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A dynamical model based on considerations of SU (3) symmetry is presented to explicate the observed
behavior of PI~, xN scattering. In SU(3)-symmetric Ps-&8 scattering in the &+ state, one should expect a
10 resonance as well as an 8 bound state. The possibility that this antidecuplet should be identiied with
the Roper resonance (1470 MeV) is explored in a broken-symmetry calculation. The model yields values
for the nucleon mass, the m.N coupling constant, the phase-shift zero, the position and width of the Roper
resonance, and the Pj.I. scattering length in good agreement with the data. It is argued that this presents
a strong case for the view that the Roper resonance is an element of a broken 10 multiplet.

I. INTRODUCTION

HK study of xE scattering data has had a long
history. Enough experimental results have accu-

mulated over a wide energy range to permit various
groups' ' to perform increasingly more accurate phase-
shift analyses of this data. The most recent of these
efforts has led to rather reliable phase shifts for energies
up to, and slightly beyond, 2 BeV.~' One of the most
interesting results of this work has been the discovery
of a resonance in P» scattering, erst obtained by Roper
et aU and subsequently verified by others. (We shall re-
fer to this as the E'.) Evidence also exists~" for bumps
in cross sections corresponding to this resonance.

Although a substantial amount of work has been de-
voted to dynamical models of the P waves, '~" these
efforts have not been able to say anything about the
1P. In fact, the most popular model for I'-wave scatter-
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ing, the reciprocal bootstrap of Chew, "does not yield
the zero in 5~~ at T=175 MeV, much less the S'.'7 This
is not surprising since the reciprocal bootstrap does not
include inelastic effects, and it is known that such effects
must play an important role for the, 3l'.'~'0

Dynamical models always involve a truncation of the
unitarity relation and thus a specihc selection of in-
elastic channels. This choice is based on a variety of
physical arguments as well as practical considerations.
In this paper we will argue, on the basis of SU(3) sym-
metry, that the appropriate inelastic channels are pE,
EA., and EZ. Thus the coupled-channel problem that
we treat is one comprising all the Es Bs (pseudo-scalar
meson octet-baryon octet) states with the quantum
numbers of the P~» xE system.

At least to some extent the presence of the S' can be
viewed as strange. It has all the quantum numbers of
the nucleon. , but it is certainly a different object. How
do E and 1P differ, except in massP It would appear that
the most natural answer is based on an SU(3) multiplet
structure; i.e., in a world symmetric under SU(3), E
and 1P belong to different SU(3) multiplets and the ob-
servation of the Roper resonance is a remnant of this
structure when the symmetry is broken. In what follows
we shall take this point of view.

In a symmetric world it is well known2' " that the
nucleon is a member of an SU(3) octet, a bound state of
Ps-88 scattering in the spin-parity channel J~=—,'+.
Rather than introducing other channels to understand
the N', we will confine ourselves to Ps-88 elastic scatter-
ing, but consider the possibility that the E' is a member
of a different multiplet in SI38, ~+. It has, in fact,
already been established" that, in SU(3) symmetry,
the same forces which bind the bar~on octet also yield
a resonant baryon antidecuplet (10). To consider only
the Ps-88 elastic process may at erst sight appear to be
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(1967).
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(1966).
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inconsistent with the previous remarks regarding the
importance of inelastic contributions for an under-
standing of the physical S'. However, in the real world
where SU(3) is broken, the I=-'„V=1 channel of
I'8-88 scattering will contain the qX, EA, and EZ chan-
nels, in addition to the xE channel. These additional
particle channels provide inelastic contributions to the
m E channel. Thus we argue that both the X and lP are
contained in I'8-88 elastic scattering as members of dif-
ferent multiplets, and when the symmetry is broken, the
I=~ channels additional to xE form the inelastic
contributions.

Our task will be to calculate the Pj~ amplitude in
terms of broken SU(3) symmetry, producing X, the
zero in B~~, and lP. This task is complicated by practical
considerations. In particular, a calculation of the mass
of the nucleon requires a rather careful treatment of the
forces in xS elastic scattering. On the other hand, the
solution of a multichannel problem is almost always
based on crude approximations. We solve this diKculty
by using a method24 designed for just such problems,
especially when a zero is present in the phase shift. In
this method the multichannel problem is crudely solved
in a pole approximation; this solution leads to a zero in
the mE scattering amplitude. The method enables us to
introduce this zero as a pole, with known position and
residue, in the D function of a calculation of elastic mS
scattering. This elastic problem can then be solved with
some care.

In Sec. II, we formulate the multichannel problem in
terms of SU(3), and in Sec.III we solve this problem in
the context of the pole approximation. This solution
will already show the main characteristics of E~~ mE
scattering, viz. , the nucleon, the zero in B~~, and the
Roper resonance. In Sec. IV, we use the results of this
solution to recalculate the E~~ amplitude as indicated
above and compare our results with the data. The agree-
ment is quite good. In Sec. V, we return to considera-
tions of SU(3) and amplify the view that the Roper
resonance is an element of a broken SU(3) 10 multiplet.
In Sec. VI, we discuss our calculations and results.

