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Analysis of Mossbauer Hyyerfine Structure in Thulium Metal
below the Neel Temperature
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Mossbauer-eGect measurements of the hyperfine structure of Tm"' below the Neel temperature are
presented and analyzed. The interpretation is based on the neutron diffraction analysis of the magnetic
structure, and assumes fast relaxation among the exchange-split levels of the lowest J multiplet. The as-
sumption of slightly incommensurate magnetic and crystal unit cells is essential to the successful inter-
pretation of the data, since it produces a continuous distribution of hyperfine fields, as is observed.

INT'RODUCTION

N a previous study' of the Mossbauer spectrum'
. . of magnetically ordered thulium metal, complex
hyperfine (hf) spectra were observed; these results were
not understandable in terms of the known magnetic
structure of this material as determined by neutron
diBraction studies. ' This paper presents a remeasure-
ment of some of these experimental data, and a suc-
cessful analysis of the observed spectra in terms of a
simple model based on the neutron diffraction solution
of the magnetic structure. Preliminary results have al-
ready been reported. 4

Mossbauer-effect experiments on hfs are intermediate
in both difhculty and power between neutron diGrac-
tion and magnetization measurements of magnetic
ordering in solids. The observation of magnetic hfs
(nuclear Zeeman effect) in Mossbauer experiments
usually allows one to determine the magnetic field at the
nucleus; this information can be related to the elec-
tronic wave functions. In particular, the technique can
detect the existence of a number of magnetically in-
equivalent sites (through the observa, tion of their dif-
ferent hf fields), but not, unless special techniques are
used, the orientation of the fields or ion magnetic
moments.

EXPERIMENTAL TECHNIQUE

Standard transmission geometry Mossbauer spec-
troscopy techniques were used. The source consisted of a
thin layer of evaporated erbium metal containing Kr"',
and was at room temperature. The absorber was a 10
mg/cm' layer of Tm metal evaporated in very high
vacuum in an ion-pumped system; careful comparison
between two absorbers made from different batches of

'M. Kalvius, P. Kienle, H. Eicher, W. Wiedemann, and C.
Schuler, Z. Physik 172, 231 (1963).

'R. L. Mossbauer, Z. Physik 151, 124 (1958).' W. C. Koehler, J. W. Cable, E. 0. Wollan, and M. K. Wilkin-
son, Phys. Rev. 126, 1672 (1962).

4 R. L. Cohen, Phys. Letters 24A, 674 (196tt'); and in Proceed-
engs of the Internateonat Conference on IIyPergne Interacteons
Detected by Nuclear Radiation, edited by E. Matthias (North-
Holland Publishing Co., Amsterdam, 1968).

vacuum-distilled Tm metal failed to reveal any dif-
ferences in the observed spectra. The absorber tempera-
ture was measured and controlled for most of the meas-
urements using a Cu—Au (2.1% Co) differential thermo-
couple with a liquid-H2 reference. The short- and long-
term temperature stability was better than 0.1'K.
An argon-filled proportional counter was used to detect
the p rays, which were counted in a multichannel
analyzer in the time mode. The velocity drive has been
previously described. '

THEORY

Elliott has presented' a well-developed framework
for the discussion of magnetic effects in rare-earth
(RE) metals. The fundamental physical assumptions
in this theory are (1) L Scoupling —for the RE 4f
electrons, (2) the Ruderman-Kittel interaction as the
primary mechanism of cooperative effects, and (3) the
crystal electric field (CEF) coupling with the 4f
wave functions. The combination of (2) and (3) can
explain some of the complex ordering effects found in
the RE metals.

