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The techniques developed in a previous paper for investigating equal-time current-density-current-density
commutators by making use of the Dyson representation, and the Ward-identity techniques of Schnitzer
and Keinberg are applied to a study of the three-point function relevant to the decays of the cu, q, and
x' mesons. It is found that the algebra-of-Gelds commutation relations do not permit these mesons to decay,
and that the pole model of Gell-Mann, Sharp, and Wagner is incorrect, in that the co-p-x vertex is not a
constant in the region appropriate to the decays but rather depends linearly on the squared momenta.
The commutation relations of U(12) are then assumed, and the Kawarabayashi-Suzuki relation gp ref pf
is obtained as a consistency condition. The unknown constants arising from the equal-time commutators
of the m 6eld with the vector currents, and from q-+ mixing, are 6xed by requiring, as a Grst approximation,
the vanishing of the q-p-m vertex, and by feeding the measured value of the width of the decay m' ~ 2y. The
results then obtained for the widths r (co~v'+~) and I' (cy -+ 3s) are in excellent agreement with experiment.
This agreement is maintained when provision is made to allow for the decays y -+ p+m and q ~ m'+y.

L INTRODUCTlON
' 'N a recent paper, ' Schnitzer and Weinberg have dc-
' ~ veloped systematic techniques for investigating the
e-point functions of currents. These involve the use of
vector-current conservation, the equal-time charge-
density —charge-density and charge-density —current-
density commutation relations, and the assumption that
the currents are dominated by j=o and j=i mesons.
This latter assumption is imposed in the form of a sim-
plicity assumption applied to the momentum depend-
ence of certain proper vertices, together with the re-
quirement that the spectral functions of the propagators
be dominated by the one-meson states. 2

In the preceding paper, ' we have shown how to in-
corporate information, obtained through the use of the
above techniques, into the Dyson representations for
the commutators and retarded commutators of the
currents. ' This enables one to obtain information about
the equal-time current-density —current-density com-
mutators. In the present paper we shall apply this
technique to a study of the three-point function

(0~ T(A "(x)Vs'(y) Vis, six(0)}~0), where V,"(x) and
A,"(a), a=1, 2, 3, are the currents of chiral SU(2)
SU(2), Vsl'(x) is the eighth member of the vector-
current octet, and V,&(x) is an SU(3) singlet, defined
in terms of quark Gelds by5

Vss(x) =g(x)-', Xsq~g(x),

Xs= (-,')'"l.
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' H. J. Schnitser and S. Weinberg, Phys. Rev. 164, 1828 (196'7).

In Ref. 1, the simplicity assumption is sufhcient to ensure the
one-particle dominance of the spectral functions. In general, this
will not be the case.' R. Perrin, preceding paper, Phys. Rev. 170, 1365 (1968).

4 F. J. Dyson, Phys. Rev. 110, 1460 (1958).' R. F.Dashen and M. GeH-Mann, Phys. Letters 17, N2 (1965).
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This three-point function determines the decays
+ p+s q p + 7I' +yq te ~ s +'yq Ce ~ 3s) p~ %+y)

and m' —+ 2y. We shall see in Sec. II that in order for
a theory to permit these decays to take place, it is

necessary that the equal-time current-d. ensity-current-
density commutators of the theory be nonvanishing.

This excludes the algebra of fields as a possible model. '
Also excluded is the pole model of Gell-Mann, Sharp,
and Wagner, in which the decay constants are inde-

pendent of the commutation relations. In Sec. III we

assume the commutation relations of U(12).s We then

obtain the Kawarabayashi-Suzuki relation, s g, =m,f,
as a consistency condition, and are able to obtain
excellent agreement between the calculated and mea-

sured widths I'(a& -+ s'+y) and I"(&o ~ 3w), by using as
input the measured value of the width I'(7r' —+2y),"
and requiring, as a erst approximation, the vanishing
of the q -p-7r vertex. "Some information is also obtained
about certain tensor-current matrix elements. Con-

cluding remarks are given in Sec. IV.

LL REI ATIONS BETWEEN DECAY CONSTANTS
AND EQUAL-TIME COMMUTATORS

We begin, in the manner of Ref. i, by delning proper
vertices I'&&&(qs,P',k') and I'„„q&&&(P,k) by the following

' The decay co~ 3m is determined, to the extent that lt proceeds
according to co -+ p+~ ~ 3x. The width 1 (p ~ 2m) is assumed to
be known.

