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introduced in Sec. V. The result of this work is to
replace the Druyvesteyn' expression, Eq. (2.2), by

J'(z)= J r.(z)+J s (z)+J s.(z)
—(2z/16rl) R4(8/Bz) Pe (z)k T,(z)g (6.1)

Evaluating the quantities appearing in this expression
requires Eqs. (5.8)-(5.10), (2.9), (2.11), (2.12), (3.43),
(3.34), (3.23), (3.24), and (3.41). The gas flow and
pressure difference between the ends of the discharge
tube may then be obtained from Eqs. (2.15), (2.18),

and (2.19). The following paper" compares the theory
developed here with experimental results in gas
discharges.
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Measurements have been made of the pressure difference between the cathode and anode bottles of a
standard cw argon ion laser tube, with a positive column of 30-cm length and 1.25-mm radius. At several
amperes current the pressure diBerence (anode minus cathode) is approximately constant at 0.25 Torr below
1.2 Torr, and is inversely proportional to pressure above that pressure. The results are compared with the
predictions of various theories. The theory presented in the preceding paper accurately predicts both the
magnitude of the pumping effect and its dependence upon pressure and current.

I. INTRODUCTION
' 'T is well known that a pressure difference is developed
& ~ between the anode and cathode in a dc gaseous

plasma, but at the current densities usually used in

past work this has been a small effect and dificult to
measure. However, in high current density discharges

(1 A/mm') in small bore tubes (a few millimeters

radius) gas pumping by the plasma is so strong that
an external gas return' connected between cathode and

anode must be used to keep the discharge from extin-

guishing itself. Even with such a return path for the

gas, the pressure at the anode often builds up to several

times the cathode pressure.
Recent discharge diagnostic work on the argon ion

laser provides a unique opportunity to study the gas

pumping effect in detail at high current densities in

small-radius tubes. Various groups have recently mea-

sured electron, ion, and neutral-atom kinetic tempera-

tures, number density and radial distribution of ions and
neutral atoms, and axial electric field under a great
variety of discharge conditions. Such data make it
possible to compare experimental measurements in

argon with the predictions of various theories in some

detail.

r E. I. Gordon and E. F. Labuda, Bell System Tech. J. 43, 1827
(1964).

In Sec. II we discuss the range of discharge parame-
ters for which theoretical treatments of the gas pumping
effect should apply; these considerations show that the

theory presented in the preceding paper should be

applicable to the argon discharge. In Sec. III we gather
together certain experimental measurements of dis-

charge parameters which are seen to be necessary in

calculations using the theory, and in Sec. IV we give

specific numerical predictions for argon discharges in

various pressure regimes. In Sec. U we describe the
experimental tube used in the present investigation
and compare measured gas pumping with the predic-

tions of various theoretical models. A long-standing

discrepancy between theory and early experimental

measurements in argon is examined in the Appendix.

II. VALIDITY OF THEORETICAL MODELS
IN ARGON DISCHARGES

It is desirable to determine the ranges of pressure,

current, and tube radius for which various theoretical
models for the gas pumping effect may apply, since

direct comparison of theory and experiment is to be
undertaken. Relevant theoretical treatments of the

problem have been given by Langmuir, ' Druyvesteyn, '

s Irving Langmuir, J. Franklin Inst. 196, 751 (1923).
3 M. J. Druyvesteyn, Physica 2, 255 (1935).
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p p
—=(300'K/T) p. (2.3)

Another parameter relevant to the validity of the
theories is the ion momentum-transfer mean free
path X+ for low-energy (thermal) ions. This may be
obtained by making use of the low-field values of ion
mobility measured by Hornbeck, Varney, and Frost":

tt+ ——0.124(T/300'K)'t /p m'/V sec (2.4)

(p in Torr). The low-field value of ion mobility applies
for E/ps, E„/ps(20 V/Torr cm, with E and E„de-
noting the axial and radial electric field. Equation
(2.4) assumes a temperature dependence for the

4 W'. B. Bridges and A. S. Halsted, Hughes Research Labora-
tories Technical Report No. AFAL-TR-67-89, 1967, pp. 171—209
(unpublished) .

5 W'. B. Bridges, P. O. Clark, and A. S. Halsted, J. Quantum
Electron. QE-2, xix, No. 3B-1 (April 1966).

6 C. C. Leiby, Jr. and H. J. Oskam, Phys. Fluids, 10, 1992
(1967).' C. C. Leiby, Jr., and H. J.Oskam, in Proceedings of the Eighth
International Ionization Conference, Vienna, 1967 (unpublished).

'Arthur N. Chester, preceding paper, Phys. Rev. 169, 172
(1968).

e G. W. C. Kaye and T. H. Laby, Tables of Physical and Chemi
cal Constants (John Wiley & Sons, Inc. , New York, 1960), p. 38.

"Saul Dushman, Scientific Foundations of Vacuum Technsgue
Qohn Wiley 8t Sons, Inc. , New York, 1962), p. 82.

"John Strong, Procedlres in Escperimental Physics (Prentice-
Hall, Inc. , Englewood Cliffs, N. J., 1938), p. 99.