II. INITIAI CONSIDERATIONS OF 8U(3)

one Gnds for the nonzero elements

P (10) 0

P10(I)—4

P~(10)

(10)—1

po 8(10)

Pp
i

8
io(10) —0

po 8I(10)—

p1('& = —12/25,
p10('& = —"/2/25,

pr-0(8) =24/25

P»(8& 28/25 (2

p8,8('& =42/25,

p8,8 ('& =6/25

P8,8'

where a single index represents an element on the
diagonal, and where, for 8 exchange, we have taken
f/d= 08. We u-se

b""(s)= —(2 g"/P') (P +m)'(LU+ V(m —W) jQ () )
—

t (S/(pp+m)j'pU+V(m+W))Q0(X)), (3)
with

(M'+m' —yo)'
U= (M+m) )18 18(S+Mo)+ +-'pmo

63P

+ (M 8 m' —po)L—(M+m)' poj/—6M

(M—m)' —po

V=&|18—-'(s+M')+ (M'+ m' —&too) —3m'
6M2

2m'+ 2)18—M' —s
X= 1+

2P'
and

g~2—=0.4m 2)
4x

b('& (s) = —(2org'/p') (pp+m)8L(W —m) Q1()1)

+ (P/(Pp+m))'(W+m)Q0(&)3 (4)
with

X=1+ (m'+2&t18 —s)/2po, g'/4or ——15.

In the above, p, , m, and j/I are the symmetric masses of
Po Bp and B10,.p and po are the c.m. momentum and
energy of the baryon, W= ps is the total c.m. energy;
and Qp and Q1 are Legendre functions of the second kind.
To see the content of this quantitatively, let us evaluate
b(' & and b('& at threshold. There b(M&/b('& 10, b("))0
and from Eqs. (1) and (2) one then obtains

As indicated in the Introduction, we shall con6ne
ourselves to a discussion of I'8-88 scattering in the
J~=2+ channel. For low energies, it is well known""
that the scattering in this channel is dominated by the
I-channel exchange of the baryon octet (Bo, 81+) and
decuplet (B1p, 88+). The exchange of the decuplet contrib-
utes the strongest force and leads to an octet bound
state and an antidecuplet resonance. "If the Born term
for 10 and 8 exchange contributions in the SU(3) basis
(tilded) is written as

B1(s.)-bp""(—5/2)

B1p(s,) bp('o) (+1/5)
Brp(s, ) bp("'(+3/5),

B»(s.)-bo'"'(+ 1/15),
B8,8(s,) bp('0) (+6/5),

B8,8 (s,) bp ' &(+1/40),

B8,8'(sg)~bo(' (—9/8)

(5)

(s) P (10)b(10)(s)+P (8)b(8) (s)

~' J.J.Brehm and L. F. Cook, preceding paper, Phys. Rev. 170,
138i {1968).

Thus, in addition to the strong attraction in the 8
channel, the exchange of 8 and 10 leads to an attractive
force in the 10 channel with approximately half the
strength of that in the 8 channel. All other channels are
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jP .. U P U .—p ..(10)$(10)+P..(8)$(8) (6)

where the transformation matrix is given, e.g., in
deSwart 2' Ordering the channels as xS, glV, EA, KZ,
one obtains for P&"' and P&'&

0 1 1
3 2 3
0 0 0 (7)

01 1 1P (10)—

1 1
3

1
6

weak or repulsive. A 10, 2+ resonance in E'8-Bs scattering
is therefore to be expected. Since a 10 multiplet con-
tains a I=—,', V=1 member, the E' is a natural candi-
date for this multiplet. As we have indicated. , our purpose
is to investigate dynamically how reasonable such an
identiication is. The initial suggestion that the E'
belongs to a 10 was made by Lovelace. "

In order to explore this possibility, we consider the
breaking of the symmetry, but conine ourselves to E11
meson-baryon scattering and treat the coupled chan-
nels ~S, gX, EA., Ez for J~= 2+. In this way we have a
6nite problem and one for which the results can be
directly compared with the data. %e recognize at the
outset that the model is incapable of giving a complex
phase shift in the neighborhood of the S'. We are there-
fore presuming that those states which participate in
the inelastic decay of the Roper resonance do not par-
ticipate signi6cantly in the dynamics of the S, the zero,
and the 1P.

We begin by maintaining the symmetry and trans-
forming the force matrix given by Eqs. (1) and (2) from
the SU(3) basis (tilded) to the particle basis (untilded).
Thus,

the general features of our results will not depend
markedly on the exact position of the three-channel,
degenerate threshold. This broken-symmetry scheme
then yields a four-channel problem with a force struc-
ture given by SU(3) and two-channel kinematics.

