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Low-Energy Pion-Pion Interaction
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Low-energy pion-pion scattering is assumed to be dominated by the p resonance in the I= 1,J= 1 channel,
the fo resonance in the I=O, J=2 channel, and a broad resonance of mass about 700 MeV in the I=O,
J=0 channel. This simple model is found to be in substantial agreement with: (a) Adler's sum rule for
pion-pion scattering, (b) the EP—Xse mass difference, (c) t-channel contributions to backward pion-nucleon
dispersion relation, (d) Malamud and Schlein's "experimental" determination of the pion-pion phase
shifts, (e) constraints on the s-wave pion-pion phase shifts at the E mass deduced from the two pion decays
of the neutral E mesons, (f) characteristics of the E,4 decay, and (g) odd-pion spectral shape for E decay
into three pions.

I. INTRODUCTION

~ 'HE purpose of this paper is to explore the con-
sequences of a simple model for the pion-pion

interaction in the low-energy region. Low-energy pion-
pion scattering is taken to be dominated in the I=1,
J=1 and the I=O, J=2 channels by the p and f'
resonances, respectively. We further assume that the
I=O, J=O channel is dominated by a single resonance,
the e resonance. We determine the parameters (mass
and width) of this resonance by requiring that it
provide the experimentally observed mass di6erence
between the short- and long-lived neutral E mesons,
and demanding that, together with the p and f reso-
nances, it should saturate the Adler sum rule for pion-
pion scattering, The s-wave pion-pion I=0 phase shifts
obtained from this model agree favorably with the phase
shifts obtained by Malamud and Schlein' by analyzing
the data for pion production in pion-nucleon collisions.
This model provides the required t-channel contribu-
tions to the backward pion-nucleon dispersion rela-
tions' ' and is also consistent with various data
obtained from the K-meson decays.

No dynamical discussion of the above-mentioned.
dipion resonances is attempted in this paper and the
pion-pion dispersion relations are not considered. Such
considerations have led to many different and conQicting
results in the past depending on the assumptions made.
We have therefore considered it more appropriate to
apply a simple phenomenological model to various
situations where pion-pion interactions could play an
important role.

*On leave of absence from the Saha Institute of Nuclear
Physics, Calcutta, India.' S. Adler, Phys. Rev. 140, 3736 (1965).

~E. Malamud and P. Schlein, Phys. Rev. Letters 19, 1056
(1967).' C. Lovelace, R. M. Heinz, and A. Donnachie, Phys. Letters
22, 332 (1966).' J. Hamilton, P. Menotti, G. C. Oades, and L. L. J. Vick,
Phys. Rev. 128, 1881 (1962).

~ D. Atkinson, Phys. Rev. 128, 1908 (1962).
e For example, H. J. Rothe (Phys. Rev. 140, 1421 (1965)g con-

cludes on the basis of pion-pion forward-scattering dispersion rela-
tions that the I=O scattering length is negative. On the other
hand, F.T. Meiere and M. Sugawara, Phys. Rev. 153, 1709 (1967)
conclude that the I=0 scattenng length is positive. See also, J.R.
Fulco and D. Y. Wong, Phys. Rev. Letters 19, 1399 (i9Q').
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FIG. 1. (a) E&' self-energy diagram with two-pion intermediate

state. (b) E1 self-energy diagram with e intermediate state. (c)
Diagram for E& -+ 2' decay with c intermediate state.