12 Earl W. McDaniel, Collision Phenomena in Ionized Gases
(John Wiley 8r Sony, Inc„New York, 1964), pp. 466& 470.

Halsted, ' ' Leiby, ' 7 and the author, ' and are summar-
ized in the preceding paper. '

First determine the regime in which the viscous-Qow
assumption applies. At higher pressures the viscosity
of argon is given by Kaye and Laby~ as

rt@,
——3.32)( 1P '(T/300)'ts(P 473+T/3QP)

—'
kg/m sec (2.1)

for gas at kinetic temperature T.
To determine the pressure at which molecular Qow

becomes a better description of gas motion, one may
define a pressure-dependent "effective viscosity" q' to
be that value of viscosity which, when used in the
Poiseuille equation' for viscous Qow through a tube,
gives a gas Qow rate which agrees with that calculated
from the Knudson formula" for molecular Qow. The
value of g' for argon turns out to be

si'~, (low pressures) =6.92X10 '(T/300'K) '"pR
kg/m sec, (2.2)

if p is in Torr and R in mm. Comparing Eqs. (2.1) and
(2.2) suggests that viscous flow is a better approxi-
mation than molecular Qow in argon when the pressure-
radius product is numerically greater than about
0.48(T/300'K)'(0. 473+T/300) ' Torr nun. The quan-
tity p will always be taken here to mean true gas
pressure. Note that in the viscous-Qow regime the
true atom number density is proportional to the "re-
duced pressure" po defined by

mobility as given by the Langevin equation" and makes
use of Eq. (2.3) as well. Although measurements by
Chanin and Biondi" below room temperature suggest
a somewhat slower variation with temperature, the
temperature dependence of the measured electron
density" in argon discharges is consistent with 3ust
the temperature dependence expressed by (2.4).
Equation (2.4) is used with Holstein's formula"
relating mobility to mean free path to obtain

).+——0.0195(T/300'K)/p mm (2 5)

(p in Torr), valid at least for thermal ions (kT; 0.025
—0.15 eV). The author has independently estimated
the mean free path by comparing Webb's optical
measurements of ion radial distribution'~ with radial
profiles calculated by Self and Ewald" and finds values
which are also in agreement with Eq. (2.5).

Webb's measurements of radial distribution'~ were
also carried out for neutral atoms. His finding that the
neutral-atom density is very accurately independent
of radial position validates still another assumption
of the gas pumping theories for argon ionic discharges.

Another quantity of concern is the size of the sheath
thick. ness I(, relative to the tube radius R. Calculation
of the sheath thickness requires knowledge of the
electron number density; this calculation will be
deferred until the next section, it being sufFicient to
state at this point that a«R may be assumed for the
pressure and current range which will be of interest
here.

Finally, charge-exchange collisions between ions and
neutral atoms must be considered. The momentum-
transfer mean free path for ions against elastic colli-
sions X i is

X.i=0.05(T/300'K)/p mm (2 6)

(p in Torr) in argon, at thermal velocities. The mean
free path for neutral atoms, X„ is almost the same":

X,=0.0476 (T/300'K)/p mm (2.7)

(p in Torr). The approximate equality of these quanti-
ties permits some simplifications in the theory, as
presented in the preceding paper.

"Earl W. McDaniel, Collision Phenomena in Ionized Gases
(John Wiley & Sons, Inc. , New York, 1964), p. 429.

'4 Earl W. McDaniel, Collision Phenomenon in Ionized Gases
(John W'iley Bz Sons, Inc. , New York, 1964), p. 471."E.F. Labuda, C. E. Webb, R. C. Miller, and E. I. Gordon,
Bull. Am. Phys. Soc. 11, 497 (1966)."T.Holstein, J. Phys. Chem. 56, 832 (1952)."C. E. Webb, in Proceedings of the Nineteenth Annual
Gaseous Electronics Conference, Atlanta, Georgia, 1966 (to be
published)."S.A. Self and H. N. Ewald, Phys. Fluids 9, 2486 (1966).

'9 Measurements by W. H. Cramer in Collision Phenomena in
Ionised Gases, edited by Earl W. McDaniel Qohn Wiley 8z Sons,
Inc., New York, 1964), p. 164.

'0 G. %'. C. Kaye and T. H. Laby, Tables of Physical and
Chemical Constants Qohn Wiley 8t Sons, Inc. , New York, 1960),
p. 39. See also J. H. Jeans, The Dynamical Theory of Gases (Doyer
Publications& Inc.

&
New York, 19)4), p. 327,
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Thus the requirements of the theoretical treatments,
namely viscous fI.ow, ion mean free path small com-
pared with tube radius, and neutral-atom density
constant as a function of radial position, are satisfied
in argon for values of PR greater than 0.5 Torr nun
at room temperature, and greater than ~2.5 Torr mm
at T=1500'K. Therefore the theoretical results ob-
tained in the preceding paper may be applied to predict
gas pumping effects in argon in this pressure range.