~ T. D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Litters
18, 1029 (1967).

SM. GeH-Mann, D. H. Sharp, and W. VVagner, Phys. Rev.
Letters 8, 261 (1962).

i'K. Kawarabayashi and M. Suzuki, Phys. Rev. Letters 1&,
255 (1966) Rlazuddin and Fayyazuddin Phys. Rev. 147 1071
(1966);F.J. Gilman and H. J. Schnitzer, ibid. 150, 1362 (1966);J.
J. Sakurai, Phys. Rev. Letters 1?, 552 (1966); M. 'Ademollo,
Nuovo Cimento 46A, 136 (1966).

'0 A. H. Rosenfeld et al. , Rev. Mod. Phys. 39, 1 (1967)."S.Okubo, Phys. Letters 5,. 165 (1963).
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From (12) and (14) there follows

Pq (P) —&—p~(n)qs+ &pr (P)P&+ (1p7 (P)+ps (P))P

»(n) &—
& (n)qn {»(n)+z&&6(n))p& g—&n(n)kn

gal
P(n)(qnPn k&) = $( )Pn(n)+) P4(n) 1—yn(n)+ &y~(n))qn

(f./~)

+( Lpm(n) 1p4(n)+pn(n)+Lpn(n) Lp~(n))ps+(1pl(n)+~&p4(n)+Xone(n) Ip~(n) ys(n))k&j

(16)

=P) (P)qn+ Pq(n)Pn+ PI (n)km.

Since y;(n)(qm, pm, k'} cannot be singular as its arguments go to zero, '4 we see from (16) that the leading terms m
F(n)(q~ P' k') are at least linear in the squared momenta. This result contradicts the assumption of the Gell-Mann,
Sharp, and Wagner pole model, n that F(n)(q', p', k') is a constant.

Up to this point @re have made no approximations. %e now impose meson dominance by assuming one-particle
dominance of the propagator spectral functions, and by requiring that the momentum dependence of the proper
vertices be as smooth as possible. ' This latter requirement we impose by assuming that y;(n) =(const)(n), j=3,
~ ~, 8. From (16) it then follows that 1';(n) = (const) &P&, j=1, 2, 3.

Equations {2) and (3) now become

4~(f-/~)~-'g. (g-,f-)
n"""p k.h.l'"'(q' p' k')+f.l'"'(q' p'»') j+(~~ ( ) (1&)

(q' —m ') (P'—m, ') (k'—I)a„')

d'z d'y n-'~ *n'+'"{0(T(A."{z)VI)"(y) V(8,9p(0)) )0)
~

~

~~ ~g~ g.(g- f-)
fg-Ll'")"""{pk)+g~ '{f /~~)q"n"""p k 1'"'(q'p'k') j

(q' —m~, ') (p' —m, ') (k'—m„')

+f„L1'(»('»(p,k)+gg,
—'(f /v2)q(n»«p k p(»(q~ pm k~)1)

~~ ~(f-/~~)g. {g-f-)
q ""-P.k.tg-P (q;P;k)+f.~ (q;P,k }j+(--.}, {18}

(q' —ta ') (p'—m, ') (k'—m„')

where (cv -+ (p) means that es„-+m„, g„—& g„, and f„-+f„,wherever these quantities explicitly appear.
We now use the results of Ref. 3 to obtain from (17) and (18) the following representations for the current

commutators":

(2 )'"(2q')"'(oI(vs'(l*), &os&'(-l"))I"x"(q))=& ~(2~) I «(;s
fdic «argo «)8[()—u)~ —il)

XHg-D'(»"»(f+-'q E 'q)+q. '(f —/~) "qn"»-»q'((~)" (f+'q)'(f-'q)')j

+f f~"'"""{E+gq,f—2q)+g~, '(f./v2)q"n"""q. /, 1'"'()Nz, ',(f+,q)'(f —,q)')j)e((u, X'}+((n~ (n)J, (19)

~ (,~') =-g,(g-,f-) d- ~ t.-l(1-2-M(d/d *)~L~+ ., -{1--)- .{1--}- (20)

"The opposite mould imply the existence of zero-mass particles in the theory, satisfying at least one of the three conditions
i0 &a"(0) (p'=Ol80, (0 V))"(0) jp'=0)WO, or i0( V(s,9)"{0)(p'=Ol 80.

