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The superconvergence conditions for forward elastic scattering of two spinning particles are discussed.
The crossing relation implies that the #-channel forward amplitude is related to those s-channel forward
amplitudes which do not flip helicities by more than 1. Therefore, in general, the superconvergence con-
ditions for the #-channel forward amplitudes do not exhaust all possible superconvergence conditions for
forward amplitudes. A general method to obtain all independent superconvergence conditions for the s-
channel forward amplitudes is described. The linear relations among the derivatives (with respect to #) of
the #-channel helicity amplitudes at ¢=0 are derived and discussed.

I INTRODUCTION

T was suggested by de Alfaro, Fubini, Rossetti, and
Furlan! that, because of the kinematic structure of
the scattering amplitudes for particles with spin, the
high-energy behavior of certain amplitudes leads to
superconvergence conditions. A general way to obtain
superconvergence conditions for particles with spin is
to construct amplitudes free from the s-kinematic
singularities directly from the i-channel helicity ampli-
tudes.? However, the superconvergence conditions for
the forward-elastic-scattering amplitudes need special
treatment for the following reasons: (a) At ¢=0, the
t-channel helicity amplitudes are nolonger kinematically
independent of each other; therefore the corresponding
superconvergence conditions are related to each other;
(b) the s-channel forward amplitudes which flip
helicities by more than 1 do not contribute to the
t-channel forward amplitudes. Therefore, in general,
the superconvergence conditions for the #-channel
forward amplitudes do not exhaust all possible super-
convergence conditions for the s-channel forward
amplitudes.® The superconvergence conditions for
forward amplitudes are investigated in a series of
papers. In the previous papers,®* we discussed the
linear relations among the f-channel forward ampli-
tudes and showed that there exists a set of #-channel
helicity amplitudes with the following properties (at
t=0): (a) The corresponding superconvergence condi-
tions are independent; (b) the superconvergence condi-
tions for any other /-channel helicity amplitude are
linearly related to the superconvergence conditions for

* Supported in part by the U. S. Office of Naval Research.

1V. de Alfaro, S. Fubini, G. Rossetti, and G. Furlan, Phys.
Letters 21, 576 (1966). Their idea was generalized by R. Gatto,
Nuovo Cimento 51A, 212 (1967).

2An excellent and general discussion was given by T. L.
Trueman, Phys. Rev. Letters 17, 1198 (1966). This subject was
briefly discussed, within the framework of the Regge-pole model,
by M. Gell-Mann, in Proceedings of the Thirteenth International
Conference on High-Energy Physics, Berkeley (University of Cali-
fornia Press, Berkeley, Calif., 1967). The author would like to thank
Dr. J. M. Wang for calling his attention to Gell-Mann’s article.

3 K. Y. Lin, Phys. Rev. 163, 1568 (1967).

K. Y. Lin, Phys. Rev. 167, 1499 (1968).
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this set of amplitudes. In this paper, we shall discuss the
linear relations among the derivatives (with respect
to #) of the t-channel helicity amplitudes at /=0 and
show how to obtain all independent superconvergence
conditions for the s-channel forward amplitudes.

Using only the Trueman-Wick crossing relations,’
Wang developed a general method to identify the
kinematic singularities and zeros of the helicity ampli-
tudes.® It was pointed out that the #-kinematic zeros
of the s-channel helicity amplitudes imply kinematic
constraints among the /-channel helicity amplitudes.”
We show in Sec. II that these kinematic constraints in-
troduce certain linear relations among the derivatives
(with respect to # at =0) of the ¢-channel amplitudes.
The algebraic structure of these linear relations and a
general method to obtain all independent superconverg-
ence conditions for forward amplitudes are discussed
in Sec. I1I for the special case where one of the scattering
particles has no spin. The general case is discussed in
Sec. IV. Several mathematical details are given in the
Appendices.

II. LINEAR RELATIONS AMONG THE DERIVA-
TIVES OF ¢{-CHANNEL HELICITY
AMPLITUDES AT ¢=0

We consider the elastic scattering of the particles a
(spinJ, mass M ;) and b (spin J’, mass M 3):a+b — a-+b.
Their helicities are denoted by «a, 8, o*, and 8* re-
spectively. We use the convention J2>J’. The crossed
channel is defined to be b+b — a- @, where @ means the
antiparticle of @, and the corresponding helicities are
B, B”, «, and ", respectively. The square of the
center-of-mass energy in the direct (crossed) channel is
s (). The s-channel helicity amplitude fa*g*,a5°(s,8) has
a kinematic factor {*#"1/2 where A\*=a—pB and
w*=a*—pB* 68 The fchannel helicity amplitude

8T, L. Trueman and G. C. Wick, Ann. Phys. (N. Y.) 26, 322
(1964).

¢L. L. C. Wang, Phys. Rev. 142, 1187 (1966). We follow
Wang’s notations in this paper.

7E. Abers and V. L. Teglitz, Phys. Rev. 158, 1365 (1967).

8'Y. Hara, Phys. Rev. 136, B507 (1964).
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Sfarer prpr(s,f) has a kinematic factor #/2 if and only
if the number A—y (A\=d'—a"’, u=p'—p") is odd.®*
We define

Jargr ag* ()= N8 2 g 05%(s,0) . 1
Under parity symmetry,? we have

St ag®(5,8) = (— DN f_an_gr 0 %(s5,0),

2
farar ot (st)=(—1D*fararr —g—pr*(5)1) .
Time-reversal invariance implies
o*B* e s(s,t =(—1 N—p¥ aB,a* *3(s.f y
Jarpr ap®(5,8) = (— )N fap,arp+*(s,1) 3)

fa’a” ’ﬁ/ﬂn‘(s,t) = (_ 1>)\—”fa”a’,ﬂ”ﬁ’t(sat) .

It was argued by Hara® and Wang® that all
s-kinematic singularities and zeros of the amplitude
Fararr prpet(s,t) are included in the kinematic factor
(cosig,)Mul(sink6,)» =l where the angle 6, is the scat-
tering angle in the ¢ channel. We have

sing,=2(—K —st)\2[(1—4M ) (t—4M T2, (4)

where
K=[s— (M ,+M)?|[s— (M,—M)=].

The s-channel helicity amplitudes are related to the
t-channel helicity amplitudes by the following crossing
relations®10:

fargrap®(s,t)= 22

ol B
Xdg g (57 —¢")dgrg” (57+¢) fararr prpt(58) , ()
where
sing= (s M 2— M) 02 (1—AM HK T2,
Sing! = (s M y— M AP ((— AU DK T2,

At t=0, we have the following kinematic constraints’:

[0/0( )T | 3 e Gt @)’ (=)

da’a*"(%”"‘"d’)da”a"(%ﬂ'_d’)

Xdg g (3r—¢")dgrg” Gr+¢") farar prp(5,0)]
~0 i NE—p >,
= n!fa*g*,aﬁ“(s,O) if |)\*—/J.*f =1n. (6)

The case of #=1 has been discussed in Ref. 3. Carrying
out the differentiation, we have (¢=0)

> d(e"a)d(a'a*)d(8"B)d(B'8*)

o\’ 8,8"

e X(™/Ot™) fararr g6 (s5:1)
=0 i N> 2m,
=0 if MN—u¥*=o0dd, (Ref. 11)
=mF gr 0p(s) if  |N*—p*|=2m, )