Unfortunately, in thulium metal (4f ground-state
'He), the magnetic exchange, crystal field, and thermal
population of excited states of the ground 4f manifold
are all of approximately the same importance in the
temperature range considered here. Additionally, the
size of the eRective exchange interaction is rapidly
varying in space and with temperature, leading to an
extremely complex situation. Thus an analysis of the
problem from first principles is prohibitively dificult.
Accordingly, we have chosen to use the existing experi-
mental data on Tm magnetic structure to set up a simple
model for the system, rather than working forward from
first principles. This model gives exactly the most im-
portant (magnetic) part of the hf interaction and, well
below the Neel temperature, is a fair approximation to
the (much smaller) electric quadrupole term. As will

be seen, the agreement between the calculations, which

'R. L. Cohen, Rev. Sci. Instr. 37, 957 (1966).
6 R. J.Elliott, in JIagnetism, edited by G. T. Rado and H. Suhl

(Academic Press Inc. , New York, 1965), Vol. IIA, p. 385.
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involve mo adjustable parameters, and the experimental
results, is very good.

From a neutron diffraction study of Tm metal some
years ago, Koehler et al.' obtained a very detailed pic-
ture of the magnetic ordering. We summarize their re-
sults here: The thulium ion moments, produced by the
4f electrons, lie along the c axis of the hcp crystal. At a
temperature T, the magnetic moment for an ion at s
can be written as a Fourier series

1i(z, T) =g a„(T) cosL(2n sz/7c)+II„j, (1)
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where a„(T) and e„are Fourier coefficients and c is the
interplanar spacing. The data were good enough to
determine the coefficients from n=0 to m=3. Above
56'K, all u's are 0, and there is no magnetic order.
Between 40 and 56'K, only a& is nonzero, leading to a
sinusoidal distribution of moments repeating every
seven lattice layers. Below about 40'K, the other coef-
ficients appear, leading to a net moment and a "squaring
up" of the moment distribution (through the introduc-
tion of the harmonic components), which is complete
below about 25'K, where every ion has approximately
the theoretical maximum of &7 pii. (This value is
confirmed by the Mossbauer hfs results. ) An approxi-
mate picture of the variation of the moments with
temperature is shown in Fig. i.

At all temperatures, the values of the coeKcients
providing the best fit to the diffraction data were such
as to make Fourier series symmetric about s=0 (the
8„coeKcients are temperature-independent and all
either 0 or s.); this results in a duplication of some values
of magnetic moment so that in the seven-atom mag-
netic unit cell there are four inequivalent sites with
populations 1, 2, 2, and 2. These unequal magnetizations
should produce four distinct hf spectra, with relative
intensities proportional to their populations.

The hfs observed in Tm'" comes almost entirely
from two sources: the internal magnetic field (H;„~) (at
the nucleus) produced by the spin and orbital angular
momentum of the 12 4f electrons of the Tm'+ ion, and
the electric field gradient (EFG) resulting from the
asymmetric charge distribution of the 4f electrons.
The EFG tensor produced by the 4j electrons is in this
case axially symmetric and has its major axis along
H;„t,, so that V„and H;„& define completely the hf
fields. The internal field and EFG interact respectively
with the nuclear magnetic dipole and electric quadru-
pole moments to produce the observed hfs. (For a
fuller discussion of these factors, see Refs. 7 and 8.)
We proceed at this point under the assumption that the
relaxation processes creating transitions between the
2J+1=13 4f wave functions in the ground-state J

'R. G. Barnes, R. L. Mossbauer, E. Kankeleit, and J. M.
Poindexter, Phys. Rev. 136, A175 {1964).' R. L. Cohen, Phys. Rev. 134, A94 (1964).
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Fro. 1. Approximate thulium sublattice magnetization obtained
by neutron diGraction measurements.

manifold are sufFiciently fast to produce a well-defined
V„and H;„&.This is further discussed below.

The internal magnetic field is composed of the follow-
ing components': the direct contribution of about 7
MOe due to the 4f electrons, core polarization due to the
4f electrons (about —100 kOe), conduction-electron
polarization (CEP) due to the ion's own 4f electrons
(about —40 kOe), and CEP due to the surrounding
ions (about +50 kOe) .' Under the assumption of L S—
coupling, all terms except the last are proportional to
4f electron moment, so to an excellent approximation
the internal field is proportional to 4f moment. Thus
from the measured values of ion magnetization, we can
calculate H;„~.