(R in mm) for the axial electric 6eld"" and

n, = 1.0&& 10~JRp (300'K/T, )'" m—' (3.2)

"E.I. Gordon, E. F. Labuda, Richard C. Miller, and C. E.
Webb, in Proceedings of the Physics of Qguntlm L&'Lectronics

Qomferegce, Say JIB, Puerto Rico, 1965, edited by P. L. Kelley,

III. PLASMA MEASUREMENTS IN ARGON
REQUIRED IN PREDICTING

GAS PUMPING

To make specific theoretical predictions about the
magnitude of the gas pumping effect certain funda-
mental plasma quantities must be known besides those
summarized in Sec. II: the mean electron density, the
axial electric field, and the kinetic temperatures of
ions, neutral atoms, and electrons.

Unfortunately, measurements of many parameters
in argon become easy to interpret only above what is
generally referred to as the "discharge discontinuity. "
This is a particular value of discharge current, varying
with tube radius and 6lling pressure, at which a dis-
continuity appears in the V-I characteristic of the tube.
Simultaneously discontinuities appear in many other
discharge properties, including the gas pumping effect
and the intensity of light emission in spectral lines.
The axial electric held and the electron temperature
are strongly dependent on current below the discharge
discontinuity. Similar effects also occur in other noble
gas discharges.

Since some discharge parameters have been measured
with confidence only above the discharge discontinuity,
comparisons of gas pumping experiments with theory
will be carried out only above the discontinuity,
although the theory should be applicable to lower
currents as well if suKciently accurate measurements
of electron temperature, electron density, and so forth
become available. The discontinuity occurs at current
densities of a few tenths of amperes per square milli-
meter in the pR range from 1 to 5 Torr mm, and its
position will be quite apparent in the experimental
V-I curves shown later.

Con6ning the theory to these higher discharge
currents has the added advantage of allowing quite
simple equations to be used to sunnnarize the theoretical
Ineasurements of axial 6eld and electron density.
Experimental measurements of these quantities by
Webb, Labuda, and Miller may be summarized as

E=615R ' V/m

(J in A/mm', R in mm, p in Torr) for the mean electron
number density. "The current density in the discharge
is J and T, is the atom kinetic temperature. Equation
(3.1) neglects a small observed dependence of the axial
field on current, which occurs even above the discharge
discontinuity. This appears as a pressure-dependent
resistance and its effects will be mentioned as a correc-
tion to the gas pumping theory in the section describing
the experiments. The dependence of Eq. (3.2) on
current density and gas temperature is consistent with
the results that would be obtained theoretically, con-
sidering the energy balance in the discharge after the
manner of Eqs. (50.10) and (50.11) in Francis s' and
using Eq. (2.4) of this paper for the ion mobility.

The last quantities which it is necessary to mention
are the electron, ion, and neutral-atom kinetic tem-
peratures T„T;,and T,.

Electron temperatures measured by Webb" in tubes
of radii 1 and 1.5 mm range from 1.0 to 2.0 eV in the
pressure range 2 to 20 Torr. They decrease slightly as
p, increases, and are consistent with predicted values
obtained by modifying Francis's treatment to include
the important effects caused by ionization from neutral
metastable levels. Space prohibits giving details of this
comparison here. For most purposes the reader may
estimate an electron temperature of 1.5 eV without
being too far wrong, although more exact experimental
values will be used in the theoretical predictions of
Sec. V.

The ion and neutral-atom kinetic temperatures are
complicated functions of pressure, current, and dis-
charge tube radius. Measurements have been carried
out by Webb, Labuda, and Miller'4 and by Ballik,
Bennett, and Mercer, " by measuring the Gaussian
component of spectral lines. For tubes of a few milli-
meters diameter and current densities up to about 1
A/mm' (but above the discharge discontinuity), the
atom and ion temperatures are given by

T,/300'K= T;/300'K= 1+0.9I/R'~' (3.3)

(I in A, R in rrun). This empirical formula is only
approximately correct, and becomes a poor estimate at
higher currents, where saturation appears to set in.
However, at the current densities used in the present
experimental work this equation is adequate. The
temperature measurements of Webb, Labuda, and
Miller, as well as the gas pumping measurements
reported in this paper, were carried out in discharge
tubes having water-cooled quartz bores of 1-mm thick-
ness, and the parameters in Eq. (3.3) may not apply to
tubes of other designs.

B. Lax, and P. E. Tannenwald {McGraw-Hill Publishing Co.,
Inc., New York, 1965)."R. C. Miller (private communication).

"Gordon Francis, in Handbook der Phjsik, edited by S. Flugge
(Springer-Verlag, Berlin, 1956), Vol. XXII, p. 124.