COM. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).
W . Muzinich, J. Math. Phys. 5, 1481 (1964).
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> d(a"e)d(o'a)d(8"B)d(8'6*)(om/orm)

al’all’ﬂl,ﬁ/l
A —p=o0dd

XK Ast) ™2 fararr gt (s,8) ]
=0 i N = >2m41,
0 if  AN*—u*=even, (Ref. 11)
=mIK2F pogx og(s) if  |N¥*—u*|=2m+1, )

I

where
d(a”a) =dara’(37),

d(B"B)=dg " (37),
IV

Fa*ﬁ‘:aﬂ(s)E Z (7’ !)_ll{rfa*ﬁ*,aﬁa(s;o) )

=0
H=Cal+a*N+C(BT+A*) if N>u¥,
=—C%al+a*])—C¥(Bl+B*) if N*<p*,
Co=2-1(3/01%)¢
=i(s+M— M) (AM ) K12,
Ch=0-1(0/0111)g’
=i(s+Ms2—M)(4M ) K~12,

the operators (a})7, (¢*1)?, (81)", and (8*|)? commute
with each other and are defined by

(@) farp ap(s,0)=gle)gla—1)- -+
X gla—r+1) fars*,@-np(5,0)
(1) Fup as(5,0) = g(—a*)g(—a*—1)
Xg(—=a*—=r+1) f(arsnp*.a6°(5,0) ,
(B¥])"farpr,a8°(5,0)=2(8%)2(8*—1)- -+
Xg(B*—1+1) far*—r),a5°(5,0) ,
(BY) Jarpr,a°(5,0)=2(—B)Z(—B—1) -
XE(—B—r+1)fers*,aesn*(5,0)
g@=[—at+1)(+a)]'?,
gB)=[U"=s+1)(J'+B8)]"2,
and the operators (al)7, (a*|)?, (8])", and (8*1)?" are
defined in a similar way.
Equations (7) and (8) are derived in Appendix A.
Note that the validity of these equations does not
depend on the assumption of time-reversal invariance.

Equations (7) and (8) are equivalent to the following
equations:

Y d("a)d(oa*)d(B"B)A(BE) furwr s (5)
N e
=0 if \*—u*=odd,
= (V=i 2L B g an(5)FO()] if N*—p*=even, (9)

11 These identities follow directly from parity symmetry
[see Eq. (2)].
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A CON R ECO TS
A ._vz" '=0,dd,

XK A58 forar prgrt(s5,8) ]

=0 if AN*—p*=even,

= N~ H=DRLKTZE pogx p(s)+0(8) ]

if AN*—u¥*=odd, (10)
where O(f) means “of the order ¢ as t— 0.”

The forward amplitudes F are all kinematically
independent. (The amplitudes which are related by
parity symmetry or time-reversal invariance are con-
sidered to be the same amplitude.) The amplitudes F(s)
have the same high-energy behavior as the forward
amplitudes f(s,0). Equations (7) and (8) imply that
certain linear combinations of F(s) have kinematic
factors of the form K»/? (~s” at high energy), where »
is a positive integer. In the cases of low spin, these
combinations can be found directly. We shall develop
a general method to find these combinations.

In Regge-pole theory, Egs. (7) and (8) imply certain
conspiracy conditions among different Regge trajec-
tories.!? The special case of J=J"'=% (nucleon-nucleon
scattering) has been discussed by Volkov and Gribov.13

III. FORWARD ELASTIC SCATTERING OF A
SPINLESS PARTICLE BY A SPINNING
PARTICLE

In this section, we shall discuss the superconvergence
conditions for forward amplitudes in the case of J'=0.
We use the following simplified notations:

fa*aO)E fa*O,aOs(s)t) )
Towar(= forar0i(s,t) if A=even,

EKuzl—l/2(K+Sf)—”2falan,oot(s,t)
if A=odd,

Tarar ()= (K~+st)"M2f 000 00t(s,f) if A=even,
=2 K5ty M2 00 00'(s,t)  if A=odd,
F(a*a)="F 4#0,a0(s)
Toror™()=(9"/0t")Tawa(l),
=0

=1
-2

if J=integer,
if J=half integer.

Using these notations, Egs. (7) and (8) can be ex-
pressed in the form

> d@"e)d(@ o) T ara™(0)=0
kigr’én

if |N*|>2# or N\*=odd,

=nlF(e*a) if |\*|=2m, (11)
12 A general discussion on this subject was given by M. L.
Goldberger, Comments Nucl. Part. Phys. 1, 63 (1967).
13D. V. Volkov and V. N. Gribov, Zh. Eksperim. i Teor. Fiz.
‘(14, ‘13())38 (1963) [English transl.: Soviet Phys.—JETP 17, 720
1963)].

> d(@"@)d(aa*)T o an™(0)

A =odd
=0 if |A*|>2n+1 or MA*=even,
=plF(a*a) if |[N*|=2n+1. (12)
We define
nlG"a¥a)= Y d(a"a)d(q'a*) T orar™(0)
A=even

if  |A*|=even<2n,
= Y d"@)d('a*)T s q(0)

N8
if |M|=odd<2n+1. (13)

The functions G are all kinematically independent and
can be expressed in terms of the amplitudes f(0) and
their ¢ derivatives. The orthonormal property of the d
function implies that 77(0) for #>0 are linearly related
to both F and G. However, certain linear combinations
of 77(0) can be expressed in terms of F alone.

Note that the high-energy behavior of the forward
amplitudes f(0) is quite different from that of their
¢ derivatives. For example, in Regge-pole theory, we
have

LAO)T(97/0t) f(&) | smo— ClIn(s)]" as s—co.
On the other hand, we have the following restrictions
imposed by unitarity and analyticity4:

[(37/017) f(8) | e=o< CF(O)[In(s) I
Therefore those linear combinations of 7%(0) which do
not depend on G have much better high-energy be-
havior than the individual terms.

The algebraic structure of Egs. (11) and (12) is dis-
cussed in Appendix B. The case of #=0 has been dis-
cussed in Ref. 3. It is shown in Ref. 3 that those for-
ward amplitudes 7°(0) having different s-kinematic
factors are all kinematically independent. Let us choose
a set of T in the following way:

Ti(l)ETai'-ai"(t)> I)‘ll =1=0,1,---,2J.

Then any amplitude 7°(0) other than 7',(0) is a linear
combination of T';3:

Twe(0)— X Cle'a”i)T0)=0,
i-—’)\?=l<)e\\l7en

(19

where the C are constants. We apply this result to
Egs. (11) and (12) for »=1. Since these equations are
linear, we have

T o a'(0) —2. Cld 0" ) T:40)
= Z;k F(o*a)[d(a"a)d(d/a*)

a,a
|N¥| =2 if \=even,
=3 if A=odd

=2 Cl " i)d(a"a)d(eia*)]. (15)

14T, Kinoshita, Lectures in Theoretical Physics (University of
Colorado Press, Boulder, Colo., 1965), Vol. 7B.
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Note that these linear combinations of 7(0) do not
depend on G. Equation (14) implies that we can write
the left-hand side of Eq. (15) in the form

(P [T ()=Z O DTH) T 1m0
= KN Ty ()= Z C(e ")

X(K+st)”_“‘”/27_',~(t)]}t=0.

