of SU(3)XSU(3) algebra,
and include "hard meson" effects following Schnitzer
and Weinberg. ' For this purpose, we dehne the VI'I'
vertex F)„ the AVI' vertex F„)„and the AA V vertex
F„„),as in Ref. 1, except that now the indices a, b, and c
run from 1 to 8, e.g.,

d4zd4y e "*+'»(T(A,&(x),Ao" (y), Vo" (0)))o=if,o,g~. 'g~, 'g~o '&~~"'(q)&~o"'(p)&v.""(&)&„„(q,p)

+if.o.gv. 'g~o '(F.q"/(q'+~-'))~»"'(P)~~ ""(&)1'.o(p~q)+&f o gv 'g~='(Fop "/(P'+~o'))

X&&,I"(q)hv, "o(Io)F„(q,p)+if, &,gz, '(F,F&q"p"/(q'+m, ')(p'+moo))dz, "&(k)I'„(q,p). (1)

j. H. J. Schnjt2;er and S. steinberg, Phys. Rev. 164, 1828 (1967).Throughout, we follow the notation of this paper.
s T. Das, p. S. Mathur, and S. Okubo, Phys. Rev. Letters 19, 1067 (1967); see also S. G. Brown and G. B. West, Phys. Rev.

Letters 19, 812 (1967).
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Here, k= (p —q) and the hypothesis of partially conserved axial-vector current (PCAC) is used in the form

8„.4."(x)=F.m.2y. (x).

Similarly, one can write expressions for Mb and M„b N.ext, we assume the SU(3)XSU(3) algebra of currents and
write down all the independent Ward identities for M)„M„),, and M„,),. We use the Killen-I, ehmann representa-
tion for the axial-vector and vector-current propagators and substitute these in the definitions of M)„etc. A little
algebra gives the following Ward identities for the proper vertices:

and

q'r-, (q P) =CA. 'gA. f2g»gy [(~v '(k)). 2 (~—Ab '(P))"3—F.r-, (p,q)},
p.r.„(p,q) =C» g»[-2p.gy„q (ay. (k))—„, F,r„—(q, p)j,

-Fama2 Feme2
k"rb(q, p) =2CV, 'gy, —(p2+m62) — (q2+m, 2)

Fe1ne2 F,m '

k2r. „(p,q) =2Cv. 'gv, .gAbF-'. (~» '(p)), (q" (m.'/~—b') p"),

k r,.„(q,p) = 2g A g Abg v Cv. '[(~A-b '(p)).-. (~A.—'(q)),.j.

(3)

(4)

(6)

(7)

At the same time, the noncovariant terms in the Ward
identities lead to the relations

Cy, CAb+F——b'=CA~+F, '.
It is important to point out at this stage that in the
derivation of identities (3) and (4) we have dropped
the contribution of the so-called scalar term. Further,
in the derivation of Eqs. (5)—(7), we have explicitly
assumed lthe conserved-vector-current (CVC) hy-
pothesis. '

Now, as in Ref. 1, we make the assumption of single-
particle dominance and maintain that the proper ver-
tices are smooth functions of the four-momenta. Thus,
we take the AA V vertex F„„),to be linear in the four-
momenta p and q, and the vector and axial-vector
spectral functions to be given by'

bp(p)~g 2(p2+MA 2)—1(gp&+ plap&/MA 2) (9)

and a similar expression for ~y, ""(k);also

gA-2/MA, ', Cy,=gy, '/Mv, '. (10)

Now, F„,), can be written as a sum of six terms with six
parameters. However, it is not possible to solve for

these six unknowns from identities (3) and (4) only.
Hence, we have to use the identity (7) as well, in which
the explicit assumption of CVC has been included.
Now, once we assume the CVC hypothesis, three of the
six terms in I"„„),drop out and we are left with the form

r"b(q P)=r2(p+q)bg"+r (g. k.—g. k.)
+r (g. P+g'q. ) (11)

Substituting Eq. (11) in Eq. (7), we obtain

r2= —r2=2gy. 'My. ', gA.2=gA62. (12)

For r2, we introduce an unknown free parameter g (as
in Ref. 1) and write it as

r2= r2(2+8). (13)
It is easy to verify that the above form of I'„„zcoupled
with the CVC results' satisfies all the Ward identities
[Eqs. (3)—(7)j. Though the r„.&, vertex has been ob-
tained in the CVC limit, we shall include the symmetry-
breaking eGects by taking the experimental masses for
the particles. ' Henceforth, we shall use only the identi-
ties (3) and (4). Substituting for r„„b in Eqs. (3) and
(4), we obtain the proper A Vp and Vpp vertices

2g Vc gAa~Vc
r;6(p, q)=— [q.(p+q)b —(qbp. +g.bq')+(2+~)(qbk, —k qg, b)g

3fA.'F.