'4 C. E.Webb, E. F.Labuda, and R. C. Miller (to be published)."E.A. Ballik, %. R. Bennett, Jr., and G. N. Mercer, Appl.
Phys. Letters 8, 214 (1966).
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1' = 18.2p+kTgÃg (3.4)

for the wall current per unit length, obtained from
Francis 2'

The result is 6nally that

It is now possible to calculate the ion-sheath thick-
ness by making use of Eqs. (2.4), (3.2), and (3.3). The
required expressions are Child's equation" and the
formula

(V, in V, I in A, p in Torr, R in mm) in argon. Vm is
given by

Vs= (2meE/g)(2. 32)n+4f(4&/R)
= 1.37X 10 'IRX PR(0.473+T,/300'K)

X (300'K/T. )'f(X.~/R) m'/sec (4.7)

(I in A, R inmm, pin Torr) in argon. The function f is

«/R=0. 00254V,"4I '" (3.5) f(X.)/R) = (-',R') (R'—r') rJ'0 (2.4r/R)

(V, in V, I in A). Thus ««R for currents above the
discharge discontinuity, as indicated in the previous
section.

p. .a.—p"a.a.=~p, (4.1)

Dp(Torr) =8g„tI.„t/7rR„tv„tkTO
=3.84X 10'I.„tC/pR, .g' (4.2)

(L„q in m, C in Torr m'/sec, p in Torr, R„t in mm).
The quantities surety '+rety I-rety and ~ret refer to gas
viscosity, gas number density, length, and radius in a
gas return path external to the discharge, if one is used.
The pressure in. the positive column is p, and the gas
flux C is given by

C = (To/T, )p(1+c) '[Vs,+Vz—(eg/n, )vg;sR'j, (4.3)

where T, and To are the temperatures of the gas in the
discharge and in the gas return path, respectively. The
mean ion and atom number densities are e; and e„
and vq; is the axial ion drift velocity (eq;= p+E). The
quantity c is essentially the conductance of the tube
bore for gas flow relative to that of the gas return tube:

c= (n-~/n)(R/R-~)'(I. -~/I-)(&o/&. ) (44)

in which R and I. are the discharge tube radius and
length, and g and g„t are the gas viscosities in the
positive column and in the gas return. V2, is given by

with
Vs, = (1+z+0.5s') exp( —s) Vg,

s=0.16«/X, y

=0.0081V,'~4I 'I'(300'K/T )pR

(4.5)

(4.6)

"James Dillon Cobine, Gaseous Coriductors (Dover Publi-
cations, Inc. , New Vork, 1958), pp. 125, 126, and 136. Quoted as
Kq. (5.~) in a.eS. 8.

IV. PREDICTED GAS PUMPING IN ARGON

The theory of the preceding paper may be used with
the experimental results quoted in Secs. II and III to
derive predictions for the gas pumping eGect in argon.
It is valid to neglect V~ and the electron radial drift
velocity and to assume that Ap«p for that part of the
pressure and current regime covered by the present
experiments for which the theory is valid. The results
are given as follows. a= 1.41V,/pR (4.11),

(V, in V, p in Torr, R in mm), with V,=kT,/e. Finally,
the ion transport term in argon is given by

(n,/e, )~~,~R'
=0.22X 10 'I(T,/300'K)/p m'/sec (4.12)

(I in A, p in Torr), at pressures where Eq. (2.4) applies.
For suKciently low pressures (poR& 0.1), the ion
mobility is limited. by wall collisions rather than by
collisions with atoms, and Eq. (4.12) overestimates the
gas pumping due to ion transport.

V. EXPERIMENTAL MEASUREMENTS
IN ARGON

Experimental measurements of gas pumping in an
argon discharge have been carried out to test the
predictions of Sec. IV. The tube used was basically a
water-cooled argon laser tube of the type illustrated in
Ref. 1. The quartz discharge capillary was 30 cm long
and 1.25-mm inner radius, with 1-mm-thick walls. The
cathode and anode bottles were each roughly 20 cm
long by 5 cm in diam. Gas had to flow through most of
the volume of the electrode bottles before entering the
gas return. The gas return consisted mainly of 61 crn
of tubing of 2-mm inner radius. It was interrupted. by
17.5 cm of 3-mm inner-radius tubing and by a glass
stopcock whose passage added 2 cm of tube of 1-mm
inner radius. In Eqs. (4.2) and (4.4), one therefore
takes

I...t/R, .t'= 0.61/16+0.175/81+0.02/1 =0.060

(&ret in m, Rret m mm) ~

Xexp[—(R—r)/Z. (jar, (4.8)

and is graphed in the preceding paper. V3 is given by

V3——(2m eE/g) (2.32)e,(0.054'„y)
X [6($)—0.8666(0.193$)]

=0.371X10 'IR(0.4'73+ Tn/300'K) (300'K/2' )
X [D(x)—0.8666(0.193x)1 m'/sec (4.9)

(I in A, R in mm). h(x) is deined. by

h(x) = (2/xgm) exp( —x')+ (2—x ') erfx, (4.10)

and is plotted in the preceding paper. In argon,
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A capacitance manometer sensing head was con-
nected between the electrode bottles, and separate
thermocouple vacuum gauges were connected to each
bottle. The tube was connected to the vacuum station
at the cathode. end, thus providing a large cold volume
which served to hold the pressure at the cathode end
con.stant. (If the valve leading to the vacuum station
was closed when the tube was operating at lower
pressures, the pressure in the entire tube could be
observed to rise some 10 or 20% despite the quite
large cold volumes remaining in the tubing leading to
the vacuum measuring devices. ) The pressure could
also be monitored at the cathode by a 0.005—5-Torr
McLeod gauge mounted on the vacuum station.