In other words, these linear combinations of F with
[X\*| =2(3) have s-kinematic factors of the form K»
(K712 where n=0, 1, -- -, J—v—1 (J+v—2). Note
that there is no linear combination of F with |X*| =2(3)
which has an s-kinematic factor K7—7 (K7+»1/2), The
reason is that there is only one amplitude among all 7'
such that [A\|=2J or 2/—1. In general, we can con-

Ty,0-20(0)=K~"[ ¥ d(Ja)d(J—2n,0)F (aa)],

Trrana(0)=K-"1[ ¥ d(Ja¥)d(J—2n—1,a)F(a*a)],

a,a
IV =1

{t—r[TJ—r,J—r—2»(t)—‘ . Z

KEH YING LIN
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struct a new set of forward amplitudes by taking proper
linear combinations of F with |[A\*¥|=2r (2r+1) such
that they have s-kinematic factors of the form K»
(Kn+12) ) where n=0, 1, ---, J—v—r (J+ov—r—1).
However, not all of them are kinematically independent,
although the amplitudes having different |\*| are all
kinematically independent. We shall prove in Appendix
B that these new forward amplitudes have the following
properties (for a fixed |X*|): (a) Those amplitudes
which have different s-kinematic factors are kinematic-
ally independent; therefore the corresponding super-
convergence conditions are independent; (b) in general,
there are several amplitudes which have the same
s-kinematic factor; in order to obtain all independent
superconvergence conditions, only one of them needs
to be investigated.

The following forward amplitudes are all kinematic-
ally independent and free from s-kinematic singularities:

n=0,1,---,J—v

n=0,1,---,J+v—1

Ci ) (K AT s—rgs,0—rst-2m-2(0) T} o

1=1,2,+ 7
j =0'1, .o .,1‘
=K Y F(*Q)[d(J—r,o*)d(J—r—2n,0)—3 CG,jnr)d(J—r+i,a*)d(J—r+i—2n—27,a)],
¥l

¥ =2r

_ — _ n:O,l,...’J—p—r

(T rrg—rona(®)— 2 C¥(G,fnn)(KA4-5t)T soryi,s—ri-2n-1-2i(t) 1} t=0
T=1,000,7

§=0/i

=K Y Fa*a)[d(T—r,a®)d(T—1—2m—1,0) =3 C*(,j,m)d(J —ri, a¥)d(J—r+i—2m—1—24,0)],
a,o %7
|N¥] =27 41

: n=0,1, -+, J4+v—r—1 (16)
where _
C(3,7,m,r)=C(4,4,m,7) (2T —7) 2T —r—2n) r \ 2n-+7) ]/
X[(2J—r+i) 2T —r—2n+i—25) (r—i) 2n+r—i+275) ]2,
C*(3,4,n,r) = C*(i,§,n,)[ (2T —7) (2T —r—2n—1) | 2n-+1+7) ]2
X[(2T —r+i)\2T —r—2n—1—2j+14) (r—3) (r+2n+1—i+25) 1]71/2,

2n+m—1
C(mmmr)=(— 1)m+1m—1(2n+2m)< ) > , m=1,-+,7r
m—

A+m—1
c<m,o,n,r>=<—1>m+1( )+
A—1
A=C(L,0,0) = 2T —2n—2r+2,

Clm,m—m', n,7)=—C(m' 0n,r)Cm—m',m—m',n,r), m=m'+1,--- 7

2n+m
C*(m{’”:n;") = (_ 1)m+1( ) ’
m

A —2
C'*(m,O,n,r) = (—' 1)m+1< +m > )
m

C*(m,m—m', n,r)=—C*(m' 0,n,r)C*(m—m',m—m’, n,7).
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From these amplitudes all independent superconverg-
ence conditions for forward amplitudes can be obtained.
The proof and a simple way to calculate the coefficients
of F in the above expressions are given in Appendix B.

IV. FORWARD ELASTIC SCATTERING OF
TWO PARTICLES WITH SPIN

We use the following simplified notations:

(v )=0 if J(J')=integer,
=4 if J(J')=half integer,
Twarpp()=farar gpt(st) if A—u=even,
=K K A5 forarr prprH(5,t)
if A—p=odd,
Tavar ()= (0" 80 T aor ()
Twarr g ()= Ky~ IR~ 20 f 00 0000%(s,1)
where
w=0 (1) if A—p=even (odd),
K=K+ si+ (—4M2)(t— AM )41 712
[ (—4M 2 (t—4M )4 1],
The amplitudes 7' are free from s-kinematic singular-
ities.%:8
Using these notations, Egs. (7) and (8) can be ex-
pressed in the form

2 d"a)d(o'a*)d(B"B)d(B'8*) T arar,pr5™(0)

o'’ 88"
A —p=even
=0 if [N*—u*|>2n or =odd,
=n!Fa‘ﬂ*,aﬁ(S) if l)\*—u*l=2n, (17)

2 d@"a)d(/a*)d(8"B)d(8'6*) Tararr 55" (0)

o'’ B'p"
N —u =odd

=0 if [ N*—p*[>20+1 or =even,
=nlForgrap(s) if  |N*—p*|=2n-+1. (18)

The algebraic structure of Egs. (17) and (18) is dis-
cussed in Appendix C. The case of #=0 has been dis-
cussed in Ref. 4. We shall describe a general method
to construct a set of forward amplitudes which are all
kinematically independent and free from s-kinematic
singularities; from these amplitudes all independent
superconvergence conditions for forward amplitudes
can be obtained. Since the essential arguments are the
same as those used in Sec. III, we shall give our result
without proof.

We shall review briefly the result of Ref. 4. The
t-channel forward amplitudes can be divided into two
groups, according to whether A—u=even (group A)
or odd (group B). The amplitudes of group 4 (B) are
linearly related to each other. Among all amplitudes
of group 4 (B), there exists a subgroup of amplitudes,
say T, which satisfies the following properties: (a)
They are kinematically independent; (b) any other
amplitudes of group 4 (B) can be written in the form
Talull,ﬁ'ﬂ"(0)=ziCiTi, where C;=0 if ,}\rf—u,'l < [>\+Hl
or |Ai—ui| <|A—u[, and not all of the C; with |NiZui|
= |A\==u| are zero. The T'; of group 4 can be chosen in
the following way:

O\i:ﬂi)N= (2m+P1 :I:P)m+11 (Pr :{:2m:}:p)’", m=0, 1; ] J,_vly P=O: 17 Tt 2J'— 2m;

= (2T'2p, 2T F M), m=0,1, -
=(2J'+2p—1, £2J'F2mF1)™, m=0,1, ---, J'+v'—1, p=1, -+, J—J'+|v—o/|;

=, p=1, e T=T = |o—o|;

19)

where N is the number of T’; having the same A; and u;, and any two amplitudes (say, T'; and T}) having the same
Ai and p; satisfy the restriction (this result is more general than that of Ref. 4; see Lemma 9 of Appendix C)

B/ —B) B/ +B —u) =0 it N> ],

(e’ —a) (@i +a—N)#0 if

Nl <awi] -

The T of group B can be chosen in the following way [we define r=J—0o/, s=J'—p’, s’=J’—p", and use the con-
vention A > 0; we choose all possible values of 7 and s if > 0 (r and 5’ if u<0)]:

()\i;ﬂi)N=(2m+1+P) :EP)2'”+2: m=0) ) JI_1+7J,’ P=0a Y 2]I_2m_1;