~ For example, K. Kang and D. J.Land, Phys. Rev. Letters 18,
503 (1967).
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II. Ky -K2 MASS DIFFERENCE

We assume, as usual, ' that the K~ -E2 mass differ-
ence may be estimated by ascribing it to the weak
coupling of K~0 to the two-pion system as shown in
Fig. 1(a). The rU= -'s rule with CI' conservation (for the
present purposes the sects of CE violation are negli-
gible) together with angular momentum conservation
will restrict the two-pion state to the I=O, J=O
channel. If now we replace the two-pion intermediate
state by the e pole as shown in Fig. 1(b), the mass
difference between the neutral K mesons is given by

3nt = gtr, '/2rntr(rrt Jr' nt, ')—, (1)

where g~, is the K-e coupling constant, mg is the K
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mass, and m, is the ~ mass. %c note immediately that
the mass of the e must be greater than the K mass to
give the observed sign of the mass diGcrcncc. Further-
more, in this pole model the rate for E~' decay is given
by the diagram shown in Fig. 1(c) as

of the s-wave pion-pion amplitude by the equation

(s—4m. ')'"
ImZ(s) =f'~

s [D(s) fs

where f' is a constant. On the other hand, ImZ($= mxs)
is related to the decay rate for Ero~27r. Thus one
obtains

gx,sg, ' (mirs —4m ')'"
rz=

16s. mrna'(m1rs —m. ')'
(s'—4m. ')mxs '/'

ds
(mz' —4m, ')s'

g, '(m, s—4m ')'/'
F,=-

4x 4m, '
lD(mxs) ~ 1

X . (8)
~ D(s') (s' —mxs)

where the coupling constant g, is related to the width 28m/I'x= I'—
of the &by

and ns is them mass.
The experimental mass di6ercnce is given by'

25m/I'rr ———0.96+0.04= —1. (4)

Combining Eqs. (1)-(4), we obtain a relationship
bctwecn thc nlass and width of thc e, namely,

(5$~ mrr m~ —4m~—
I'.=m1r~

m.s mrrs —4m '

Equation (5) 18 show11 by clll've (a) 111 Flg. 2. Itsllol1l, d
be noted that in the region of interest the curve is almost
a straight line.

We may obtain essentially the same results through a
dispersion relation approach. %c assume, as usual, that
the self-energy operator Z(s) for the Kro meson obeys
an unsubtracted dispersion relation

1 " ImZ(s')
Z(s) =— ds'

7l 4fts~ g S —S—$6

The D function that appears in the above equations
is for pion-pion scattering in the I=0, J=o channel.
Since wc assume a resonance to dominate this channel,
we may parametrize the denominator function as

wl ere

$—4m s)'"
D(s) = (s—m, ')+sy,

s i

y, =m, sI', (m, '—4m ') '" (10)

HL SATURATION OP THE ADLER SUM RULE

and F, is the width of the e resonance. Using the experi-
mental value for the mass difference given in Eq. (4),
we obtain a relation between the mass and the width of
the s. This is shown by curve (b) in Fig. 2. We again
note that the mass of the c resonance must be greater
than thc E Dlass ln order to glvc thc obsclvcd sign of
the mass difference.

Adler' has derived a pion-pion scattering sum rulewhere imZjsj ls related through unitanty to the
denominator function D(s) in the It//D decomposition

which is poorly satis6ed by including only I=I=1 (p)
and 7=2, I=O ' contributions. The sum rule may
be written as

600-

500- = 1.43=

Fg
MeV

400-

200-

IOO.

(J even)

s—ns '
Ito', o (s)—o,' (s)j

s(s—4m, ')

(s—m ')'
+ P o,' '(s) . (11)

-$($—4m3 )(J odd)

0'
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Pro. 2. Relationship between e mass (m,) and vridth (I'.). (a)
Plot of Eq. (5). (b) As obtained from Eq. (8}.(c) Saturating Adler
sum rUlle.

s A. H. Rosenfeld ef al., Rev. Mod. Phys. 39, f (196/}.

In Eq. (11), g~ is the ratio of the weak axial-vector
coupling constant to the vector coupling constant, g„ is
the rcnorrnalized strong interaction coupling constant,
M1v is the nucleon mass, o lr s&(s) is the s-tr cross
section in the isospin I and angular momentum J
channel at center-of-mass energy gs.