Determination of V„, however, requires more de-
tailed knowledge of the 4f wave functions. Lacking a
complete solution of these eigenvalues and eigenvectors,
we proceed in the following way. The most important
perturbation on the lowest (J=6) electronic state
of the Tm ion is the conduction-electron exchange inter-
action with the 4f shell. The ordered moment at O'K, '
the Iinternal field and quadrupo1. e interaction measure-
ment at saturation, " and a direct measurement of the
crystal-field eGects, "all show that at low temperatures
the inQuence of the exchange interaction strongly domi-
nates the crystal field from the surrounding ions. If we
ignore the crystal-field eGects, the J=6 level is split
into 13 equally spaced levels characterized by J,= —6,—5, ~ ~ ~, +6. This approximation breaks down badly
near the Neel temperature, where the exchange splitting

' S. Huiner and J. H. Wernick, Phys. Rev. (to be published).
The last 3 terms are relatively small and were approximated

by scaling from the S= —,
' case discussed in Ref. 9 to the S= 1 {Tm)

case.
"The difference, discussed in Ref. 8, between the internal field

in Tm metal and in Fe2Tm, has been shown to be due to the
existence of an extremely strong contribution to the internal field
from the unusually large conduction-electron polarization in the
Fe2R compounds I R. E. Gegenwarth, J. L Budnick, S. Skalski,
and J. H. Wernick, Phys. Rev. Letters 18, 9 (1967lj."D. L. Uhrich, D. J. Genin, and R. G. Barnes, Phys. Rev.
166, 261 (1968).
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Fro. 2. Hyperfine splitting of nuclear energy levels of Ym'69. Six
lines are expected, with intensities as shown.

leading to magnetic and electric parts to the hf energy
levels of g))„KqPq(h, T) (g is the ground- or excited-state
nuclear g factor) and eQK2F2/4 (Q the spectroscopic
nuclear quadrupole moment), respectively (see Fig. 2) .
(Kr and K2 are constants involving radial integrals
over the 4f wave functions, matrix elements, and
shielding factors. The constants K~g and K~Q can be
empirically determined using the values for the hyper-
fine parameters measured in the metal at low tempera-
ture or in Fe2Tm. They are not treated as adjustable
parameters in this paper. )

These equations are particularly useful in this analy-
sis since, using the neutron scattering measurement of
the ion moments, we can directly find, using Eq. (2),
the value of 6 for each ion and temperature, and then
straightforwardly calculate the hf energy perturbations.
It should be emphasized that the magnetic part of the
hf interaction is exactly determined, regardless of the
model used for the 4f electron wave functions, but the
quadrupole part is approximated, and the approxima-
tion should not be good for small ion moments.

V„~ (3J.2—J')

(where the brackets signify the matrix elements of the
operators on the angular part of the 4f wave functions) .
The relative populations of the various states will be
determined by the Boltzmann factor exp( —mA/kT),
where m= —6, ~ ~ ~ +6 is the value of J, used to charac-
terize the state, and 6 is the energy difference (for a
particular temperature and ion) between the successive
J, levels. If we assume that the electronic spin-lattice
relaxation is fast among the various levels (e.g. , faster
than about 10 "sec), we get, for any particular ion, a
time averaged moment, internal field, and EFG as
follows:

)r= gJ (~z)zv)zB

gJ))Qg 6'm exp ( —nzA/k T)

P 86 exp( —mD/I)T)

(2)

(gJ the Lande g factor, 7/6 for the 'HII configuration),

H; z=Kg)1/gg K,F~(d, , T), ——

g 6'(3m' —42) exp( —mA/kT)
V.,=E2

Q 6'exp( —mA/kT)

=K2P2(h, T),

(3)

(4)

approaches zero, but should be adequate where the ion
magnetization is large. Each of these wave functions
produces, at the nucleus, a magnetic field and electric
Geld gradient

EXPERIMENTAL RESULTS

Some of experimental results are shown in Fig. 3(a).
Spectra taken at intermediate temperatures showed no
anomalies. Our results are similar in over-all appearance
to those of Ref. 1, but we do not 6nd the satellite lines
reported earlier at 29'K (our data not shown) and there
is some difference in the temperature scale. The data at
O'K are similar to those already published, ' and have
similar values of linewidth (2—3 cm/sec) and over-all
splitting (107 cm/sec) . The ratio of excited- and
ground-state nuclear magnetic moments, —2.22+0.07,
is also consistent with previous values of —2.17~0.1'
and —2.33&0.04.'