= (P: :!:Zm:tlip)2m+2 ’
— (2T —2m—1, 2Ty

m=0, - -, J'+v'—1,

p=0, -+, 2)'=2m—1, 2mt1+p52J,

m=0, -+, J'—147;

=(2J, £2J'F1£2|v—o' | F2m)t, m=0, -, J'—2v'—1+20;

=(p, £2T'Fm)™, m=0, -+, 2], 2'<p<2], 2J'—m+p=odd;

we choose all amplitudes with A=2J;

(20)

r=0,1, s(s)=0,---,3N—1 if N#2J, \>|wi|, and N=even,

r=0,1, s(s)=0, -+, 3(N=1), r+s(s")<3NV+1) if Ns#2J, N> |ui,

r=0,1, -+, N—1
s(s)=0,1,

i u] =20 >\,

r=0, .-+, 3N—1 if

I;.L,‘I?éZJI and

and N=odd,

[mi| >N
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Let us now consider the {-channel amplitudes 7'(), with A—pu=even. We shall classify them in the following way.
The amplitudes are divided into several subgroups. The amplitudes in each subgroup satisfy one of the following
conditions (for a definite number 7 within the range 0 #<J+J'— [v—2'|):

for \> || :
r+s(s)=n+N—1, r=n, 2J—N22r, 2J'—|u|22s(s');
2J—A—r+s(s)=n+N—-2, 2J—N—r=n—1, 2J—1—=722r, 2J'—1—|u|>2s(s);

for |u|>N\:
r+s()=n+N—1, s(s)=n, 2J-A22r, 2J'—|u|>2s(s);

2J—N—r+s()=n+N—2, s(s)=n—1, 2J—1—A22r, 2J'—1—|u|>2s(s'),

where the number N is a function of A and x given by Eq. (19). We shall denote the amplitudes corresponding to %
bysgtgl(:t)fly, we shall classify the ¢-channel amplitudes with A—pu=o0dd by the following conditions (0<#<J+J’
+]v—2'| —1): The amplitudes with A= 2J belong to the subgroup corresponding to #=0;
for \%2J, \> |u|, and N=even:
r+s(s)=n+iN—1, r=n, 2J—-A>2r, 2J'—|u|>2s(s");
2T —A—r+s(s)=n+3N—1, 2J—N—r=n, 2J—1—N22r, 2J'—1—|u|>2s(s");
for \s%2J, A> ||, and N=odd:
r+s(sN=n+iN-%, r=n, 2J—A22, 27'—|u|2>2s(s);
2J—\—r+s(s)=n+3(N4+1)—2, 2J—A—r=n, 2J—1-A22r, 2J'—1—|pu|>2s(s');

for |u|=2J">N:
r=n+N—1, 2J—\22r;

for |u]#2J"; and |u|>A:

r+s(s)=n+iN—1, s(s)=n, 2J—\22r, 27— |u|>2s(s");

2T —N—r+s5(s")=n+3IN—1, s(sN=n, 2J—1-N22r, 2J'—1—|u|2>2s(s"),
where N is a function of N and p given by Eq. (20). We shall denote the amplitudes corresponding to # by I, ,*(#).

The following forward amplitudes are kinematically independent and free from s-kinematic singularities:
K(\p)=K,~ullg_—Deul2| g

K()\n,'h"ﬂ,i){t_nl:lny‘i(t) - Z C(n,i,m,j)lm,,-(t)]} t=0
m,J
m<n
=KMnitni) 2 . Forgr,ap(8)Dn,i(@*B*0B8), n=0,1,---, J+J'—|v—v'|; (21)
n‘#’fﬂf{ign
Dn,’i(a*ﬁ*;aﬂ) = d(an,i,,,a)d(an,i,;a*)d(ﬁn,i”nB)d(Bn,i:ﬂ*)
—Z C(”’:i;m,j)d(am,J'”)a)d(amyi/:a*)d(ﬂm.:i”;B)d(ﬁm,i"ﬁ*) H

m,j
K()‘n.m#n,p){t—n[In.p*(t)‘“ 2 C*(”:?;mﬂ)lm.q*(t)]}t—o
mln
=K (Nn,pbin,p) 2 Forgr,ap(8)Dn,p*(@*B%0B), 7=0,1,-++, J+J'—14+ l'u--v’[ 5

a,a*,p,6%
[N —p* | =2 +1

Dn,p*(a*ﬁ*yaﬁ) = d(an.p”)a)d(an,p,)a*)d(ﬂn.p,lﬂe)d(ﬁnmliﬂ*)
— 2 C*(mpym,g)d(am,q" )d(am,q', *)d(Bm.q" 8)d(Brm. ¢ 8*)

m,q

where
Clnyim,))=0 if |Naitpn,il > Nmjtpmil o Nai—pail > Ni—ttms]

C*(",P;my‘])=0 if I)‘n,p‘l"lln,pl > l)‘m,q+ﬂm,q| or |>‘",p""ﬂn.p| > I)""'q_ﬂm,ql .
A general way to determine the numbers C and C* is described in Appendix C.



169 SUPERCONVERGENCE CONDITIONS FOR FORWARD AMPLITUDES 1209

ACKNOWLEDGMENT
The author would like to thank Professor T. Kinoshita for a helpful discussion on the high-energy behavior of the
¢ derivatives of the helicity amplitudes.
APPENDIX A: DERIVATION OF LINEAR RELATIONS AMONG
DERIVATIVES OF {-CHANNEL AMPLITUDES

We shall derive Egs. (7) and (8) in this Appendix. Several useful properties of the d function are summarized
here, namely,®

A (r—0) = (—=1)7+d_y 7 (0) = (— 1)y, .7 (6), (A1)

2(9/86)dx,? (6) = g(w)dx, w17 (8) — g(—1)dn,ut17 (6) (A2)

27 (T+p) (T —p) T2 (x+-y) T He(—y) o= ; A Gm)aT LT (T =N 112, (A3)
dry? (0)drur 7 (6) =0, (Ag)

Using these properties, we can rewrite Eq. (5) in the form

farg,as’(st)= %) M= furarr g (s0)+[UE+st) ]2 (fl) MK AS) T fararr prprt(st)] 3 N—p*==, (AS5)
where
ME=2"doo? (37— )dwrar’ 37+ 0) g7 (37+¢ Vg7 (37— )

Hdora’ (37+¢)do e’ (37— ¢)dprs” (57— ¢ )dp s (3r+9')],

)

P

i

>,
a',a",ﬁ'.ﬁ"
A —u=even

>
al'all'Bl'Bll
A —u=odd

The following functions are analytic functions of ¢ at ¢=0°65:
Sararr pprt(s,), where A\—p=even,
V2 qn grgnt(s,), where A—pup=odd,
M+,

and
)

Equations (7) and (8), which correspond to #=0, have been discussed in Ref. 3. Let us assume that they are true
for all m<n, where # is a positive integer. At =0, we have [see Eq. (6)]

) ) 1l /41 1 41
(8m+1/ o) 3 M* fararr,prpr(s)+ 2 M~ farar prar(st)]=22 < )A + ( )A d
4

r=( r==1 ¥
=0 if |N*—pu*|=an even integer>2n-2,
= (1) farpr,ap’(s,0) if [ N*—p¥|=2n+2, (A6)

where

(Q)En[(n—r) biT,

r
)
A= 3(07/ )M/ 4mH7) forqor grprrt(s,t)