The thermocouple gauges were 6rst calibrated
against the McLeod gauge. The capacitance manometer
was then calibrated against the thermocouple by

350

FIG. i. Experimental measurements of anode pressure minus
cathode pressure (hp) as a function of discharge current I for
various cathode pressures p, .
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Pro. 2. Voltage drop across discharge tube as a function of
current for various cathode pressures.
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I'ro. 3. Voltage drop across discharge tube as a function of
current for various cathode pressures.

running a gas discharge to establish pressure diEerences.
The standard deviation of the calibration factor ob-
tained in this manner was 4.7%.Therefore, the absolute
magnitude of the pressure diBerences measured may be
in error by this amount, although their relative values
are expected to be more accurate (1—2%).

lt was found that the pressure'at the cathode was
not precisely constant at the value to which the system
was filled. This was apparently due to a combination
of gas pumping away from the cathode and over-all
gas heating in the system, since the pressure would
return to its initial value when the discharge was
extinguished. However, the cathode pressure was
monitored at all times by the cathode thermocouple
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gauge and its change never exceeded a few percent
(plus or minus).

The data obtained are plotted in Fig. 1. The largest
series ballast resistor usable with the available power
supply, 4000, was used near the discharge discontinuity
to observe as much structure as possible. The effect of
the discharge discontinuity is quite apparent at the
intermediate pressures, and so is the existence of other
discontinuous changes at lower values of the current.
Gas pumping was so pronounced that the long times
required for the pressure to stabilize made it impossible
to plot the pressure difference as the current was
continuously varied. Instead, at each value of current
the pressure difference was allowed. to stabilize (which,
near a discontinuity, might take several minutes)
before taking a reading. Kith each 611 a V-I curve was
initially taken to establish the position of the discharge
discontinuities. These data appear in Figs. 2 and 3.
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FxG. 5. Pressure difference predicted by the complete theory.

same at all currents, being roughly independent of p
below 1.2 Torr and varying as p ' above that pressure.

The predictions of the gas pumping theory as set
forth in Eqs. (4.1-12) give the curves shown in Fig. 5
for the experimental tube used.

An interesting result is obtained if one uses instead
of Eq. (4.3) the simpli6ed form

C = (Tp/T, )P(1+t;) '(2treE/tI)

X (2 32)N, (.0 054'.tet) &(g) . (5.1)

This amounts to taking all the gas pumping as due to
the new force term V3, neglecting entirely the tradi-
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Fzo. 4. Experimentally measured pressure di8erence as a
function of cathode pressure.

It can be seen that discontinuities in the V-I curve
often correspond to discontinuities in the pressure
difference, which should not be surprising since the
pressure difference depends so directly on the discharge
parameters. The periodic structure in the V-I curves
for 0.45 Torr around 2 A was repeatable, but its origin
is not known. Similar series of jumps in the tube
voltage have been observed by Kebb, Labuda, and
Miller. 24

The data are replotted in Fig. 4 to exhibit the
pressure dependence. The curves are quite regular
except for the distortion in the 1-A curve caused by the
presence of the discharge discontinuity (and to a small
extent in the 2-A curve). If this distortion is neglected,
the pressure dependence can be seen to be almost the
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FIG. 6. Pressure di8erence predicted by a simpli6ed theory
including only the new force.
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FIG. 7- Comparison of various theories with experimental
results obtained at I=6 A. E, experiment; LD, original Langmuir-
Druyvesteyn theory; LDC, Langmuir-Druyvesteyn theory with
algebraic errors corrected; R, Ruttenauer's semiempirical formula,
altered to allow for gas return path; H, Halsted theory; L, Leiby
theory; CF, present theoretical predictions; C, simpli6ed theory
including only the new volume force (as in Fig. 6).

tionally used force terms and the "ionization correction"
Lwhich gives the expression. in brackets in Eq. (4.9)
instead of just 6($)j. This drastically simplified form
leads to the predictions shown in Fig. 6, not too different
from those of Fig. 5 and even somewhat closer to the
experimental results in Fig. 4. This similarity is decep-
tive, because at the lower pressures both V3 and the
"ionization correction" are quite signiGcant; however,
it happens that they largely compensate for one
another, being of opposite algebraic sign, so that the
net effect of including them both is not very large.

In comparing Fig. 5 with the experimental results
in Fig. 4 it should be kept in mind that because of the
viscous flow restriction the present theory may fail at
values of pR below 1 Torr mm, and should be fully
applicable only at the highest pressures used in the
experimental work. Despite this qualiGcation, the
agreement is quite good, regarding both functional
form and absolute magnitude. The p' and p ' forms
below and above about 1.2 Torr agree precisely with
the theory; they arise from the term V3, as Fig. 6
shows. The current dependence predictions are also in a
good agreement at the higher pressures. The theory
predicts a dominant pressure-current dependence of the
form ~ I(1.4/3+0. 64I)/(1+0.64I)'p (5.2)

Qp cc I2' -1/sp0 (5.3)

including only V3 and the ion transport term, since V2

is absent at low pressures. ' This expression neglects
some weaker variations with current and pressure due
to changes in the electron temperature. The agreement
in functional form with the low-pressure experimental
data in Figs. 1 and 4 seems satisfactory, and it is
therefore reasonable to hope that the theory of the
preceding paper may be successfully extended to low
pressures by making these changes. The principal
diKculties with an accurate treatment of this regime
are: (1) Gnding the ion mobility will involve a tedious
calculation; and (2) experimen. tal measurements of
electron temperature and number density are not yet
available at these pressures.