"Implicit in (19)-(28 is the assumption that, vnthin the context of the meson-dominance approximation, the retarded commuta-
tors and the time-ordered products have the same pole structure. That this is indeed true is shove in Appendix A.
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The constants F;0'& determine the widths of the de-
cays 22 ~ p+zr) (p ~ zr +'y) o) ~ zl +'r) o) + 3zr~

p~zr+y, and zr' —+2j, and are expressible, through
Eqs. (29)—(33), in terms of the equal-time commutation
relations of the theory. This latter fact is to be con-
trasted with the situation obtaining in the Gell-Mann,
Sharp, Rnd Wagner pole model, s in which the decay
constants are independent of the commutation rela-
tions. We Ilotc that lf one assumes thc cornmutRtlon
relations of the algebra of 6elds, ~ in which RG current-
density —current-density commutators vanish, then
I', (s) =0, j=1, 2, 3, P =8, 9 and all of the above decays
are forbidden.

m. RESULTS zROM CHIRM.
U(12) COMMUTATIOH RELATIONS

In this section we assume the commutation relations
of U(12),' and use the resulting expressions for the
constants I';&@ to calculate the decay widths. The cur-
rents we are concerned with are taken to be de6ned in
terms of quark 6elds by the following equations5:

V.~(x) =g(x)-', X.q~g(x), (2 =1, , 9 (34)

A.~(x) =(t(x)-,')(„q~~s(t(x), (z= 1, 2, 3 (35)

B„A.&(x) = z&(I(x)-'2),.ysq(x), (2=1, 2, 3 (36)

where Xs is defined in (1), and z) is some unknown con-
stant. We also de6ne tensor currents V s"(x) by

V s"(x)=-'~q(x),).~"q(x), &=i " 9 (3y)

where os"=
—2,I y~,y"), and z& is the same constant that

appears in (36).
The equal-time commutators that follow from (34)-

(37) are

I V.'(-,'x), V, (—,'x)). =,= (-',)»22;;,A.s(0)8(x) (38)

I:V.'(sx), vs/( —sx)l:=,=(-') 2zs...~.s(o)8(x), (39)

I B„A.&(sx),vs&(——',x)); 2= ('s)'"ib, ses/, „
XLvs"(0)+V2V2"(0))6(x), (40)

I c& A s(rx) vs&'( —-'x)) o=s ——(2)'~2zg, s

Xe'& V "(0)6(x) (41)

I 8„A "(-',x),V '(—-', x));=o= (-,')'"'b, s

Xe".,V.«(0)8(x). (42)

Kc need not worry about the existence of Schwinger
terms in the above equal-time cornmutators, since,
within the context of our meson-dominance approxi-
mation, they do not contribute to (29)-(33).'s

From (10), (29), (30), and (38) there follows

gA
2 (2f 2)zzz 2

"The fact that gradients of b functions do not appear in
(29}—{33}is a consequence of the fact that we have assumed, as
part of our meson-dominance ap roximation, that I'&&)(g',p~,k2} is
linear in the squared momenta see (19)-(28)j.

Using Keinberg's sum rule'~

gAzszzzA, '+sf '=go'zip ')
there then follows

(44)

g, '=wz, sf.', (43)

which ls thc Kawarabayashl-Suzukl 1clatlon. It, ls to bc
noted that our derivation of this relation does not suBer
from the problems associated with soft-pion extrapola-
tions, as do the derivations in Ref. 9.'8

From Lorentz invariance, and the fact that the cur-
rents transform as an octet and a singlet, there follows

(2k )i'2(OI c& v."(o) I
os)'{k))

=C ' (2k')'"(OI V "(0) I '(k))
(2= I ~ 8 P= I ~ 9

(2k')'"(OI (& V s"(0)
I sp"(k))

=c(»{2k) i (ol v, (o) I;~{k)&,
~ ~ s 9

where z)s"(k) represent the nine physical vector mesons
and C&'& and C&') are constants, independent of n and
P. The corresponding matrix elements of the tensor
culrcnts arc

(2x)'"(2k')'"«I v-""(0)
I us"{k)&

=z(8.,+8.,6„)g,~;2C«)(g "k" g""k —),
(2zr)'"(2k') '"(0

I
vs""(0)

I
ss"(k))

(4/)

= i(8ps+ bt)2)fpzzz(& 'C("(g""k"—g""k")

where u=1, , 8, P= 1, ~ ~, 9, and the constants gs
and fs are deaned in (10) and (11).