The pion-pion cross sections may be parametrized as
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follows:

3ey '(s—4m, ')'/s
Ox~ ' S

(m '—s)'+yp'(s —4m ')'/16s
(12a)

I80

I55-

where

5x ys'(s —4m ')4/16s
o. o'(s)= (12b)

(mr' s) '+—yr'(s 4m —') '/256s

&0,0
(degreeS)90-

45-

q '=16m, 'I' /(m —4m o)o

2——56m'' ir'/(mr' 4m—') '
(13a)

(13b) 500 4' 560 660 700 850 960 l 000
w(Mevj

and m, (mr) is the mass of the p (f') meson.
Adler obtains a p contribution of 0.42 and an f' con-

tribution of 0.11, which together constitute only 37%
of the total of 1.43 required by the sum rule. He con-
cludes: "Thus, the pion-pion sum rule can be satisfied
only if there is a large low-energy I=0, s-wave pion-pion
scattering cross section. "

Using the c meson to parametrize the s-wave scat-
tering, we write

16m y.o/s
a pps=

(mp —s)'+y, o(s—4m. ')/s

with p, defined by Eq. (10). Requiring the e together
with the p and fo to saturate the Adler sum rule, we
again get a relationship between the mass and width
of the e. This is shown by curve (c) in Fig. 2.

Demanding now that the e simultaneously give the
observed K»'—F2' mass diGerence, and together with
the p and f' saturate the Adler sum rule, we obtain the
parameters of the e. m, 700 MeV and I", 400 MeV.

IV. s-WAVE PION-PION PHASE SHIFTS

The s-wave I=O pion-pion phase shifts at low
energies are given by the assumption of resonance
dominance to be

2kF,ns,
Bp,p=tan ' (15)

(m.'—s)s"'(m, '—4m~') '"
where k = o (s—4m ') '".In this section we shall compare
the predicted phase shifts with other data on pion-pion
phase shifts.

Malamud and Schlein' have used the data for pion
production in pion-nucleon collisions to extract the
pion-pion elastic phase shifts. They have three solutions
for 8p, p which they call "up-up, " "up-down, " and
"down-up. "All of these solutions are consistent with a
broad resonance at about 700 MeV. Their preferred
"up-up" solution is shown in Fig. 3. The curve shown
in Fig. 3 is our prediction for bo o obtained from Eq. (4).
The agreement is quite good.

Pion-pion phase shifts also manifest themselves in the
backward pion-nucleon dispersion relations through
the t-channel cut. This problem has been analyzed in

Fie. 3. Pion-pion phase shifts I=J=0. The solid curve is the
prediction of the e model given by Eq. (14l. The "experimental"
points are taken from Ref. 2.

~
'5o, o(s=m~') —5o,o(s= mrs')

~

= 66+13'.

In the present model

)m&' —4m 'q»'
ao,o(mrs') = tan-' y, (

m, o

(16)

(m~' —mP) =45'. (17)

If we take the phase shift in the I=2, 7=0 channel to
be negative at low energies (corresponding to a repul-
sion) and of the order of —10 or —20o as some studies
seem to indicate, " then we see that the present model
is consistent with the constraint on pion-pion s-wave
phase shifts at the E mass obtained from the E decays.

The pion-pion scattering length in this model is
given by

—= limk cotb=
k~p

or

Q~ =0.7X„.
m~(mP —4m~') '~'

(19)

This result is to be contrasted with the current-algebra

~ C. Lovelace, in Proceedings of the Heidelberg Conference on
High-Energy Physics, 1967 (unpublished).

'0 T. D. Lee and C. S. Wu, Ann. Rev. Nucl. Sci. 16, 511 (1966).
"W. D. Walker et ag, , Phys. Rev. Letters 18, 630 (1967).

detail by Lovelace' and many possible solutions for the
pion-pion phase shifts has been given by him. It is ob-
served that one of his best Qts corresponds to bp, p passing
through -', m at about 700 MeV with a slope which
corresponds to I' 400 MeV. For this fit, 8o,o+ '5o, o passes
through -', x at about 1300 MeV. Using the o model (with
the parameters m, 700 MeV and I', 400 MeV) domi-
nating the I=0, 1=0 channel and with the f' dominat-
ing the I=O, J=2 channel, this is precisely the nature
of the pion-pion phase shifts.