To facilitate the solution of this problem, in particu-
lar, to take advantage of the two-channel kinematics, it
would be convenient to choose a basis in which the 3)(3
degenerate sector of the force matrix is diagonal. Of
course, an energy-independent diagonalization of the
degenerate sector of the entire force matrix is not pos-
sible, but one can diagonalize the 3)&3part of either the
contribution from 10 exchange or from 8 exchange, in-
dependently of s. Since 8 exchange contributes only
corrections to the force due to 10 exchange (because of
the relative magnitudes of b&"& and b& &), we choose a
basis which diagonalizes the degenerate sector of the
10-exchange term. The eigenvalues and normalized
eigenvectors which form the basis are

Xg= —0.721:

lyr) =o s41 l~» —o 319llt» —o 780l&»
P 2=0.854:

lys&=0.324lgN) —0.771 le)+0.553lEZ), (8)
XI=0.209:

lys&=0 77o le»+0 sss lit»+0 322 lit».
Transforming to the basis ls», if)), lps), lps), de-
noted by circum6ex, we obtain

g= p(10)b(10)+p(8)b(8) (9)
in which

P(8)—
3
5

6/25

—3/25
—18/25
—6/25

6/25
—18/25
—18/25

—6/25
3

1

P (10)—

1.333 0.101 —0.570
0.101 —0.721 0

—0.570 0 0.854
0.170 0 0

0.170
0
0
0.209

To analyze the four-channel physical situation with
broken symmetry, we maintain the force structure given
by Eqs. (6) and (7) but break the threshold degeneracy
of the channels. In so doing, the calculation is enorm-
ously simpliied by not breaking the threshold degen-
eracy entirely, but by simply splitting the mÃ channel
from the remaining three channels.

The threshold for the xE channel is given by the sum
of the physical masses, M +Mar. We choose the three-
channel, degenerate threshold as M)r+M, where M)r
is the physical mass of the E meson and j/I is the
average of the physical masses Mp and Mp. This choice,
which ignores the physical pX threshold, is based on the
observation that the pN channel is weakly coupled to
the nX channel l as one sees in Eq. (7)j.In any event,
the physical thresholds for all three channels lie above
the energy range of interest, viz. , s( (1450 MeV)', and

» C. Lovelace, CERN Report No. TH628, 1965 (unpublished).
'6 J. J. deSwart, Rev. Mod. Phys. 35, 9j.6 (1963).

P (8)—
1 0.560 —0.212 0.465
0.560 0.653 —0.521 0.202 (11)—0.212 —0.521 0.650 0.598
0.465 0.202 0.598 —1.130

Pursuing the observation that b&' ' exchange is the domi-
nant contribution to the force, we approximate p&'& in
Eq. (11) by including only the diagonal 3X3 elements
as corrections to 8('0) and ignoring the off-diagonal
terms. Thus we take

1 0.560 —0.2i2 0.465
p~ &8) 0.560 0 653 0 0

(12)—0.212 0 0.650 0
0.465 0 0 —1.130

for 2'= xs, V= 1, 18+ scattering. Equations (10) and (12)
together with (9), (3), and (4) provide the driving
terms for our calculations,
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III. MULTICHANNEL MODEL

Even with the (principally) kinematical simpli6ca-
tions discussed in Sec. II, the analysis of the resulting
four-channel problem is quite complicated. The solu-
tions to multichannel problems are nearly always ap-
proximate ones and are characterized by treating each
channel on about the same footing. Although this is a
reasonable procedure in some cases, it is not appropriate
here. In particular, we wish to perform a calculation in
which the m S channel is treated much more carefully
than the other, inelastic, channels. Speciically, we wish
to calculate the position of the bound-state nucleon as
well as the low-energy, xX phase shif t, especially the
zero at T= 175 MeU. The nucleon mass depends
strongly on the treatment of the forces in the elastic
(~N) channel, while the phase-shift zero is sensitive to
the inelastic contributions.

In order to treat the elastic channel carefully and also
to include the inelastic eGects, we use a technique de-
veloped earlier" which is particularly usef ul if a zero
exists in the mÃ amplitude in its elastic region. This
technique solves the multichannel problem in an approxi-
mate way, treating all channels on an equal footing. If
a zero is present in this approximation to the elastic
amplitude, this is introduced into a one-channel, N/D
treatment of the low-mass channel as a pole in the D
function. The one-channel analysis treats the elastic
forces much more carefully than does the approximate
multichannel solution. In this section, we shall set up
and solve, approximately, the multichannel model.