Using (10), (11), (30)-(33), (38)-(42), and (4/), we
obtain the foQowing equations for the constants I';&&):

g.(I'2")+I'2'2))+ f.(I'2'"+ I'2(s')

=i2%2(g C(')+Vlf„c('&)/VSf 2N sg,2N ', (48)

g (Pt(s)+12(s))+f (it(s)+.12(2))

=i2V2(g„c(s)+%2f„C(")/V3f 2)z 2g,zN, 2, {.49)

(g„s+g„2)(P (2)+Ps(S))+(g„f„+gf )(Pt(2)+Ps(2))

=i2&g,c(s)/v3 f.zw.sm, s, (50)

(g-f-+g.f.)(I't")+I'2"))+(f-'+f.')
X (I'2(s)+ I's(2)) =24g,c(s)/VSf zzz 'zzz, s, (51)

(g '+g, ')(I'2")+I'2"))+(g f +g,f,)
X(i' "'+I' "')= —f-/(V' )6.g(52)

(g-f-+ g.f.){I'2")+I's(s))+(f-'+f.')
X(I' (')+I' ('))= f-Wgg' —'(33)

» S. Q'einberg, Phys. Rev. Letters 18, 507 (1967}.The assump-
tion, made in this reference, that no I= 1 Schwinger terms exist in
the 1ocal chiral SU'(2}(3SU(2}current algebra, can be weakened.
The presence of I=1 vector and axial-vector Schwinger terms
does not a(Iect the proof of the sum rule (44). However, ii an I= 1
pseudoscalar Schwinger term exists, then one must assume that
its coupling to the pion is much weaker than that of the axial-
vector current. See R. Perrin, Phys. Rev. Letters 20, 306 (1968)."B.A. Ge6en, Phys. Rev. Letters 19, 770 (1967};R. Arnowitt,
M. H. Friedman, and P. Math, zbzd. 19, 1085 (196'/).
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ge /~aP+ gp /r)f p =gp /twps

gef~/PN~'+ gpfp/rII p'= 0 ~

(57)

wc ob'tain fl'onl (56)

(2g-'/ -')C"'=(g,'/, '—g-'/ .'}C". (59)

Fronl (45}, (55), (59), and (JJ1)-(I)wc now have

g-1' "&+f-l' "&=('/2(V'6), g-)(1+8«'&/ -),
g Ps()+f P ()—

g P (8)+f P () (60)
8/2{+—6)Nspg„

U»ng (10), (11), (17), and (60), and assuming that
the electromagnetic current is given by

J(»(x)=spVsp(*)+IIVBVsp(x) j,

f »= f, (rw 8+SC(8&)/3%2rlpsr)8„8,

f...=E(~.+8«&)-~ j/6~~, ~.', (63)

f „=L'(r)8 '+SC('&)—N8 sjgp/2(+6)INpsg, (64)

f„p,——$(pN 8+SC(8&)—IN, 8-NI 8)/2(+6)IIspg, (65)

where the equations relating the decay widths to the
decay constants are given in Appendix C.

Using (62), (Cl), the experimental values'8 88

F(lr'-+ 2q) = (7.3+1.5}eV, (66)

( )
'8 The constants g„snd fp sre determined in terms of g» g,

and f by the sum rules (5"I) and (58).
g0 R. F.Dashen and D. H. Sharp, Phys. Rev. I33, 81585 (I964).
~'T. Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters I9,

O'M (1967);R. J.Oskes snd J.J. Sakursi, ibid. 19, 1266 (1967l.
~~ In obtaining (Q') we have assumed that ~+ P decay is deter-

mined by f cosg with 8-0.25, See N. Cabbibo, Phys. Rev. Letters
3.0, 53j. (1963).

The solutions to these equations are listed in Appendix
B. Since @re do not know the constants C{'& C&') g„
and f,'8 we shall have to use information about the
decays to 6x them. This @re do by 6rst noting that the
widths of the decays (p~p+s and 9 ~s'+y are
several orders of xnagnitude smaller than one wouId ex-
pect on the basis of a simple pole-model calculation with

fop= fjypp. Wc 'take 'this lllto accoullt by assummg„as
a 6rst apploxHDatlon, thRt the q-p-x vertex VRIQshes

lll thc I'cgloll appl'opl'late to thc decays. Uslllg (16) slid
(17) 'tllls gives

g P.(8)+f P.(8)—0

»om (Jl4)-(36) there then follow

(68)

r(~~~+~)=(1.02+0.17) MeV,
1'(o) -+ 38)= (11.3+21.0) MCV,

(74)

in excellent agreement with the experimental results'0

1'~st(o) -+s'+ y) = (1.15+0.17) MeV,

F,~t{o)-+ Brr) = (107&14) Me.V. . PS)