In Fig. 7 the predictions of all previous treatments
known to the author are compared to the present
experimental measurements at a representative value of
discharge current, I=6 A. The theories compared are

(p and Ap in Torr, I in. A) for the experimental tube
at high pressures. This approximates the shape of the
experimental curves in Fig. 1 quite well at 4.85 and
2.85 Torr, and also fits those portions of the 1.47- and
0.94-Torr curves that lie above the discharge dis-
continuity. The departure at lower pressures is that the
experimental curves are more closely clustered together
at the higher currents than the theoretical ones.

The effect of allowing for the variation of axial
electric Geld 5 with current may be seen by examining
the V Icurv-es in. Figs. 2 and 3. U Eq. (3.1) is used for
the axial Geld just above the discharge discontinuity,
it is seen that the electric Geld rises about 30% between
1 and 6 A at the highest pressure (4.85 Torr). The slope
of the V-I curve decreases gradually with decreasing
pressure, becoming negative at pressures below 0.5
Torr. (At the lowest pressure used, 0.2 Torr, the
electric field falls by about 10% between currents of
2.5 and 6 A.) Since the pressure difference depends
linearly upon the axial electric Geld, this would have
the effect of spreading out the curves of Fig. 4 at high
pressures, since at higher pressures the higher-current
curves correspond to an increasing high electric GeM.
The curves of Fig. 4 show just a hint of this spread
from 2.85 to 4.85 Torr, which might represent the
effects of this increasing axial Geld.

The theory should also be applicable at lower
pressures if certain changes are made. One must use
the low-pressure "viscosity" d.efined by Eq. (2.2); Eq.
(2.3) is replaced. by the relation appropriate to the
molecular flow regime; Eq. (2.4) is replaced by an
expression giving the high-Geld ion mobility, limited
by wall collisions; and Eq. (3.2) must be replaced by
an equation more suitable at low pressures.

Although no attempt has been made to calculate the
mageitlde of the predicted pumping at low pressures,
these changes do predict the pressure-current de-
pendence
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the Langmuir-Druyvesteyn treatment, in its original
form' and with an algebraic error corrected'; the semi-
empirical formula of Ruttenauer, '7 altered to allow for
a gas return path; Halsted's' and Leiby's' treatments;
and the predictions of the present theory, ' as previously
shown in Figs. 5 and 6. The changes required at lower
pressures are not indicated but, as indicated in Eq.
(5.3), such extension would probably improve agree-
ment with experiment.

Finally, in the Appendix we discuss early experi-
mental work in gas pumping and the origin of Rutten-
auer's formula. A rather complete list of other experi-
mental work is given by Leiby, ' and Halsted has
recently made a great number of measurements4'8 in
the noble gases. It is felt that comparison of these
measurements with the present theory would be
desirable for those gas systems in which the electron
temperature and number density are known.
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APPENDIX: EARLY EXPERIMENTAL
WORK IN GAS PUMPING

The early experimental work on gas pumping in
discharge tubes was usually carried out in tubes of
about 1-cm i.d., at pressures of the order of 1 Torr
and at currents of about 1 A. These workers had no
occasion to employ a gas return tube. Druyvesteyn3
states that the most complete results were obtained by
Ruttenauer, "who found that the pressure diGerence
between the ends of a discharge tube containing He,
Ne, or Ar could be approximately written

in which Vs is given from Eqs. (4.7) and (4.8) by its
high-pressure form:

Vs = (2s/ri) eE(2.32)e,(1.25+sR) .

Rewrite this, using

I=I/mR'=N, eEp
to get

(A3)

(A4)

hp/L ~ I/p'R', (A6)

as he correctly points out.
Druyvesteyn then states that Ruttenauer's results,

Eq. (A1), give hp/LrrI/pR4 and. therefore disagree
with his predictions by a factor of pR. However,
Druyvesteyn failed to take into account the variation
of 8 with E. For example, suppose that E varies as
1/R Lthis is not only true for argon above the discharge
discontinuity as shown by Eq. (3.1), but represents the
principal R dependence in Schottky's formula for the
axial field as quoted by Francisssj. Then in this case
Ruttenauer's results would really give hp/LrrI/pR'
and would only disagree with Druyvesteyn's formula
by a factor of p.