As indicated in Sec. II, we maintain a symmetric
force matrix, i.e., not only are the contributions of the
exchanged multiplets to various channels determined

by SU(3) crossing, but the singularity structure of the
left-hand cuts is taken to be degenerate and determined

by the symmetric masses. The symmetry is broken on
the right-hand cuts by breaking the degeneracy of the
thresholds To .solve the multichannel)problem we use a
pole approximation and, since the left-hand singularity
structure is assumed symmetric and degenerate, we use
the same single pole in all channels; thus we write

u b» bg b3

I~.. =--8( - ) bb'
0

0
00 (13)

b2 0 c~ 0
b3 0 0 ce

as the input to a multichannel N/D problem.
If we write the elastic xS amplitude as

M=F/5),
we 6nd

F=Lu/(s —so)]Di&"Do"'Dp"'+Qoo"'(bPDo"'Do"'
+bo'Dg&o&Do&'&+bpoD&&"Dp&") (15)

and

X)=D &"D,&"D,&"Do&'&—(s—so)'Qoo "Qoo"'

X (b 'Do&'&Do&'&+be &"D "'+bp'D "'D "') (1&&)

e"'»= 1+2~ip&M (18)

The solution is thus given completely in terms of the
parameters a, b;, c;, and zp.

To calculate 8=8&' &+8& & as determined in Sec. II,
we use the degenerate E8, 88, and 8»o masses: p, =2.93,
m =8.22, and M =9.90; the scale is the physical pion
mass. Evaluating 8 at the symmetric threshold m+p,
we determine the parameters a, b;, and c; by fixing sg
and matching Bo,&, to II at this single thresholcL One
could argue that the matching should be done at the
physical ~N and degenerate f&., Pp, and fo thresholds
depending on the channel, but Ao, &, should represent
an approximation to the fully symmetric SU(3) force
matrix. In order that the weighting of the channels in
the force matrix maintain this symmetry, the matching
should be done at a single value of the energy. Because
it lies between the physical nNand degenerat. e P&, fp,
fo thresholds, the symmetric threshold is a convenient
and representative point at which to match; further, the
determination of the parameters is not sensitive to the
choice of the single matching point in this energy range.

Only the parameter sp of Bo,&, is not determined by
the above procedure. By varying z& over a wide range
of values, the general features of this multichannel solu-
tion emerge. For a range —100&zo &0, i.e., for any
reasonable zo, one finds the following: F, and therefore
M, has a zero between the physical mE and degenerate
f&, fp, and fp thresholds; S has two zeros, one below
the ~X threshold and one slightly above the zero of F.
Thus this solution already exhibits the general behavior
of E»» ~N scattering: There is a nucleon, the erst zero
of &D; 8»» has a zero, the zero of F; a resonance exists
above the zero of 8»», the second zero of co.

The transformation (8) to the circumflexed basis is
not only convenient for obtaining the pole-model solu-
tion, but it also helps us to isolate the principal inelastic
contribution. We Gnd that the zero of F occurs to the
right of a zero appearing in D2 (')

~ In fact, the zero of
D2 &') is necessary for the zero of F to occur. Thus the
elastic amplitude zero has an origin closely associated
with an uncoupled bound state in the channel described
by the wave function fp.

Even though this solution exhibits the general
features of E»» xX scattering, it is not satisfactory. In
particular, for zp & —60, the bound state becomes a

where

D&'& = 1—a(s—sp)Qpp&'&,

D;&'& = 1—e;(s—so)Qoo&o&,

Ch po(x) 2 P,
Q

&o&— co= ——(Pop —ufo).
(*—s)(*—.,)' (4 )p W

The index k = 1 or 2; 1 refers to the m X kinematics and
2 refers to the kinematics of the f&., fp, and fo channels.
The normalization is such that
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ghost. This behavior simply rejects the very approxi-
mate nature of the multichannel solution, particularly
in those regions where a careful treatment of the forces
in the elastic mÃ channel is necessary. This situation
will be corrected in Sec. IV, where a more careful treat-
ment of these forces will be given. On the other harid,
one should expect the general behavior of the elastic
amplitude between the two thresholds to be compara-
tively better in this approximation. In this energy
region, the behavior of the elastic amplitude is governed
not so much by the details of the elastic forces as by the
coupling between the channels through unitarity. This
the N/D pole approximation accomplishes. We shall
see in Sec. IV that this is veri&ed, i.e., the behavior of
the amplitude between the thresholds is not substan-
tially altered by a more careful treatment of the elastic
forces.

Before embarking on a more detailed analysis of the
elastic forces, however, let us Gx the remaining parame-
ter, sp. Since the critical inputs from the multichannel
calculation into an effective, one-channel calculation'4
are the position and residue of the pole in F ', it is de-
sirable that these input values be independent of the
parameters of the multichannel model, in this case sp.
Unfortunately, this is not entirely the case. If we re-
strict ourselves to a reasonable range of sp, i.e., —100
&sp(0, to represent the singularity structure, then as
seen in Table I, the residue $, where

dF/dsi, „
does become quite insensitive to variations of sp. On the
other hand, s, is approximately linear as a function of
sp. Since we cannot eliminate entirely a dependence on
sp, we minimize it by choosing the parameter in the
middle of the acceptable region where d$/dso 0; thus
we fix so= —90, where s,=76 and /=5. 52&(10 '. For
this choice the other parameters are (all multiplied by
10')

ALE I.The residue and position of the pole in F ' for various
values of so. The m E threshold is at s =60, that for the degenerate
QI, p~, and $3 channel is at s =138.