Ke must now take into account the fact that the
decay (p~ p+s does take place. "We do this by as-
suming that the relations f„=v2g„and fp= —()v2)g„
are maintained, but that C~s}/C&'&. The new decay
constants %'hlch result from this assuIDptK}Q are

f„„=%2'gp(8N, '+Its p' —III„')(C("—C(")/
VSf gppl, sr)s„', (76).

f pKg (pN p' —(esp')(C(8& —C(")/
v3f.ns.spl, sp)8„8, (77)

f,~= (f /3%p)&, spw„')L(pN 8+SC(8&)

+4g, 'p)8 '(C('& —C(")/f 'IR„'J, (78)

~' In Sec, IV, ere consider an alternative possibility for 6xing the
COnStant geg.

84 M. Roos, CERN Report No. TH. /98, 1967 (unpublished).

C(s& =—(3.80&0.39)X10' (MeV)', (69)

where the negative sign has been chosen so as to obtain
agreement with the remaining decay widths.

From (63), (68), (69), and (C2), we obtain

I'(pe ~ s'+q) =(0.10+0.02) MeV, (70)

which is consistent with the experimental upper bound'0

I',„(pe~~+q) &0.56 MeV, P1)
To calculate the widths F(o)-+ Ir'+y) and F(o)-+ 3)r),

@re must determine the constant g . %e do this by as-
suming that the currents transform as a nonet, rather
than: as an octet and a singlet. ""This gives C&@=c&'&

and, from (55)-{59),

ge =s(IN~ /pip )gp =035gp ~

gp'= 8(r)lp'/r)sp )gp'=1 17gp ~
72

fe=~ge ~

f.= (s&—g'
%'e shall shortly break this nonet symmetry to account
for the decays 9 ~p+8 and 9 ~ Ir'+y.

Using (64), (65), (68), (69), (72), (CB)-(CS), and the
measured value for the p width, '4

F(p -+ 28)= (129+15)MeV, PB)
we obtain
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f.„„=L(m.'+SC&'))—m„'&g,/2(g6)m, 'g. .

Using the experimental value'

(81)

r(& p+~) =(0.48~0.20) MeV,

we obtain from {76)and (C6)

f...= (1/6v2m, m„')
X{L(m.'+SC&») —m 'j+4g as'„'(m.&+m, &)

X(C")—C&'))/f 'm. 'm, '), {79)

m e+sc&»)—m e—m q/2(g6)m g (80

From {72), (87), and (88), we have

r((o-el+I ) 1tr met)

F(p'-+ l+l )-9tm I

r(&p~l+I ) 2f m, )' ~=0.17.
r(p I+I )-9(m„i

Using the experimental result'6

r(po „+„-)
= (5.1+1.2)X 10 '

F(p' -e all)

(90)

and the measured widths of po, (p, and rp,
'0" there

follows

This gives

r(to ~ er'+y) = (0.056&0.023) MeV, (84)

r(oo —+I+I )= (6.0&2.0)X10 t,
F((o -e all)

(92)

which is consistent with the present experimental upper
limit of 0.08 MeV."

From (66), (78), (83), and (C1), we obtain, as before

Lsee Eq. (69)j,
C(') = —(3.80+0.39)X10' (MeV)'. (ss)

The widths r((p-etr'+y) and r((p —e 3er) are still as
given in (74), while the width r(p'~tro+y) is now

given by

F{p'~ rr'+y) = (0.12+0.02) MeV

for
C&') —C&') = (0.75+0.16)X10' (MeV)',

r{po ~ y~) =(0.08~0.02) MeV

for
C&') —C&') = —(0.75+0.16)X10' (MeV)'. (86)

Lacking a more precise experimental determination of
this width, we have no way of choosing between the two
alternatives in (86).

r(&p —e I+I )= (2.8+1.2)X 10-'.
r(qo —& all)

(93)

The data presently available are not sufficiently ac-
curate to check the results (92) and (93). If it turns out
that these results are in conQict with experiment, then

we shall have to drop the assumption C{"=C&'& which

we used to 6x g . The experimental value of g„could
then be used. to calculate the widths r((p —e tr'+y) and

r(ee —r3tr). This could be done by simply multiplying

the results (74) by (g (theor)/g (expt))e where g
(theor) is

given in (72). The constant C&') could be determined

from (59). There would, however, be no simple way to
account for the decays q -+ p+tr and (p —r er'+y.