(—
A= (07/30TP K -5t U =](0M 7 o) K -50) 1 g (5 -
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Using Eq. (A2), we can differentiate M+ and [#*/2(K-+s£)*/?M~] in a straightforward manner and prove that

) -
(' )7IH" faspr,ap’(s,0) if  [N*¥*—p*|=214-2 and 50,

(A7)

(at t=0)
AF=0 if |\*—p*|=an even integer>2n-+2 and r#0,
2(n4-1—2
=[r{/Qr)JH>(n4+-1—1)! X
/=0
A7=0 if |N\—p*|=even>2n+2 or r=0,
2(ntl—1)
— (=D @r— D (1= %

/=

+1
(/) H Fargrap®(s,0) if [N*—p*|=2n+2 and 75£0. (A8)

It follows that Agt=0 at =0 if |\*—u*|>2n+2. If |\*—u*| =2-+2, we have (¢=0)

)
Agt= 3 d(o"a)d(o'a*)d(B"B)d(B'B*) (9™ 9 fararr g (5,8) = H* fargr,ap*(s,0) ,

where )
1 1 2 7
B = )+ 5 (ﬂJr >(”)[(2r—1) Fot-nt T @)=Y (n+1>
r=1 r r/=0 r=1 r
XriL2N) T nt+1—7)! 2(le:~’) (7 ) rHortr

=(n+1) 1!14_%1 et (2r+7'_1)

2r—

r=1 r'=0

2n42
= (n+1) 1[14— 2—1 (p)-H>

0<2r—1<p \2r—

2n+2
=t T (p)H.

=0

In the last step, we have used the identity

r’=0

r=1 r'=0

74l 2n—2r+2 D !
[@r+r/— 1) H =1 3 Z+2( 2+ r )E<27+r') IJ—‘HW'}
/4

z, (o) Eore, z2,6)]

=2

0=(1—1)r=143 (p )(—1)'-

Equation (8) can be proved in a similar way.

APPENDIX B: ALGEBRAIC STRUCTURES
OF EQS. (11) AND (12)

We shall generalize the method of Ref. 4. Let us
consider the following linear equations:

Z* d(a"a)d('e®) f(a*a)=t(a'a"), (B1)
under the conditions
lea)= fla*a)= f(~a~a), 2

flaa*)=0 if |N¥|>2n or \*=odd.

The conditions (B2) imply that #(a'e/")=(a"a)
=i(—o/—o’") and #c'e”’)=0 if A=odd. We need
several linearly independent solutions of Eq. (B1) for
our later discussion. Let us first prove the following
lemmas.

Lemma 1. The numerical values of f and ¢ which
are defined by the generating function g(e,), with

r=1

4

a<n, satisfy Eq. (B1) and conditions (B2), where
g(ab)=(x-+y) (1 —xy)**(1+ay)2/—2e-25,
glab)= aZ;.* flo*a)xl—eyl=a*[ (J—a) |(J4-a)!

| X(J=a*)(J+a®) [T 12, (B4)
sba)= 2 Ha'a YTy [(J—a) (T +a)!

’ X(T—a") (T4 T2,

(B3)

(BS)

Proof. It is easy to check that the f defined by (B4
have the following properties: / v (34
fle*a)= flao*)=f(—a—a*),
fla*a)=0 if M=o0dd or
fle*a)#0 if |N*|=2q.

[N¥|>2a,

Using the generating function of d(e”a) given by
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(A3), we can rewrite Eq. (B1) in the form

1211

Y o)y T g gk [ (o) (T —a!) (T o) (T —a) 12
y

a’,a’’

=X fle*a{ Z dle"a)e’"y " [(J+a ) (T =) T Z o) =g [ (J+) (T =) 1

=28 5 flata)(erty) PHela—y) @) o GG T H0) (T —a) () (T —a) 1

= NEHDTY T Sl ) Y LE- D@1

= (xE—yi)2(xJ+Ty) 2o (xi+ yi)2 a0,

We have used Eq. (B4) in the last step. It is obvious
now that the #(¢’a’”’) satisfy Eq. (BS).

Lemma 2. We choose a set of {(c/a’”’) in the following
way:

Ti=t(ai "),
where
%l)Wl:O) 1’ 2) R J-—v~ny o .’J—v—]"]_'v)
0,1,2, -+, J—v—mn, -+, J—0v—1,

0,1,2, -, J—v—n.

Then any other nonvanishing #(a’a”’) can be written
as a linear combination of the 7'; such that

)= Y C™d"i)Ts,

REPAN|

(B6)

where the C are constants. For those C having || = |A],
at least one of them differs from zero.

Proof. Equation (14) is a special case of Eq. (B6).
First, let us prove that if all nonvanishing f are linearly
independent, then the 7'; are linearly independent. To
see this, let us assume that the 7 are linearly related.
Since there exists a solution of Eq. (B1) such that all f
and ¢ are zero, it is clear that the linear relation among
the T must be homogeneous. We can write 3_;d;T:=0,
where the coefficients d; are constants to be determined.

According to Lemma 1, each of the generating
functions g(a,b) generates a special solution of Eq. (B1).
We define

Glha)= X g(o)(~1) (?)
(4xy)e(w+y)?¥(1+ay)2 —2e-2b
= T ey [T =) ()

' X (=) (J+a") T2, (BT)

Each special solution gives a linear relation among the
constants d;. We want to show that all of the d; are
zero. It is easy to check that /#%(d/e’)=0 if o/#a’.
Therefore, we have

2 dit*(ai,a’)=0,

2\ =0

It

a=0,1,--+,n. (B8)

X[T+) (T—a) (T+a*) (J—a*) ]2

We have n+-1 linear homogeneous equations and #-1
unknown d;. These d; must be zero if the determinant of
Eq. (B8) does not vanish. Up to a nonvanishing pro-
portional constant, we can write the determinant of

Eq' (B 8) m the fOInl
(7n )
n

) G
(0 ) I

W\ -2\ (2 —2n
<m0_‘n) (m]_—'n) o <mn‘—n)
=@NIQT=2)!- - (2T —2n) [mo!my!: - -m,!
X (2T —me) (2T —mp) - - - (2T —m) [
1

mo(2J —myg)
X ”1'02(2]""’”0)2

1

(2T —my)
ma2(2T —my,)?

.. )
mo™(2T —mg)™ m (2T —mn)™
where we denote J—ai’ by mo, my, - -+, ma. It is clear
now that the determinant vanishes if and only if there
exists a pair of ¢ and j such that (J—a/)(J+a/)
=(J—o/)(J+ei), namely, af==xa;. Therefore we
conclude that all d; with A;=0 must be zero. Using the
generating functions G(1,a), one can prove in a similar
way that all d; with £ |)\;| =1 must be zero, etc.

Since the number of f is the same as the number of
T:, any #(c¢’’’) other than T; can be written in the
form (B6) without the restriction |X\;|> [\|. We want
to prove that C*(¢/,a’’5)=0 if || <|\|, and at least
one of C*>£0, where |\|=|\:|. Each special solution
of Eq. (B1) gives a set of linear relations among the C.
Let us consider first the case o’=a”. We have [see
Eq. (B7)]

09%da)=0 if o5#a”,
#0 if o'=a’.