Using the model discussed previously, in which the
magnetization repeats every seven lattice layers, giving
four inequivalent magnetizations, we have generated,
by summing four spectra, each composed of 6 Lorentzian
lines with positions obtained from Eqs. (2)—(4) and
appropriate amplitude, the spectrum to be expected
from the neutron data at 40'K. This calculation is com-
pared with experimental data at the same temperature
(Fig. 4), and the agreement is seen to be poor. The
problem is not simply one of detail; the predicted spec-
trum does indeed look like several well-resolved spectra,
while the experimental result looks like one 6-line spec-
trum with the lines smeared to varying degrees. This
discrepancy could not result from the approximate
wave functions being used for the 4f electrons; an exact
calculation wouM shift the positions of the lines slightly
but would not change their sharpness. This lack of agree-
ment between calculated spectra and the observations
is very disturbing, since the calculations are so straight-
forward and inexorably linked to the neutron data.
Fortunately, a trivial modification of the assumptions,
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FIG. 3.(a) Hyperfine spectra of Tm'" metal at various temperatures. (b) Family of spectra at various temperatures calculated using
model described in text with an essentially infinite number of magnetically inequivalent sites.

consistent with the results of the neutron diffraction
measurements, provides excellent agreement between
the experimental and theoretical results, as follows:

If we make the minor change of assuming that the
magnetic structure repeats not every 7 layers I as in
Eq. (1)7 but 7+e (~ e

~
((1) layers, the magnetic struc-

ture becomes incommensurate with the lattice. This
change produces not four inequivalent sites, but an
essentially infinite number. Values of e on the order of
10 ' are perfectly adequate to produce this effect and
are not incompatible with the precision of the neutron
results. The sole purpose of the constant e is to destroy
the commensurate relationship between the lattice
constant and magnetization wavelength, and the pre-

IAAF~~ ~~ ~ ~~+ ~I@g

0
r

-60 -40 -20 0 RQ 40 60
cm/sEC

Pro. 4. Comparison of experimental data at 40'K with cal-
culation based on the four-inequivalent-site model. Note pooI
agreement, especially near —20 and +20 cm/sec.

dieted spectra on this model are totally independent of
the exact value chosen. Results of calculations using
this (infinite sublattice) model are shown in Fig. 2 (b) .
LThe plots were generated by summing a large number
of 6-line spectra with hf parameters determined from
the Eqs. (3) and (4) using ion moments obtained from
the aforementioned modification of Eq. (1). lt should be
emphasized that the calculated spectra are produced
directly from the neutron moment measurements, with
no adjustable parameters or "fudge factors. "7

As can be seen, the over-all agreement between these
calculations and the experimental results is good except
near the Keel temperature. This is not surprising, since
the model used breaks down badly as the ordering tem-
perature is approached and the ion moments (and the
exchange coupling) decrease. The remaining discrep-
ancy is a small difference (less than 10% at worst, and
visible only because of the high resolution of the Tm
hfs) in over-all splitting between the calculated and ob-
served spectra. The most likely cause of this difference
is the following: It was previously mentioned that the
neutron diBraction results provided only the 6rst four
Fourier coeKcients for Eq. (1). The values of these
four were chosen to provide exactly &7.0 pz at T=O
for each of the 7 ions per magnetic cell. The neglect of
@]1 the higher-order coefhcientq results in an overesti-
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mate of the strength of these coeKcients, and this re-
sults in calculated spectra with greater splitting than
would be obtained if the entire series of coeKcients was
accurately known. The splitting in the spectra calcu-
lated here is indeed slightly larger than that experi-
mentally observed.