From the analysis of the two-pion decays of neutral
E mesons it has been inferred' that
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prediction by Weinberg, "who obtains a small scattering
length. However, Hiopoulos" and Donnachie" have
shown that the incorporation of unitarity into the
Weinberg method of obtaining the scattering length
makes Weinberg's result ambiguous and could lead to
larger scattering lengths.

r 7T

r
~a

7ro

V. OTHER E-DECAY PHENOMENA

The pion-pion interaction may also manifest itself
through final-state interactions in the decays E—+3m

and E.4. Some previous work on these decays have
emphasized the role of an I= 0, J=O 0--meson resonance
at m, 400 MeV with I" 100 MeV."This model has
the feature that the low mass of the 0 gives sufIicient
variation in the matrix-element needed to produce the
correct slope in the spectrum of the odd pion in E—+ 3m.

decay. But the 0 model yields too large a contribution
to the E,4 rate"'" and also contradicts the present data
on the dipion spectrum in E.4 decay. " Besides, it is
dificult to understand why a resonance not particularly
broad should have evaded detection for so long.

The diagrams that contribute to E~ 3m and E,4 in
the present model are shown in Figs. 4 and 5. Since in
both these decays the two pions are at very low energies,
we may neglect the f' contribution. The spectrum and
the rates are determined by the contributions of the
s- and p-wave channels, namely, through the coupling
of e and p to the Em and E-lepton vertices.

Consider first the Zoo ~ or++or +oro decay. In Fig. 4
there is no po contribution if CP is conserved (we neglect
small CP-violating effects) since the final state must
have I=i or 3 but m' —p' cannot couple to I=1 or 3.

The matrix element for E2 —+ m+~ x' is then given by

ta)

Kpo
FIG. 4. Diagrams for

E' —& 3m decays.

(b)

{c)

where

OR= t',+t', (mir'+3m ' 3s),—

s=(q++q )'=2m, '+2q~ q .

(23)

If we introduce the Dalitz variable" y= (To—-,'Q)/ioQ

and normalize the reduced spectrum, we obtain

gEar'gare gxpm gpss
DR= +

(q +q )'—m' mir'

(P+q-) (q+—qo) (P+q+) (q —
qo)

x +
(q++q,)'—m, ' (q +qo)' —m, '

where p, q+, q, and qo are the four-momenta of the

E, ++, x, and m', respectively. The g's are the respec-
tive three-particle coupling constants. In order to
determine the slope of the reduced spectrum of the
odd pion, we expand the propagator in powers of mo-
mentum, keeping only lowest-order terms. Let

where

~OR~'=1+n y,
542

Q=m» —3m.

(24)

fe glre—w'gee+~ /(&o mrs ),
i o g~o.ogo,/(so ——mpo)—

(21)

(22)

(a) Fre. 5. Diagrams for
E' —+ 2m ev decays.

'~ S. Weinberg, Phys. Rev. Letters 17, 616 (1966)."J. Iliopoulos, CERN Report No. TH 775, 1967 (unpublished).
'4 A. Donnachie, CERN Report No. TH 804, 1967 {un-

published).
'~ L. M. Brown and P. Singer, Phys. Rev. 1M, B812 (1964}."C. Kacser, P. Singer, and T. N. Truong, Phys. Rev. 137,

31605 (1965); 139, AB5(E) (1965).' J. Iliopoulos, Nuovo Cimento 38, 907 (1965).
'8 F.A. Berends, A. Donnachie, and G. C. Oades, CERN Report

No. TH 792, 1967 (unpublished).
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(b)

~9 R. H. Dalitz, Phil. Mag. 44, 1068 (1953).
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and

(25) 6-

ff+
(a++a-),+ (a+—v-). J.