20

0—10—20—30—40—50—60—70—80—90—100

10'&

3.76
4.34
4.77
5.05
5.22
5.34
5.42
5.47
5.50
5.52
5.52

138
133
127
120
113
106
99
91
83
76
68

M(s) =E(s)/(D(s)+C(s)g,

ds1
X(s)=— LD(s')+C(s') j ImB(s'),

L, S —S

ds'pi(")&(s')
D(s) = 1—(s—so)

g (s'—s) (s'—sp)

C(s) = &S(s.)/(s —s,).

(20)

The parameters P and s, are the residue and position,
respectively, of the pole in F ' obtained in the multi-
channel calculation given in Sec. III; sp is a subtraction
point which ultimate1. y drops out of the problem.

We solve this set of equations by using a method due
to Pagels" in which the integral

dx pi(x)
J(s)=

ii x'(x—s)
(21)

The inelastic eGects are simulated in an eGective one-
channel calculation by introducing a D-function pole at
s=s, . This one-channel problem is de6ned by the fol-
lowing set of equations:

a= 9.94,
by= 1.13,
b2= —4.08,
b3= 1 53,

cg=-
c2= 6.37,
c3= 0.56.

is approximated (when needed in the analysis on the
left) by a pole, i.e.,

J(s) —+ y/(s —n), s&L

One may certainly argue at this point that the sp de-
pendence cannot be removed from our multichannel
model, and a different criterion should be imposed. The
natural view here would be to fix s, by experiment and,
by Table I, determine so and $. Proceeding in this di-
rection, we observe that the zero in 8I ~ occurs at T = 175
MeV or s,= 76. But this is just the value where the sp

dependence is minimized and is identical with the above
choice.

IV. EFFECTIVE ONE CHANNEL MODEL

In order to perform a more careful calculation of the
xE amplitude itself, we employ the method of Ref. 24.

valid on I. where B(s) satisfies

1
B(s)=

ds

1, $ —$
ImB(s'). (23)

"H. Pagels, Phys. Rev. 140, 81599 (1965}.

In principle, 0. and y are independent of the details of
the scattering problem depending only on the phase-
space integral J.

Since this approximation preserves the independence
of the X/D solution on the subtraction point so, we can
pick sp on the basis of convenience. '~ Choosing sp=0,
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one obtains
sB(s)—nB (a)

S(s)=B(s)— vuÃ(n)

S Sc

This will lead to a value of 0, which is somewhat above
the mE threshold. Kith this choice the solutions are not
sensltlve to varlatlons of 0,.

To complete the determination of the input necessary

+ '
~&( ) {24) to evaluate the amplitude, we need only specify B(s).

Referring back to (6) and {'/), we see that

D(s) =1—s'C~(s) —v/(s —o)jA'(s)

—Cso/(s —~)jv&(~)
in which

&(~)=//' B(~)C1—5B'(s )j
B(o)—B(s.)

+B(s.)k

&(s.)=&' B(s.)P+voCB(~)+~B'(~)71

RB(a)—s,B(s.)—B(n)vtI

where

&=C1-P'(")jP+v LB( )+ B'( )ll
B(a)—B(s.) nB(a)—s,B(s.)

+b'av
e—Sc

It is characteristic of Pagels' method that D{s)has a
left-hand cut arising from the presence of E(s) in the
cxpl'cssloIl fol' D(s) glvcll 111 Eq. (24). II1 'tllc usual ap-
plication of this method, one is interested in D(s) only
for s& threshold, in which case this presents no problem.
In our case, however, since we wish to obtain the
nucleon as a bound state, this term should be reduced
to a negligible amount. To accomplish this we deterinine
y such that

v= (&—~)~(s) (25)

for a given choice of 0, , f is the position of the most posi-
tive branch point arising from the forces driving the
amplitude. Since the pole v/(s —a) is in fact a very good
approximation to J(s) near the matching point, we
replace the expression for D(s) in Eq. (24) by

D(s) =1—s'C~(s) —vl(s —~)3&(s)
—Cs~/(s —~)3v&(o) s~& & (26)

= 1—Csn/(s —e)jvN(e), s ~&s.