+2gAbgvÃs fgvc [(Mye+k)gyb kpkb] gA6 [(MA6+p)g„b —p„pb]) (14)

g Vc gAagAb~V c (k'+Mv, ') P, Fb)
rb(q, p)=(p+q)) k'(1+&)+ —+—

~

—k'gv My 'F 'p--
—~Aa'~Ae FaFe gy, pb p)

f'g V c gAagAWVc I g, Fb gyp ) pb p
+&P—

q)b (O' —P')i, —, (1+~)+gv ' —+—— F. 'Fb' ~+Mv. 'g. —— . (15)
4 MAa'MAe'FaFe Fb F. Mv. ' & F.

' This gives the relations m '=me', Fa=Fe. See also Ref. 12.
4 Note that it is only the spin-one part. The spin-zero part is given by F 2(p2+~ &)

—
&p~p".' All the experimental data have been taken from A. H. Rosenfeld et al. , Rev. Mod. Phys. 39, f (f967).
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It is easy to see that for the case when a, b refer to
pions, we produce all the results of Ref. 1.In particular,
Eq. (8) reads

g 2M —2 g~ 2M~ —2+F 2 (16)

g~l =go g~1= ~g~. (17b)

We make the choice that both gg, and g@ have the same
sign. Hereafter, we shall use the current-algebra result'

Now, we consider the case when u refers to the pion and
b to the IC meson. Then, Eq. (8) gives

gir'Ma~ '=ggPM~, '+F '= go'Mo '+Fir'. (17a)

Also, from Eq. (12), we have

Fg(k') =F~(0) (1—Xak'/m. '). (23)

Using the oo-g mixing angle, '0 we obtain

I'pir+ir 1 19.(0 49.6 0—41.75+ 0 08.70') . (22)

Thus, with k= —1, I'ir~50. 77 MeV, I'o~18.2+85.5
= 103.7 MeV, and I'@~+~~1.2 MeV. These results are
to be compared with the experimental values' I'~ ——49.8
&1.7 MeV, 7@~80&20 MeV, and I'@~+~-——1.9~0.5
MeV.

With a single parameter 8, which can be identided
with the anomalous magnetic moment of the Q meson,
we are able to obtain consistently the K*, Q, and P
meson decay widths in agreement with experiments.
Lastly, from I"z vertex, we obtain the energy dependence
of Kz decay form factors F+(k') given by

g2 2~2P 2 (18a) Our analysis predicts

and the Weinberg~ sum rule

g&1 =g/ ~

These immediately lead tos

(18b)

F+(0)~1.012, X+~(0.015—0.004Q),
F (0)—(—0.031+0.05568), X (0.0044—0.0013))/

(O.O31 —0.0556k) .
(24)

Mg, '= 2Mp', Frr/F, 1.1/. (19)

I'ir a =50.77 (0.596—0.3528+0.0528),

I'ops 11.63(3.97"/+3.08+0.598'),

I'os* 94.5 (2.818+2.4738+0.565') .
(20)

As a further application, we calculate the decay width

of p meson. From Eqs. (8) and (16), we find

g~'~~8 '=g.'~. '. (21)

6 K. Kawarabayashi and M. Suzuki, Phys. Rev. Letters 16,
255 (1966); Riazuddin and Fayyazuddin, Phys. Rev. 147, 1071
(1966); see also D. A. Germen, Phys. Rev. Letters 19, 770 (1967).' S. Weinberg, Phys. Rev. Letters 18, 507 (1967).

8 H. T. Nieh, Phys. Rev. Letters 19, 43 (1967); S. L. Glashow,
H. J. Schnitzer, and S. Weinberg, ibid. 19, 139 (1967).

9 In our calculations, we take Il from the Goldberger-Treiman
relation; 0.2271-F 2=m '

From Eqs. (14)—(19) and the definitions of I'z, I'„i it is
straightforward to obtain the on-mass-shell K*K+,
QpK, and QK*s vertices and hence the decay widths. '
The results obtained are

With 8= —1, we obtain X+ 0.02, X=0.066, F (0)—0.087. It is interesting to note that whereas F+(0)
is independent of h, F (0) is much sensitive to the value
of B. Similarly, X is much more sensitive to 8 than X+.
Our results for F+(0) and X+ are in very good agreement
with a recent analysis of K&3 form factors carried out
by Auerbach et a/.";however, our result for F is not
in good agreement with experiment. Perhaps it can be
improved by including the scalar mesons in the theory. "
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"The mixing angle is taken from Ref. 5. In Eq. (23), + is the
unphysical eighth component of the vector meson octet."L.B.Auerbach et al. , Phys. Rev. Letters 19, 464 (1967).

"One way to do this is to use the hypothesis of partially con-
served vector current /see Y. Nambu and J. J. Samurai, Phys.
Rev. Letters 11, 42 (1963)$.Then, the vector-current propagator
will have a spin-zero part too. In this case, we can rede6ne from
Eq. (1) onwards and set up the Ward identities. However, solu-
tions for the proper vertices become much complicated. We will
present these in a separate paper.