Qn the other hand, the present theory predicts
instead that the term V3 dominates in this range of
pR, giving approximately

~p= (S~L/~R4) V„ (A7)

in which the appropriate form for T/'3 at these high
values of pR is the small x form obtained from Eqs.
(4.9) and. (4.10):

Vs——(5/6) (2n /ri) eE(2.32)N, (0.0896R') (1.51),i)
X (p+/enti„)kT, (2.4048/R) . (AS)

Again use Eq. (A4) to obtain

hp/L = 14.7I+s/pcs. (A5)

In this range of pressures, X+ and p, are inversely
proportional to the pressure p, so that Druyvesteyn's
theory predicts

hp/L =0.24IEM'Is/pR4 hp/L= 3.19IX,ip+V, /Is ng„R'. .(A9)

(p and Ap in Torr, L in. m, I in A, E in V/m, R in mm),
in which M is t,he molecular weight of the gas and p the
average pressure. The other symbols have been pre-
viously defined. At the values of pR and I used by
Riittenauer, Ap((p. Druyvesteyn's theory neglects Vs
and therefore predicts

Ap= (Sr'/aR4) Vs, (A2)

"A. Riittenaner, Z. Physik 10, 269—274 (1922).' Halsted 6nds fair agreement with a theory that neglects the
term VI. However, he works at current densities between 0.7 and
3.5 A/mm', and Eqs. (4.7), (4.8), (4.7)—(4.10) indicate that Vz
becomes less important at higher values of T„so that a theory
neglecting this term is not too bad an approximation at high
currents. A more accurate comparison of his experimental results
with the theory presented here requires knowledge of the gas
temperature as a function of current in their discharge tubes, and
this is not available.

Consider now the degree of agreement between
Eq. (A9) and the experimental work leading to Riitten-
auer's result, Eq. (A1). Riittenauer's work was carried
out in four discharge tubes, three of inside radius 3.8
mm and one of radius 8 mm. He studied helium, neon,
and argon in the pressure range 0.5-0.9 Torr.

The pressure dependence of Eq. (A9) is 1/p, in
agreement with Ruttenauer's results. He also quotes
earlier work in argon extending to higher pressures
(0.4 to 3 Torr) which also obtained this pressure
dependence, so the earlier work seems to agree with
the present theory in pressure dependence.

The linear variation of hp with I (at sufliciently low
current densities that the gas is not heated too far
above room temperature) is also predicted by Eq.
(A9). This behavior was observed by Riittenauer, as
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Eq. (A1) shows, and he quotes earlier work in nitrogen
and argon which also showed linearity in discharge
current.

To discuss the radius dependence of the pressure
differences observed by Riittenauer, it is preferable to
examine his experimental data directly, rather than to
rely on formula (A1). The reason for doing this is that
his measurements comparing radius dependence were
done at current densities around 0.01 A/mm', using
only argon and only the two diferent radii just men-
tioned. In the smaller tube, he operated at pressures
such that pR ranged from 2.45 to 2.95 Torr mm, while
in the larger tube pR had values 4 and 6 Torr rnm. The
axial electric field he measured, however, was about
three times as large in the smaller tube as in the larger
one, rather than just twice as large, as one would
expect from Eq. (3.1).But Eq. (3.1) is only valid above
the discharge discontinuity, and Ruttenauer's work
took place rather close to the discharge discontinuity,
so it is not surprising that the electric field was seen
to fall more strongly than 1/R as pR was increased at
Axed current.

The radius dependence quoted by Ruttenauer was
determined from four measurements in the 8-mm tube
and three in the 3.8-mm tube. The pressure differences
observed in the larger tube ranged from 0.01 to 0.25
Torr, with a claimed measurement accuracy of 0.004
Torr, but each datum point represents the average of a
series of measurements. The pressure difference was
obtained by reading McLeod gauges attached to
cathode and anode bottles and subtracting their read-
ings. To extract the radius dependence, compute the
quantity pAp/IL from the data given by Riittenauer.
One 6nds

php/IL= (2.86+0.3)X10 ',
when E=8 min, and

PAP/IL= (143&3.7)X10 ' (A11)

when R= 3.8 rnm (p and hp in Torr, I in A, L in cm).
Thus this combination of measured quantities in-
creased by a factor of 50 in going to the smaller tube.

Because the axial field increases so much (E/p, as
measured by Riittenauer, is about 1 V/Torr cm in the
8-rrun tube and about 3 V/Torr cm in the 3.8-nun

tube), at the lower values of pR the change of electron
mobility due to the field must be included in Eq. (A9).
From the mobility data presented by McDaniel, "

p =45/p m'/V sec, (A12)

when R=S mm and

p, =31/P ms/V sec, (A13)

when R=3.8mm (p in Torr). The ion mobility remains

just proportional to 1/p at these values of axial field.

»Earl W. McDaniel, Collision Phenomena in Ionized Gases
Qohn Qiiey 8r Sons, inc. , New York, 1964), p. 545.

Now make use of Eqs. (2.4) and (2.6), the room-
temperature value gati„——354 m/sec, and the expression

1 Torr=147 kg/m sec'.

One then finds that Eq. (A9) predicts

pAp/IL= 2.08V,X10 ',
when R= 8 mm, and

pAp/IL=59. 2V.X10 ',

(A14)

(A16)

when R=3.8 mm (p and Ap in Torr, I in A, L in cm,
V, in V). These are to be compared with the expressions
obtained from Ruttenauer's experimental measure-
men. ts, Eqs. (A10) and (A11), respectively.

In the larger-radius tube one is more likely to be
above the discharge discontinuity and therefore one
expects electron temperatures of the order of 1 V. It is
therefore encouraging that an electron temperature
V,= 1.375 V inakes Eqs. (A10) and (A15) agree
exactly. Agreement between Eqs. (A11) and (A16)
requires a higher electron temperature: t/', =2.42 V.
However, in view of earlier remarks about electron
temperatures at lower currents close to the discharge
discontinuity, this value does not seem unreasonable.
Thus the present theory gives a good prediction of the
absolute magnitude of the pressure eGects measured
by Ruttenauer.