Therefore at least one of the C™(¢/,e’)i) with \;=0
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does not vanish. Next, we consider the case |A\|>0. The
special solutions generated by G(0,a) imply

2 C”(a’ o ol @f)=0, a=0,1,---,n
iNi=
In other words, we have C=0 if |\|>|\;] =0 [see
Eq. (B8)]. Now we turn to the case 3|\|=1. Since we
have
O aa)=0 if L|N\|>1,
=0 it 1\|=1,

it is clear that at least one of the C with |\;| =1 differs
from zero. The more general cases can be treated in the
same way.

We apply these lemmas to Eq. (11). According to
Lemma 2, there are several different ways to choose 1';
we use the symbol p to distinguish them. We have

Ta’a”m(o)-— Z Cn—l,p(a’ /lﬂ)Taz yog!! (O)
AN
=0 i m=0,1,-,n—1,
=n!F*d " m,p) i m=n, (B9)

where

F*d ', p)= Z Fle O[d(e"a)d(d'a*)

I)\*I 2n

—3% Crto(ol o d)d(e " a)d(ala)].

The new forward amplitude F* has an s-kinematic
factor KM/2, To see this, let us rewrite Eq. (B9) in the
form

(LTt (B) =2 CH0(, " 8) Ty, ar(£) I} =0

ZK”"IZ{t_"[Tu'a"(l)—Z Cr12(o’ 0" 7)

X (K A4st) =D T o n() ] im0

=F*d " n,p).

The forward amplitudes F*(o/,o” ,n,p) are linear com-
binations of the forward amplitudes F(a*a) with
[N*|=2#n. For a fixed |\*|=2#n, the number of ampli-
tudes F* is bigger than the number of independent
forward amplitudes F. In other words, the amplitudes
F* are not all kinematically independent. We can
select a set of forward amplitudes F*(a/,a’,n,pi) such
that ¢|a/—a’|=0, 1, - -+, J—v—n. Note that they
have different s-kinematic factors. We shall prove that
this set of forward amplitudes has the following prop-
erties: (a) They are kinematically independent;
therefore the corresponding superconvergence condi-
tions are independent; (b) any other forward amplitude
F*(/,a',n,p) can be expressed in terms of them, such
that

F*(al,a”,”’:?) =Z D,-(a',a" n;p)F*(ai,)a‘iH:n7pi) ) (BIO)

KEH YING LIN
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where
D=0 if I)\il < {
#0 if I)u[ = ]

The second property implies that the superconvergence

conditions for F*(c/,a”n,p) are linear combinations of

the superconvergence conditions for this particular set
of amplitudes.® The proof follows directly from the
following lemma.

Lemma 3. Let us consider Eq. (B1), with the following
conditions:

(@ flea*)= fla*e)= f(—a—a*);
i) fle*a)=0 if |[N\*|>2n+2 or A*=odd;
(iii) the nonvanishing f are all linearly independent.

According to Lemma 2, we have

o)~ % Crole il )

__f*(al Il’p)
= Z f(a*a)[d(a’/a)d(a’a*)—z C”"’(a' //’z)

a,o
|N¥| =242

Xd(ai'a)d(aa*)].

We choose a set of f*(a/,ai’,p:;)= f#*such that $|\;| =0,

, +y, J—v—mn. This set of f* has the following pro-
perties: (i) They are linearly independent; (ii) any
other f* can be written in the form

e p)= ZD(a’ o’ D) f*, (B11)
where
D=0 if [N|<[A[,
#0 if [N =]N].

Proof. We shall use the arguments of Ref. 3. If the
f are not linearly independent, we can write

Zdif¢*=0. (B12)

According to Lemma 2, we can choose a particular set
of {(aja/")=T;j such that they are linearly independent;
besides, any other {(a’e’’) can be expressed in terms of
them [see Eq. (B6)]. The left-hand side of Eq. (B12)
can be written as a linear combination of T';. The linear
independence of T; implies that all of their coefficients
must be zero. Let us first prove do=0. Note that, if
1#0, f* is a linear combination of those 7' where
2|X\j| >0. The choice of T is arbitrary. In fact, we can
choose those #(o/a’’) appearing in fo* as part of 7. In
other words, we have do=0. Similar arguments can
be used to prove that all of the d; are zero. Since the
number of f;* is the same as the number of independent
f(a*a), any other f* is a linear combination of f#*. The
conditions which are satisfied by the coefficients D;
can be proved by using essentially the same arguments.
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The algebraic structure of Eq. (12) is very similar to
that of Eq. (11). Let us consider Eq. (B1) under the
following conditions:

flaa®)= — fla*a)= f(—a*—a),
flea®*)=0 if [N¥|>24+1 or
The conditions (B13) imply that #a'a”)=—1#c"e)
=t(—a”’—a') and (=0 if A=even. We shall omit the
proofs of the following lemmas.

We define
(o=t ) [(J—)(THa ) (T—a")(J+a) ]2
[ e*a)= fla*a)[(J—a) {(T+a) {(J—a*) (THo*) 1 ]2,

Lemma 4. The numerical values of f and ¢ which are

defined by the generating function g*(a,b), with a<#,
satisfy Eq. (B1) and conditions (B13), where

g*(a,0)=(x—y)(w+y)2e(1—xy)?®

B13
N =even. (B13)

’

X(l_l_xy 2.)'—1—241—26’ (B14)
gHab)= 2 f(a¥a)a/ey™=, (B15)
g ba)= 3 (")l yTe". (B16)

’r
&

Lemma 5. We choose a set of ¢ in the following way:

Ti=t(a/,"),

where

3(In|—1)
=0,1, .-, J+v—n—1, - -, JH+v—2, J+ov—1,
0,1---, J+v—n—1, -, J+v—2,
0,1, J+v—n—1.

Then any other ¢ can be written as a linear combination
of them such that

(ola")= %

N2 M

Cr( " )T, (B17)
where the € are constants. For those € having|X\;| = |7,

at least one of them differs from 0.
Lemma 6. Let us consider Eq. (B1) with the following

conditions:

@) flaa*)=— fle*e)= f(—a*—a);

(i) f=0 if |X*|>21n+3 or MN=even;

(i) the nonvanishing f are all linearly independent.

According to Lemma 5, we have

Ho'a) =3 Cme(al o )i (e ")
i

= f*(,a",p)

= X fle*o)[d"a)d(da*)~3 Cmo(o o i)
|n* |aé°§*n +3 !
Xd(a a)d(aia*)].
We choose a set of f*(a/,a,p) such that (|\:|—1)
=0, 1, - - -, J4+v—n—1. This set of f* has the following
properties: (i) They are linearly independent; (ii) any

other f* can be written in the form
f*("/)a";ﬁ) = Z Di(a,ya”,,p)fi* ) (B18>

where D;=0 if |\;| <|\], but 50 if |\;|=|}A].

In Lemma 6, we use p to distinguish different ways of
choosing 7. _ ,

We shall now prove that the forward amplitudes (16)
are all kinematically independent and free from
s-kinematic singularities. Let us go back to Eq. (B1)
with the conditions (B2). For convenience, we modify
(B2) such that f=0 if |A\*|>2r—2 (instead of 21). We
choose the T'; of Lemma 2 such that a/=J, J—1, ---,
J—r+1 and a/—a/'=0, 2, 4, ---. We have [see
Eq. (B6)]

V(J—r, J—r=2n)= 3 C@,jmnr)
t=jl,2-6-.r

Xt (J—r+i, J—r+i—2n—2j). (B19)

The special solutions generated by G(b,a) can be used
to determine the coefficients C(3,7,%,7) in a simple way.
It is easy to check that C=0if 7>1.