In practice it is known that the Pagels solution is sen-
sitive to the choice of e. In particular, it is possible to
pick n such that X(s) and B(s) differ in sign over some
interval of s; such solutions are physically unacceptable.
On the other hand. , solutions with acceptable interpre-
tation are generated when E(s) and B(s) are approxi-
mately equal in the energy region of interest. There-
fore, to stabilize our solutions, we pick 0. such that

B(s)=,b " (s)+1b "(s)

where b &"I (s) and i'I &'I (s) shouM now be evaluated using
the physical masses for m, E, and X~. Strictly speaking,
this choice is not compatible with the Pagels method.
Ill pal'tlclllal' (28) docs llot sa'tlsfy Eq. (23) slIlcc I't
diverges for large s. However, since B(s) given by (28)
is monotonically decreasing over the energy range of
interest, 60&s&140, we will use it in {24) and argue
that the Pagels method yields a reasonable amplitude
for s& j.40. Ke will return to this point in Sec. V.

The conditions given in Eqs. (25) and (2/) yield
a=6'/, v= —9.68X10 '. Using these values and B(s)
as given Eq. (28), we may now evaluate the amplitude.
In Fig. 1, the denominator function D(s)+C(s) is
plotted. It exhibits the following rather remarkable
results (in MeV):

nucleon position= 915 (940),

phase-shift zero = 1220 (1220),

resonance position= 1330 (1470) (Ref. 7);

the experimental values are given in parentheses. This
conirms the remarks made in Sec. III; in particular,
the behavior of the amplitude between the thresholds is
not markedly altered by a more careful treatment of the
elastic forces, whereas the nucleon has been sub-
stantially changed, its position being altered from that
of a ghost to one which is acceptabl.

The phase shift 8~~ is plotted in Fig. 2. This yields the
full width

I"=80 MeV (cf. expt. IrIV partial width: 140 MCV),

Re{0+C)

I

I
I
I

I
I

l
I !S

jeo
I
I
I

I
I

I
I

l

X(a)= B(c). (27)
FIG. i. The real part of the function D+C, plotted

against s (in m ').
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Fxe. 2. The PII, mS phase shift. Curve I is given by the phase-
shift analysis of Ref. 7; curve II is the calculated phase shift. The
units are sinn ', and W in MeV.

as well as the P-wave scattering length"

aug ———0.105 (—0.101+0.007) .
Finally, we calculate the pion-nucleon coupling constant
from X and d[D+Cj/ds and obtain

g'/kr = 15.7 (14.7) .
Thus we see that the model presented here leads to a
rather good 6t to the data.

V. FURTHER COHSIDERATIONS OF SU(3)

In Secs. III and IV, we have attempted to show that
a dynamical model based on considerations of SU(3)
can reproduce the characteristics of P~i xS scattering.
We believe that the model presented there accomplishes
this. The role of SU(3) has been crucial in defming the
model, i.e., in the selection of states and in the force
matrix. If the model is to be a realistic one for Ps-88
scattering, it is essential that a substantial remnant of
the symmetry be present in P» scattering.

Since the model is predicated on the existence, in the
SU(3) symmetry limit, of a bound octet and a resonant
antidecuplet, one should see elements of this in Pii xN
scattering. In order to explicate this we must know the
contributions of octet and antidecuplet components, re-
spectively, in the residues of the poles when the sym-
metry is broken. In general, since we ultimately make
a one-channel calculation, this is not possible. How-
ever, as we have indicated, the behavior given by the
multichannel solution between thresholds is not sub-
stantially changed in the one-channel calculation; in
particular, the one-channel denominator function D+C
vanishes near the position where X) vanishes. Thus we
will assume that the pole-model, multichannel solution

"J.Hamilton and W. S. Woolcock, Rev. Mod. Phys. 35, 737
{j.963).

ly~&= —o.o4s
I 27)—o 927 I 10)

+0.306 I 8)—0.222 I
8') . (31)

This leads to the probabilities

27:(1%,
10:86%,

8':5%

(32)

Thus we see that the physical amplitude with broken
symmetry retains a large fraction of its SU(3) behavior,
and this demonstrates the over-all consistency of our
approach.

We believe that this result, together with those of
Sec. IV, presents a strong case for the view proposed in
the Introduction, viz. , that the Roper resonance is a
member of a broken SU(3) 10 multiplet with J~= 's+.

0 this is the case, then the remaining members of the
multiplet should exist. There are three such objects:
I=O, 7=2; I= 1, F=O; I= F=—1, in addition to
the I=-„ I'=1 member. We wiB call these particles
Zo', Fi', "g2', respectively, in addition to X~12'.

To check the consistency of our model further, we
should now calculate the masses of these three hypo-
thetical particles within our broken-symmetry scheme.
Unfortunately, this is complicated by several considera-
tions. Since the Zo' can exist in but a single channel of
P'8-88 scattering, viz. , EE, this would appear to be a
simple one-channel calculation driven by Fi*, Z, A,

is good enough near the resonance position to estimate
the composition of the resonant wave function. This is
not possible for the bound-state nucleon because the
characteristics of the multichannel model are altered so
drastically in this region.