To illustrate the e6ect of a change in the decay con-

stants, we consider an alternate possibility for 6xing
the constant g„, this one proposed by Das, Mathur, and

Okubo. s' In addition to the sum rule (57) they propose
the condition

g„t+ g„t=-', (4g,.&—g,&) =x(4m&'/m, '—1)g,', (94)

from which there foBow g '=0.43gp', g„'= 3..03gp') and

r(coo I+I )-r(q -o I+I)-
-=0.14, =0.15. (95)

r(p' —e /+I ) I'(p'~ I+I )

r((o-+ tr'+y) = (083+014) MeV

r{ee-e 3tr) = (9.2+1.6) MeV.
r(cu —el+I ) 1(m,)'g„'
r(p'~/+I ) 3tm„) g,'

(87) Results (96) are in poorer agreement with experiment
than those given in (74) )see (75)J. We note, in fact,
that since results (74) are in such close agreement with
experiment, any change in g is going to worsen the
results for the above widths.

r(q ~I+I ) 1/m, )'g„'
(8

F(p' I+I ) 3(m J g,'
I' J, S.Lindsey and G. -A. Smith, Phys. Letters 29, 93 (1966). ~6 A. Wehmann et e/. , Phys. Rev. Letters 1S, 929 (I9N').

IV. CONCLUDDI'6 REMARKS The decay widths r(&p-+ tr'+y) and r(&o-e 3er) which

andg determi eth l t ~ follow from this new value of g„are

decays of p', co, and q. Assuming that the electromag-
netic current is as given in (61), there follows
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We remark, 6nally, that the methods used in this
paper are applicable to a study of the decays g(x') ~ 2y
and q(y') ~s++~ +y. Such an application is cur-
rently in progress.

(Note added ie proof. Imp1icit in the foregoing work
is the assumption that a pole-dominance approximation
for the time-ordered products is a good approximation
at high energies as well as at low energies. This assump-
tion is su%.cient to ensure consistency between our work

and that of Bjorken [J.B. Bjorken, Phys. Rev. 148,
1467 (1966);B.L. Young, ibid. 161, 1615 (1967); C. S.
Lai and P. D. De Souza (to be published)). )
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API'ENIHX A

We show here that, within the context of our meson-dominance approximation, the retarded commutators and
the time-ordered products, corresponding to expressions (19)—(28), have the same pole structure. Speci6cally, we
consider the matrix elements (0jR(8„A, (-,'x)Vq"(—-,'x)}jco~(k)& and (Oj T(8„A, (~x) Vq"( ',x)—}j—&u"(k)&.

Assuming that an. intermediate-state sum inserted into (Oj 8„A,"(~~@)Vt,"(—2x) ja&"(k)& is dominated. by the ~-
meson state, and using (10), we have

(2k')'~'(Oj8„A. &(-,'x)Vg"(——,'x) jeo"(k))= i(f./—&2)m '(2s) I"—
d4l 8(EO)8(E2—m ')(4k'Eo)"'(m. (l) j Vg"(0) jo)'(k)&e *'&' &»'. (A1)

From (10), (11), (1/), and (A1); there follows

(2~)'"(2k')"'&o
I 8.~."(2*)V~"(—k~) I

~"(k) &

ib~y(2s) —'(f~/V2)m 'gpss~ 'B,k, d4l e "~8(P+pk')8j (E+2k)' m~'jDE —',k)' mp—'+-iej —'

&& t g.«8((E+-'k) (l 'k)' —m -')+f 1' »((E+-'k)' (E—-'k) 2 m.')j. (A2)
In a similar manner, we obtain

(2 )'"(2k)'"&0j V (—:)8,~"(-:*)
I '(I)&

iLa(2s) '—(f /%2)m 'g e""8.k, d'E e "*8L—(P——,'k') jbL(E——;k)'—m, 'jL(E+pk)' —m 'aAj '

&& Lg- "'((E+ k)2' (E 2)',m-')+—f- "'((E+kk)', (E kk)', -')3—(A3)

where the +is (—ze) must be used to obtain the time-ordered product (retarded commutator).
Using