One may also compare the present theory )Eq.
(A9)g with Ruttenauer's formula LEq. (A1)j. The
reason Ruttenauer tried to 6t his data to a formula
such as Eq. (A1) was that a then popular theory
involving gas transport by the motion of negative
argon ions predicted such a form for the pressure
difference. Roughly speaking, as pointed out previously,
Eq. (A1) gives a 1/R' dependence on radius. However,
formula (A9) gives 1/R'. The point to make here is
that the electron temperature differed by a factor of
2.42/1. 375=1.76 in Riittenauer's two tubes. His ratio
of radii was 8/3.8=2.1, not too different from 1.76,
and moreover he was looking for a 1/R' dependence
instead of the 1/R' of Eq. (A9). Thus it is proposed here
that the change in electron temperature between his
two tubes effectively added about a 1/R dependence,
so that he was able to interpret the dependence V,/R4
as 1/R'.

Comparison with Riittenauer's measurements in
helium and neon is more dBBcult. Only the smaller-
diarneter tubes were used with these gases so that the
dependence of the pressure difBerence upon radius was
not obtained for these gases. However, Riittenauer
does find that dp/L is proportional to the discharge
current and inversely proportional to the pressure, as
in the case of argon. The M'I' dependence in Eq. (A1)
was suggested by the older theory by which Riittenauer
was guided; however, since it was determined only by a
comparison of two gases, argon and helium, the true
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dependence of hp/L on M may be more complicated
than Eq. (A1) indicates.

Equation (A9) predicts hp/L ccI/p, just as Rutten-
auer observed, but unfortunately the use of the high-
pressure form for Vs in Eq. (A8) Lwhich leads to
Eq. (A9)]cannot be justiled in the case of helium and.
neon. The critical value of pR separating the high-
pressure and low-pressure forms for V3 may be written

pR=1.06V,

(p in Torr, R in mm, V, in V) in argon. However, accord-
ing to Francis, V, ranges from 5 to 15 V for helium and
neon in Ruttenauer's experimen. ts. (Such high electron
temperatures have been observed by Labuda and
Gordons' in helium-neon discharges. ) Physically, this
then means that the radial 6elds are much greater in
helium and. neon than in argon at similar values of pR,
so that ion radial drift velocities are considerably
greater in the lighter gases at a given value of pR.
Thus V3 will still have its "small x" form at some values
of pR in argon but its "large x" form at the same values
of pR in neon or helium.

Specifically, one finds that the crossover from the
high-pressure form of V3 to the low-pressure form

"E. F. Labuda and E. I. Gordon, J. AppL Phys. BS, 1647
(1964).

should occur at
pR=2.02V, in neon

pR=2. 22V, in, helium

(p in, Torr, R in mm, V, in V). If the high values of
electron temperature previously mentioned occurred
in Ruttenauer's tubes, then it is clear that the ap-
propriate form for Vs in Eq. (A"/) should be the low

pressure form (the large-x limit). As previously re-
marked in the case of argon, the large-x limit of V~ is
pressure-independent, so that the 1/p dependence
found by Ruttenauer cannot be accounted for in this
case.

The resolution of this remaining disagreement must
await further work. Perhaps the electron temperature
in Ruttenauer's range of current and pressures is lower
than estimated here, in which case Eq. (A9) would still
be applicable and would account for his measurements
in helium and neon. Perhaps other pumping processes
at work in these gases make Va an incomplete descrip-
tion of the pumping mechanism. Or perhaps, because
of the small currents used by Ruttenauer, changes in
electron temperature and axial field as a function of
current obscured a true interpretation of the pressure
dependence over the limited range of parameters he
used in his work on helium and neon.
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A recently developed collective-coordinate technique is employed to calculate electric micro6eld distri-
bution functions P(e) for low-frequency-component plasmas. Values of e considered range from 10 to 50,
and both neutral-point and charged-point cases are treated. Comparison is made with appropriate asymp-
totic expressions.

I. INTRODUCTION

ECENTLY, a collective-coordinate technique has
been used to calculate electric microfield distri-

butions in plasmas; both high-frequency- and low-
frequency-component plasmas were considered. "The
distribution functions graphed and tabulated in these
papers were for values of field strength e measured in

*This research was supported in part by the National Aero-
nautics and Space Administration.

' C. F. Hooper, Jr., Phys. Rev. 149, 77 (1966).' C. F. Hooper, Jr., Phys. Rev. 165, 215 (1968).

units of the normal field strength, from zero to 10.How-
ever, for a number of practical applications such as
spectral line broadening in plasmas, there is need for
values of the microfield distribution function P(e)
for values of ~ greater than 10.

It is the purpose of this paper to calculate and discuss
the low-frequency-component micro6eld distribution
functions for values of ~ between 10 and 50. Both the
neutral- and charged-point cases will be treated. Much
of the w'ork presented in this paper is based on the
formalism developed in Refs. 1 and 2, hereafter referred
to as I and II, respectively.