Since Eq. (B19) is homogeneous, we shall ignore the
factor 4* of G(b,a). The linear relations among the C
corresponding to (a,b) are

A+2 A+2
( >=< 1 )C(I,O,n,r)+C(2,0»"a’)’

A=2n4+2)C(1,0,n,)+AC(1L,1,n,)+C(2,1,1,),

(B20)

(r—1, n), 27 =2n—2r+2=A4=C(1,0,nyr),
(r—1, n+1), 2n+2=C(1,1,n,r),
r—2, n):
( 2
(r—2, n+1),
(r—2, n+2),

2

2n+4 2n+4
( )=( 1 )C(171;%)r)+c(2’2’”’r) ’
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The simplicity of these equations is obvious. One can calculate all of C in a straightforward manner. The result is
given in Sec. III.
Let us assume that f(a*a)=0 if |\*|>2r instead of 2r—2. Then we have

U(J—r, J—r—2n)—> COH,ju) (J—r+i, J—r+i—2n—25)= 3. f'(c*)[d(J—r—2n,a)d(J—r, o*)
L% _aya¥
IN¥| =27

—-Z C(,jmn)d(J—r+i—2n—27, «)d(J—r+1i, «*) = Z* f(e*a)D(a*e), (B21)

where
D(a*a) = D(ao*)=D(—a—a*).

We shall describe a simple way to calculate the coefficients D. If the numerical values of ¢ are generated by
G(b,a), then the corresponding numerical values of f” are generated by [see Eq. (B7)]

=0

> g(p,b><—1>p(;)=(1~xy>”(1+xy)w—2a-ﬂ[<1—x2)<1—y2>]a= T f o0y,

At a=r, we have
48p.,= Y. [N (a*a)D(a*a).

a,a*
|A¥]| =27

It can be shown that the D satisfy the following equations:

J—r—v
D(r+v, —r+v)=(—1)rtr42r—J ( ) ,

n

J—r—v—1
D(r+v+1, —r+v+41)4-D(r+o, —r+v)=(-—-1)”+’42'“°’+1’2< Tt ), (B22)

n

m—1 (2m
2D(r+v+m, —r+ov+m)+2 3 ( .

i=1

)D(r—l—-v-{-m—-i, —r+o+m—i)

1

2m J—r—v—m
+< )D(r+v, “‘?’—I—’D) = (—- 1)n+r42r-—J+m( ) ,

m n

where we define

a
()EO if a<b.
b

From these equations one can calculate the D step by step.
Let us consider Eq. (B1) with the conditions (B13). For convenience, we change the notation such that f=0
if |[\*¥|>2r+1 (instead of 2#+1). We have

V(T =1, T—r—2m—1) =3 C*(i, i) (J—rFi, T—r+i—2m—1—2j)= &  fla*a)D**a),  (B23)
iJ a,a*
|N¥| =27 41

where D*(a*a) = — D*(aa*)=D*(—a—a*). The special solutions generated by G*(b,a) can be used to determine
the D* in a straightforward way, where G* is given by Eq. (B7), with g replaced by g*. The result is given in Sec.
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II1. Using the following equations, the D* can be calculated step by step:

J—r—1+4v
D*(r_l_l__v, “'7’—‘7))= (__1)n—r42r—-J+1/2( ) ,

n

J—r—24v
D*g+2—v, —r+1—0)+ D*(r+1—v, —r—v)= (—1)"*'42"‘”‘1( ) ,
* (B24)
m=1 (2m ’
2D¥(r+14+m—v, —r4+m—0)+2 3 ( . )D*(r+1+m—v——i, —r+m—v—1)
=1\ §
2m J—=r+v—m—1
+< )D*(r-i—l—v, _,,_7))_:(__ 1)n+r421‘—.]+m+1/2( ) ,
m n

APPENDIX C: ALGEBRAIC STRUCTURE OF EQS. (17) AND (18)

We shall generalize the results of Appendix B. Since the arguments used here are essentially the same, we shall
give our results without proof, unless some new arguments are used.
Let us consider the following equations:

(Z) d(a"a)d(a'a*)d(8"B)d(B'8*) fla*B*aB) =t(ca" 8'8") , (Cy)
where a means all possible values of a, *, 8, and 8*. We define
f(@*B*a8)= fla**,eB)[(J—e) (T +a) (T —a*) (T +a*) (T = B) (I "+B) (T —B*) (T '+B%) T2, (C2)
Lo B8 )= U B8 N (T—a!) [T+ (T—a) (T+a") (') T+ (=) +67) T2, (C3)
g @2y, =2 f(a*B* af)xl g~y /"~ byl —F", (cH
(a)
g(x,3y,5)= 2 /(o' ,B'8" ) = " gI=e'y =B "G =F (C5)

(a’)

where (o’) means all possible values of &/, &/, 8, and 8”.
Lemma 7. Equation (C1) implies
g'(2,,9)=[31+2)1+2) [+ A+P 1 g *5*5*,7%) (Cé)
where #*=(u—1)(u+1)"1, u=x,%,y,7.
We are interested in Eq. (C1), with the following subsidiary conditions:
f@*B*,aB) = f(aB,a*B*) = f(—a—B, —a*B*), fle*B*aB)=0 if |N*—u*|>2n or =odd. cn
The conditions (C7) imply that i(e’a” 8’8" ) =t(c/"e/ 88" ) =t(—a'—a'', —’'—B"") and t=0 if \—u=o0dd. We define
g(a’b7c7a,,bl’G,’aI,’bI,,cll) = (x+£)a(1 - xj) b(1+xj)c(y+g)a’(1 _yg) b/(l _I—yg) o
X[+ @+ 1 TA—2y)(1—27) ] [(A+=y)(1+27) 1", (C8)
where a+b+c+a’’+b"+c"=2J and o'+ b'"+c'+a”+b"+-c"=2T".
Lemma 8. The f' given by gf=g(a,b,c,a’,b’',c',a”,b",c""), where a+a’=even, b+b'=even, and a+a'+2a" < 2n,
satisfy conditions (C7). It follows from Eq. (C6) that gt=g(d,a,c,b’,a’,c’,b" 0" ,c"").