The idea of a wave of magnetization incommensurate
with the lattice may appear at first intuitively unreason-
able; one might expect the wavelength to change slightly
to provide a minimum energy configuration with the
nodes (or loops) of the wave at the ion moments. How-
ever, there are similar systems in which the magnetiza-
tion is indeed incommensurate with the lattice. For
example, dysprosium has a flat spiral (helical) spin
configuration between 90 and 180'K. The moments of
the 4f electrons are parallel within each plane perpen-
dicular to the c axis, and there is a temperature-depend-
ent angle 0. between the directions of the moments in
adjacent planes. A study" of the temperature depend-
ence of o., which varies from 27' to 43' over the tempera-
ture range mentioned, shows no discontinuity at 0.=30'.

Additionally, erbium metal shows a wave of mag-
netization in the temperature range 20 to 52'K, with
the wavelength continuously varying from 4, 1 to 3.5 cp

over this range. '4 (This situation is similar to the one
we are suggesting for Tm, but our experiment cannot,
and the neutron results do not, detect any temperature
variation of the magnetization wavelength. If e were
temperature-dependent, and there were some tempera-
ture for which &=0, the four-site spectrum shown in
Fig. 4 should in principle be observable. ) A recent study
of erbium metal hfs by Mossbauer spectroscopy" did
not analyze results in this temperature range using the
neutron data of Ref. 14; however, an analysis very simi-
lar to that presented here was used to analyze the er-
bium spectra above 52'K.

It is of course possible that in our absorbers the
magnetization wave was pinned on defects (for example,
the unavoidable oxygen impurities), and that thulium
of much higher purity would show the complex spectrum
resulting from four inequivalent sites.

If the magnetization is indeed inherently incom-
mensurate with the lattice, there is no force keeping it
fixed in position, and it may be wandering through the
lattice. The sharpness of the hf lines observed at 30'K
allows us to estimate that at that temperature, any

"M. K. Wilkinson, W. C. Koehler, E. O. Wollan, and J. W.
Cable, J. Appl. Phys. Suppl. 32, 485 (1961).

~4 J. W. Cable, E. O. Wollan, W. C. Koehler, and M. K. Wilkin-
son, Phys. Rev. 140, A1.898 (1965).

n R. A. Reese and R. G. Barnes, Phys. Rev. 163, 465 (1967).

motion of the wave through the lattice is at 10 cm/sec
or less. Higher velocities would result in rapid enough
changes of ion moment with time to give greater broad-
ening than is observed.

Recently the hfs of ErA12 below the ordering tempera-
ture was reported on and analyzed using a simple
relaxation model. " Some of the qualitative character-
istics of those results are superficially similar to ours,
and we should distinguish between the two situations.
The most commanding justification for our treatment
is that in the temperature range about 30'K, where the
lines are still sharp, relaxation spectra based on the
model using four inequivalent sites look nothing like
the observed data, because the existence of diferent
sublattice magnetizations should be observed. There is
an additional problem in that experimentally, the lines
are observed to broaden as higher temperatures are
approached. To get such behavior with the ferromag-
netic relaxation processes occurring here, the relaxation
time would have to increase (from about 3X10-u sec
at 7=20' to about 10 ' sec at 7=50') in a situation
where the spin-lattice and conduction-electron relaxa-
tion mechanisms would be making the decrease. Thus,
though we cannot completely exclude the possibility
of some line broadening caused by relaxation eBects,
i.e., breakdown of the fast-relaxation approximation
used to obtain Eqs. (3) and (4), the major features of
the observed spectra must be explained on other
grounds if the neutron scattering data are not to be
ignored.

SUMMARY

In this work, hf spectra in Tm metal have been pre-
sented and analyzed. The essentiaI feature of the analy-
sis is the assumption of incommensurate magnetic and
crystallographic unit cells, resulting in a continuous
distribution of hf fields. This model successfully recon-
ciles the results of earlier Mossbauer measurements with
neutron diffraction measurements; they had previously
been in apparent contradiction.
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