K2-mK ' mK

where f+ and f are the Z, 4 axial-vector form factors,
and j„is the lepton current

i v=4 Vv(1+V s)4'' (27)

(The vector form factors have been omitted, since they
give small contributions to the quantities we shall
consider. )

In order to determine f+ and f we make use of the
usual assumption of the partially conserved axial-vector
current for the AS=1 part of the weak current

4)V~S =mK gKuv4Kr (2g)

where gK„„ is the coupling constant for K-+tt+v and

&K is the kaon field. gz„„ is determined by the rate
for K ~ tt+ v:

gKvv f mvI'(E-+ t4+v) = mKm'„'~ 1—
4~ k mK'

(29)

We also assume that the lepton center-of-mass energy

20 G. H. Trilling, in Proceedings of the Argonne International
Conference on Weak Interactions, Agronne National Laboratory
Report No. ANL-7130, 1965 (unpublished). H. W. K. Hopkins,
T. C. Bacon, and F. R. Eisler, Phys. Rev. Letters 19, 185 (i967)."T.Hentter et al. , Phys. Rev. 140, 8555 (t965), and references
gontginqd tberejn,

Experimentally "0.= —0.32.
This, then, determines the relative magnitudes of

the coupling constants of the e and p to the K~
vertices.

We note that our model cannot give the value of
these coupling constants independently. However, we
may use the model to also calculate the quadratic terms
of the spectrum. The quadratic terms are uniquely
determined and are very small. Thus our model is at
least consistent with the K~ ~x+x m decay data,
although it cannot predict the slope a priori.

If we assume the
~
DI1 = s rule, the slope for the other

3x decays of K mesons may also be determined. "
We also note that our model maintains the correct

predictions for the branching ratios of the diferent
decay modes as obtained, for example, in the 0 model.
Since there is no interference in the total rate between
the s- and p-wave contributions, the p-wave contribu-
tion is small and may be neglected. The branching ratios
are then determined essentially by isotopic spin
considerations.

The matrix element for K,4 decay is obtained from
the diagrams in Fig. 6(b). We write the matrix element
in the form

4»

fA 2
3»

2-

200 400 ego
w (Mev)

1000

Fro. 6. Pion-pion scattering cross sections. (a) I=I=0
channel (4). (b) I=7=1 channel (p).

is small compared to the K mass and obtain the result

G f+ gEIt vgeKZgex~

(p tI+ a —)(I—++-9 )= -(3o)
W2 mK (q++tt )'—m, s

f gK-vvgpztgpx~
(31)

K2 mK (tI+4-g )'—m, '

We use g, '/4s. =2.4 and from SUs (or the universal
coupling of the p to the isovector current) we have

g,Kg'/4s=1. 2. Then, f ~1 We also .note that f is
approximately constant. This is in agreement with
earlier determinations of the E,4 form factors. '~

From Eq. (13) we also note that f+ does not vary
rapidly in the region of interest. This behavior is to be
contrasted with the 0 model which gives rise to signi6-
cant variations due to the low mass of the 0 in contra-
diction to experimental evidence. '

In order to determine the value of f+ it is necessary
to evaluate g,~3„. This is an unknown parameter since
our model does not make any predictions regarding this
coupling constant. However, if we assume that the e has
SUO properties, we may use this assumption to evaluate
this coupling constant. If the e is an SU~ singlet,
g,Kg=g, . In this case, f~~2 7 On the. o. ther hand,
if e is a member of an SUs octet, then g,Kg=, g.
and f+~1 3 This latte. r .value is roughly in agreement
with previous analyses" of the experimental data.