The special case where #=0 has been discussed in Ref. 4. If >0, it is more convenient to use the following
generating functions, which are linear combinations of the above functions:

gt= (xz)r(yg)8g(b’O7C’b,)07c’,b’1,076’l) b (Cg)
where b-+d'=even, 2r+b+c+b"+c""=2J, 2s+b0"+c'+b"+c""=2T', r+s<n;
g'= (aZ)"(y7)*(x2+y7)g(5,0,¢,0",0,¢',6",0,¢") (C10)

where b+b'=even, 2r+b+c+b"+c"'=27—1, 2s+b'+c'+b"+c"=2T"—1, r+s<n—1.
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Lemma 9. Let us consider Eq. (C1), with subsidiary conditions (C7), where #=0. If the nonvanishing f are all
linearly independent, then there exists a set of ¢, say T, which has the following properties: (a) The T'; are linearly
independent; (b) any other ¢ can be written in the form ¢(o/a’,8/8"")=3": C;T:, where C;=0 if |Nj+u:| < |Au]
or |Ni—ui| <|A\—p|, and not all of the C; with |Njzzu;| = |Nzzu| are zero. The T can be chosen in the following
way':

Nopud)¥=(2m,0)"*t,  (0,2m)™ or (2m,0)™, (0,2m)m+1
= 2m-+r, )™t (7, 2m+r) or (2mtr,r)™, (r, 2m-+r)m*!
= 2m+r, —r)™,  (—r,2m+r)" or Q2wmtr,—r), (—r,2m+tr)"t,
m=0,1,---, J'—v, r=1,2,---, 2J'—2m
=(2J'42p, 2J' = 2m)™t1, (2T'+2p, — 2T+ 2m)mtl,  m=0,1, .-, J'—v, p=1,2, -+, J=J'—|v—7]
= 27"+ 2p—1, 20— 2m—1)m+,  (2J'+2p—1, — 27"+ 2m+1)m+1,
m=0,1, -, J'+v'—1, p=1,2, -+, J=J'+|v—7|
where we use IV to represent the number of 7; having the same \; and y;, and any two ¢ (say, T, and T;) having
the same X and y satisfy the restriction

B/ —B7)B/+B/—w)=0 if |N|>]u],
(@i’ —a)(@/+af—N)#0 if |>\l < ll"‘ .

Proof. The restriction (C11) is more general than that given in Ref. 4. To illustrate the new argument, let us
consider those T; corresponding to (4,0)® and prove that they are linearly independent of each other. If these T
are not linearly independent, we have

(C11)

3
2. &;T;=0.

=1

According to Ref. 4, we can use the following generating functions:

g'=(1+a2)? (149 (x+2)%,  (1+a2)*~*(1+99)* " (e+2)*(1+2y) (1+27) (a+) (E+7),

(1+2)2=4(1+y9) > [ A+xy) 1 +27) (x+3) (@+5) 1.
These functions imply three homogeneous linear relations among the d;. The argument used in the proof of Lemma
2 [see Eq. (B8)] can be used here to prove that all of the d; must be zero.

Lemma 10. Let us consider Eq. (C1), with subsidiary conditions (C7), where J+J'— |v—1'| > %> 0. If the non-
vanishing f are all linearly independent, then there exists a set of ¢, say T, which satisfies the two properties
mentioned in Lemma 9. These T'; can be chosen in the following way [we define r=J—d/, s=J'—f, s'=J'—8",
and use the convention A>0; we choose all possible values of  and s if x>0 (r and s" if ©<0) which satisfy the
restrictions indicated below; we use the classification of (\;,u;) defined in Lemma 9, and N is the number of 7'
having the same \; and u; for #=0]:

for Ni2> |uil :

r+s(s)<n+N—1, r<n, 2J—N22r, 2J'—|u| 2> 2s(s');

2 —Ni—r+s(s" )Y <n+N—2, 2J—N—r<n—1, 2T—1—N\22r, 27" —1—|u:| 2> 2s(s);
for |ms| >Nz

r+s(s)<n+N—1, s(s)<n, 2T—N22r, 27— || 225(s);

2T —Ni—r+s(s)<n+N=2, s(s)<n—1, 2T—1—\22r, 2T —1—|u;| >2s(s).

The choice described by Lemma 10 is not the most general one; however, it is the simplest choice.
We now consider Eq. (C1), with the following subsidiary conditions:

flo*6*,0B8) = — f(aB,@*8¥) = f(—a—B, —a*—p*), fla*8*aB)=0 if |\*—p*|=even or >2n+1. (C12)

The conditions (C12) imply that #(e’a” ,8'8")=—t(a" /88 )= t(—a/"—0o/, —B"—f") and {=0 if \—p=even.

Lemma 11. The f given by g/=(x—%)g(a,b,c,a’,b',c’,a",b",c"") [or (y—§)gla,bc,a’ b ,c',a’",b",c"")], where
a+a'=even, b+b'=even, a+d+tcta’'+b"+c"=27—1 (or 2J), a/+b—+c'+a"'+b"4c"=27" (or 2J'—1),
and a'+a-+2a" < 2n, satisfy conditions (C12); from Eq. (C6) we have g'=(x—Z)g(b,a,c,b’,a’,¢',b”,a",¢"") [or
(y—?7)g(b,d,C,b',a',Cl,b":a“’c")]-
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The special case where #=0 has been discussed in Ref. 4.

Lemma 12. Let us consider Eq. (C1), with subsidiary conditions (C12) and #=0. If the f are all linearly in-
dependent, then there exists a set of 4, say T, which satisfies the two properties mentioned in Lemma 9. These T’
can be chosen in the following way (we use the convention of Lemma 10):

OV = 2m+1+4p, £p)2+2 m=0,1, -+, J'4+v'—1, p=0,1, -+, 2J'—2m—1
=(p, £2mt1p)t2 m=0, - -, J'4+o'—1, p=0, -+, 2 =2m—1, 2m=2J'—1—p
=QJ'—=2m—1, £2J)"t m=0, -, J'—142
=(2J, £2J"F1£2|v— | F2m)™t, m=0, -+, J'—o'—1+20
=(p, £2J'Fm)™t, m=0, ---, 2], 2J'<p<2J, 2J'—m-+p=o0dd;
we choose all ¢ with A=2J;
r=0,1, s(s)=0,---,3N—1 if A#2J, A>|u], and N=even,
r=0,1, s(s)=0, -+, 3(N—1), r+s(s)<i(N+1) if A#£2J, A\>|u|, and N=odd,
s(s)=0, r=0,---,N—1 if |u|=2T">},
s(s)=0,1, r=0,--+,3N—1 if |u|>X and |u|=2J'.
Lemma 13. Let us consider Eq. (C1), with subsidiary conditions (C12), where J+J'—14|v—v'| 2 #>0. If
the fare all linearly independent, then there exists a set of ¢, say T, which satisfies the two properties mentioned in

Lemma 9. These T; can be chosen in the following way [we use the classification of (A\;,u;) defined in Lemma 12,
and N is the number of T'; having the same A; and y; for #=0]:

for \;=2J: all ¢in this class; for \;%2J, \;> |u;|, and N=even:

r+s(NSn+IN—1, r<n, 2J—N22r, 20— |ui| 2 2s(s");

2T —N—r+s(s) Kn+iEN—1, 2J—N—r<n, 2J—1—=N22r, 27'—1—|u:| 22s(s");
for N\;5£2J, \i> | ui|, and N=odd:

r+s()Sn+i(N+1)—1, 7<n, 2J—N22r, 27— |u:| 2> 2s(s');

27— Ni—r+s(s) Sn+3(N+1)—=2, 2J—N—r<n, 2J—1=N22r, 2J'—1—|us| 2 2s(s");
for |ui| =27">N\i:

r<n+N—1, 2J—N22r;

for |us| >N\i and |u;|#27":

r+s()<nt+iN—1, s(s)<n, 2J—N22r, 2J'—|ui| 2 25(s');

2T —Ni—r+s(s)Kn+iN—1, s(sNSn, 2TJ—1—N\22r, 27 —1—|ui| 2 25(5").