In addition to the numerator function for the xS
amplitude given in Eq. (15), the appropriate quantities
for the three channels lf|), IP~), and If~) are

Fg=
I bg/ (s—so)JD2 "Dg&'

P2 ——Lbm/(s —so))Di&"D~&+

~8= Lbs/(~ —so)gD1"'Dm"'

These are the numerator functions for the three pro-
duction amplitudes in the 4-channel pole model. At the
resonant zero of S we calculate F and F; to obtain the
four residues necessary to construct the wave function
of the Roper resonance. One 6nds

Iy, )=o.ls6I ~x)+0.055 Iy, )
+0 973 IA&+0 169I~&) (3o)

Transforming back successively to the particle basis and
then to the SU(3) basis, one obtains

I Ps& =0.156
I
s.Ã&+0.475

I gE)
—0.674I zA&+0.549 I zz&
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ss-channel exchange. However, I"~* exchange will again
lead to a Born term which diverges for large s, and in
contrast to the situation for the N~~2' calculation, it will
be increasing in the energy range of interest. Thus,
although the Born term is sufBciently attractive, we
have no reliable way of calculating the Zp' mass.

In the case of the F~' and 3~2' one suffers from an
almost total lack of information. Specifically, our
method24 selects a particular particle channel in which
to make ultimately a one-channel calculation. Both the
I'~' and the 3~2' are multichannel calculations; for the
F~'.'mA, m.Z, qZ, E™,KN; for the 3~2'. x,KZ. behave
no knowledge to guide us in the selection of a single
channel.

Turning to the experimental data, we see that there
is some evidence for the Zp'. Recently, data have been
presented for an I=0 object with F=+2 (Zp*) in the
vicinity of 1850 MeV.""Moreover, analysis" based on
early E+ experiments in deuterium'2 favor the assign-
ment' J =2+. If real, the I=O object would be a
natural candidate for Zp . Such an identification, how-
ever, carries with it some diKculties which cannot be
resolved within the context of the present data. The
most obvious difhculty involves the masses of I'~' and

3/2'. Since 10 is a triangular representation, the broken
multiplet would satisfy an equal-spacing mass rule if the
symmetry breaking were proportional to M&@ (i.e.,
transforms like 8). The identification given above would.
then lead to

Zp". 1850 MeV,

Xg(2'. 1470 MeV,
I'~'. 1090 MeV,

"3(2".710 MeV,

which is very diKcult to believe, to say the least.
Aside from the obvious possibility that the Zo is not

to be identified with the experimental Zp*, two alterna-
tives suggest themselves in this context. First, one may
eliminate pure octet-type splitting and introduce terms
like M&' ~ or 3f&' ~ in the symmetry-breaking perturba-
tion. Independent of a lack of desire to add such terms,
one Ands that anornalously large reduced matrix ele-

ments are necessary to yield reasonable masses for F&'

and ™3~2'.For example, if we neglect M~"~, we obtain

48/2 ~p 3(I 1 +1/2 ) ~

If we choose F&' to be some reasonable value, say, 1700
MeV, we find 3~2' 2600 MeV. More signi6cant, how-

ever, are the values of the reduced matrix elements:
M» 2000 MeV, 318 1000 MeV, and &27 1600 MeV.
This seems untenable; it may be that M("& plays a role,

» R. L. Cool, G. Giacomelli, T. F. Kycia, B.A. Leontic, K. K.
Li, A. Lundby, and J. Teiger, Phys. Rev. Letters 17, 102 (1966).

g0 A. A. Carter, Phys. Rev. Letters 18, 801 (1967).
3' R. L. Warnock and G. Frye, Phys. Rev. 138, B947 (1965).
"V.J. Stenger, W. E.Slater, D. H. Stork, H. K. Ticho, G. Gold-

haber, and S. Goldhaber, Phys. Rev. 134, $1111 (1964).

but not with this strength. The second possibility is
more reasonable, viz. , that in the energy region in
question, . 1500-2000 MeV, mixing between baryon
multiplets may very well be a serious problem in dis-
entangling the remnants of an SU(3) structure. If such
mixing is in fact significant in this energy range, then
it is inappropriate, within the context of the present
data, to make speculations about assignments based on
mass formulas.

Less speculative and more interesting tests of a pos-
sible antidecuplet assignment for a given particle would
be those involving SU(3) selection rules. Donnachie"
has proposed such a test in terms of photoproduction
from deuterons: A selection rule forbids y+p —+ E'+
but allows p+n —+ 1PP. There also exists preliminary
evidence for a I'&*(1700) which does not decay appre-
ciably to I'&*(1385)+pr.P4 LSU(3) symmetry implies
that Br p -I+ Bip+Ep.j

VI. DISCUSSION

We have attempted to show that there is a remnant
of a 10 SU(3) symmetric resonant multiplet which

plays an important role in I'», mE scattering. We
believe that this attempt has been successful, and that
the Roper resonance should be viewed as a member of
a broken 10 multiplet. As is always the case in dynami-
cal calculations of this sort, one may criticize the results

by arguing that the physical content cannot be sepa-
rated from the approximations. We believe that the
physics is clear on the basis of SU(3); considerable care
has been taken to ensure that the approximations are
under control at all points in the calc'ulation. The role
of the approximation parameters is the best test of this
control. At every stage the parameters were chosen to
represent the input functions in the dispersion relations
in such a way that the results were as insensitive to
parameter variation as possible while still behaving in
a physically sensible manner when the physical parame-
ters (e.g., the coupling constants) were changed. The
single exception to this is the variation of the results of
the multichannel calculation as zp is varied, although
even there a case can be made for the choice of zp.