VI. CONCLUSIONS

We have considered a simple model for the low-energy
pion-pion interaction. This model, which assumes that
the I=J=O channel is dominated by an e meson of
mass m 700 MeV and I',~400 MeV is consistent with
a large amount of data including available experimental
information on K decays, pion-nucleon scattering, . and
ght; K~'-K~' mass di6qrenqt;,



1362 B. DUTTA-ROY AND I. R. LAPIDUS 169

We have also assumed that the I=. J=j. channel is
dominated by the p meson and the I=0, J=2 channel
is dominated by the f' meson. It is also of interest to
examine the pion-pion cross sections predicted by our
model. In Fig. 6 we show the total cross sections in the
I=J=O and I=J=1 channels. It is of special interest
to note that for such a broad s-wave resonance, although
the phase shift passes through 90 at the e mass, there
is no "peak" in the cross section, but only a "shoulder. "
Thus it is not possible to observe the e by merely looking
at the pion-pion center-of-mass energy distribution.
Hence we must rely on indirect, model-dependent

determinations of the pion-pion phase shifts until direct
pion-pion scattering "experiments" are possible. "

While the e will not manifest itself as a typical reso-
nance "peak, " we have seen that it is very useful to
introduce the e parametrization for the low-energy
pion-pion interaction to describe a variety of experi-
mental data.

It would be extremely useful to have accurate mea-
surements of quantities from which one could infer
pion-pion phase shifts in order to better understand the
pion-pion interaction.
"P. L. Csonka, CERN Report No. TH 836, 1967 (unpublished).
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Solutions of the Faddeev Equation for Short-Range Local Potentials*
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A systematic method for solving the Faddeev equation for three bodies interacting through two-body
local potentials is presented. This method is then applied to the problem of three identical particles inter-
acting through a Yukawa potential, and the convergence of the method is studied numerically. Solutions
are obtained for one particle scattering oB a bound state of the other two, as well as for the three-particle
bound-state case.

~ 'HE application of the Faddeev equation to non-

relativistic three-body problems has been of con-
siderable interest, as seen in the literature. ' ' In the
present work we address ourselves to the question of
how one would solve the equations systematically once
the two-body potentials are given, local or otherwise.

The angular momentum decomposition of the Fad-
deev equations was erst treated by Ahmadzadeh and
Tjon, ' resulting in a set of coupled integral equations
in two variables. If the two-body potentials are taken
to be separable (nonlocal) as was considered by a num-

ber of authors, ' ' then the integral equations reduce to
one variable and can be solved by ordinary numerical
methods. It was suggested by Zambotti and one of us
(DYW)s that even if the potentials were local, it would

*Work supported in part by the U. S. Atomic Energy Com-
mission.

f Alfred P. Sloan Fellow.
~L. D. Faddeev, Zh. Eksperim. i Teor. Fiz. 39, 1459 (1960)

LEnglish transl. : Soviet Phys. —JETP 12, 1014 (1961lg.' C. Lovelace, Phys. Rev. 135, B1225 (1964).
'R. Aaron, R. D. Amado, and Y. Y. Yam, Phys. Rev. 140,

B1291 (1965).
4 M. Bander, Phys. Rev. 138, B322 (1965).
6 R. Omnes, Phys. Rev. 134, B1358 (1964).
e A. Ahmadzadeh and J. A. Tjon, Phys. Rev. 139, B1085 (1965).
~ D. Y. Wong and G. Zambotti, Phys. Rev. 154, 1540 (1967).' Thomas A. Osborn (to be published).

still be convenient to expand the two-body T matrix
as a sum of separable terms. A generalized effective-
range-type expansion was introduced and applied to the
Vukawa-potential problem. ~ Although the method
proved to be useful, the treatment was not entirely
systematic. In the present paper, we suggest a system-
atic way of expanding the two-body T matrix for the
solution of the Faddeev equation below the three-body
threshold and show that the expansion converges fairly
rapidly for potentials characteristic of strong inter-
actions. This method is applicable to the calculations
of bound-state energies and wave functions as well as
the scattering of a particle by a bound state of two
other particles. The problem of extending beyond the
three-particle threshold is discussed at the end. The
treatment of Coulomb potentials is reported in a sepa-
rate paper. '

Although the method outlined below is applicable to
any angular momentum state of the three-body system,
we consider, for convenience, only states corresponding
to zero total angular momentum and no spin. For this
three-body state, the Faddeev equation can be written

9 J. S. Ball, J. Chen, and D. Y. Wong (to be published).