8(*)=(1/2 )L1/(*-')-1/(+')j,
there then follow

(2~)3I2(2k )~~2(0
j r(a„a.~(2~) V;(——;x)}j ~&(k) &

=i8,&(2~)-'(f./v2)m. 'g,

(A4)

d4E e a e"" 'k.-l,j .(E+-,'k)' m„'+sej—'[(E 'k)' m—,'+-fej—'

XLg„r & &((E+-,'k)', (l—-,'k)', m. ')+f.«"((l+-.'k)', (l—'.k)',m. ')j (A5)

(2.) I (2k)~12(ojZ(8„~.»(-;*)V;(—;*)}j~ (k)&=8.,(2 )- (y./~2)m. g,

d4l e "~e"""k.E,L(EO+(2k')+is)' —(1+-',k)' —m. 'g 'L(EO —(-,'k')+ie)' —(1—-', k)'—m, 'j '

&&Lg„«'&((E+-,'k)', (E—-,'k)', m„')+f„«'&((E+2k)', (E—-',k)',m ')]. (A6)
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APPENDIX 3
The following expressions for the constants 1' @, j=1, 2, 3, P=8, 9 are the solutions to Eqs. (48)—(53):

&x"'= (i/2~~)(g f g f—) '(L&~~g,C"'/f-m-'m'+f-/~&g. j(g-f. g.f—-) 'L(f-'+f') ~&(g-f-+g.f.)j
+(2~~/f- -'g.)Dg-f./ -' g.f—-l ')C"'+~&f f.(1/ '—1/ ')C"'3), (B1)

«'&=(i/2&&(g. f, g,f—-) '( L&—~&g.C"'/f-m-'m. '+f-/~&g. j(g-f. g.f—) 'L(f-'+f, ') ~2(g-f-+g.f,)j
+(2~~/f m 'g )C(g f /m '

g f—/ ')C"'+vlf f (1/ '—1/m ')C~"j), (B2)

I'3~" (i/2——v3) (g.f, g,f—) 'f L&~&g,C"Vf-m-'m, ' f-/'/—2g.j(g-f. g.f-—) 'C(f-'+f ) ~&(g-f-+g.f.)j
(2%/—f m 'g,)P(g„f,/m„' g,f /—m ')C&++V2f„f,(1/m„' —1/ m„')C&»1), (B3)

& "'= ('/2&3(g. f.—g,f-) '(L2~-2g, C"'If. -','+f./~~g, l(g-f, g.f-)—'L~~(g-'+g, ') (g.f —+g,f,)j
+(2~&lf m'g. )Lg f (1/m ' 1lm '—)C"'+~~(g f /m '—g f /m ')C'»g), (B4)

&2"'= (i/2&&(g.f„g,f~)—'(
I 2~g—pC"'If-m~'m, '+f./~&g, 3(g-f, graf-) —'$~(g-'+g, ')—(g.f.+g„f„)j
+(2%2/f.m. 'gp)fg g„(1/m„' 1/m ')—C"'+02(g f,/m„' g„f /—m„')C~'&j}, (BS)

1'"'= (i/2, ~)(g-f. g.f-) '—&I:&~g.C"'If-m-'m' f-I'/2g.—&(g-f. g.f.) '—&~&(g '+g') (g-f-+—g.f.)j
(2@2/—f m. 'g, )$g g,(1/m„' 1/m —')C&@+V2(g f~/m„' g„f„/—m„')C&»j} (B6.)

APPENDIX C

The following equations express the decay widths in terms of the decay constants (62)-(6$) and (76)-(81)8:

r(~ 27)= (-,*~)~'m.'f.„',
Z'(p' +m'+y) =-(e/24) (m, ' m')'m

p
—'fp, ',

r(ra ~ s.0+y) = (a/24)(m '—m ')'m 'f~, ',
f'((y +3s)-=(m„3m )—'(m, ' 4m '—) 'm m '3 '"W(m )(f, '/4n)(f p '/4s),

g (3m„)=1, W(783 MeV) =3.53,
F(p-+ 2s.)=-', (m '—4m ')'"m, '(f, '/4s),

I'(q +p+s) = L:,'-(m„'+m, '—m ')'m, -'—m, 'jai'(f„, '/4'),
F(qr +s'+y) = (n-/24)(m~' m')'m„—'f„„'

(C1)

(C2)

(C3)

(C4)