We have not explored the role of other forces in any
great detail, but it is appropriate that we comment on
them. The most natural candidate for an additional
force would be some t-channel process. It has been
shown'~ that the addition of such an ingredient can im-

prove the results of the static reciprocal bootstrap.
Typically, X*and X exchange in a single-channel model
do not bind the nucleon if physical couplings are em-

"A. Donnachie, Phys. Letters 24$, 420 (1967).
34 D. C. Colley, F. MacDonald, B. Musgrave, W. M. R. Blair,

L S. Hughes, R. M. Turnbull, S. J. Goldsack, K. Paler, L. K.
Sisteron, W. Slum, W. W. M. Allison, D. H. Locke, L. Lyons,
P. J. Finney, C. M. Fisher, and A. M. Segar, Phys. Letters 24$,
489 (1967); also, M. Derrick, T. Fields, J. Loken, R. Ammar,
R. K. P. Davis, W. Kropac, J. Mott, and F. Schweingruber, Phys.
Rev. Letters 18, 266 (1967).
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ployed. "However, such calculations have not included
the additional channels arising in I'8-88 scattering. By
ignoring the inelastic contributions in the calculation
given here, we find the same result. In particular, if we
take f, the residue of the pole of the denominator func-
tion D+C, as zero, then the "nucleon" becomes a reso-
nance; i.e., the elastic channel forces alone are not suS.-
ciently strong to yield a bound nucleon. This occurs for
our choice of the X*width, the experimental value, and
of course if we anomalously increase the coupling con-
stant g', we obtain a bound nucleon. Thus we argue that
the principal contributions which will yield the nucleon
are given by e-channel exchange and the inelastic
sects; t-channel exchange could only be a correction to
these contributions.

The role of other inelastic contributions is a serious
problem. The competing channels of interest are xX*
and cd%. Certainly within the context of our model it is
consistent to ignore the mÃ* channel; it is a part of
E8-B~p scattering. Since 810 does not contain 10,
Ps-Byp scattering would. play no role for a 10 resonance.
This argument, of course, begs the question somewhat,
but other calculations" have already indicated that the
role of the ~X~ channel is not a large one.

The cd channel, on the other hand, surely plays a
role."By "0"we mean an S-wave, mx enhancement of
some type so that effective, two-body kinematics pre-
vails. This inelastic state is of particular interest because
of the eGect it must have on q, the elasticity factor. It is
clear that our model includes no open inelastic channels
to participate in the decay of the Roper resonance. Thus
in this model q—=1, in contrast to the data, ~ which indi-
cate p(0.4 in the vicinity of the resonance. This is cer-
tainly a shortcoming of the model presented here, but
we do not believe that it militates against the validity
of the fundamental dynamics which we have assumed,
viz. , that dictated by SU(3). Itispossible to contemplate

including the t7S channel in an eGort to reproduce g,
although the methods'4 employed in Secs. III and IV
would have to be extended. In particular, we would have
to learn how to simulate, by means of D-function poles,
the three closed channels already being used but, in this
case, in the presence of two open channels (AX and 0E),
both satisfying unitarity. The work of Sall, Shaw, and
Wong" indicates that some eGort should be made to in-
corporate the rX channel using realistic estimates of
the interchannel couplings. It is to be expected that the
presence of the aX channel would change the position
and width of the resonance; the interesting aspect here
concerns the direction of the change. We recognize that
the nucleon must be more strongly bound; however, we
see no reason why the ¹ should not be shifted to higher
energies. The pertinent observation here is that the ¹

corresponds to the second zero of a D function, and the
usual arguments do not apply.

Finally, let us remark on the implications of this cal-
culation with respect to the reciprocal bootstrap. We
emphasize that the inelastic eGects in our model are
crucial in the determination of the nucleon at approxi-
mately the correct position with approximately the
correct coupling constant; it does so with a physical
input value for the %~Em coupling constant g'. A one-
channel xE calculation fails in this respect, requiring a
substantially larger value for g'. Thus we would con-
clude that it is not a reasonable approximation to con-
sider the nucleon as a bound state of the mS system
alon- in contrast to the basic, dynamical assumption
of the m S reciprocal bootstrap —and that those strange-
particle channels dictated by SU(3) must be included
as well.
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