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(C) Finally, we would like to make a short comment
on the soft-pion-emission approach. The extrapolation
q„—+0 is certainly more hazardous than the one" we
are using, —q'=m ' —+ 0. By using the soft-pion tech-
nique, Callan and Treiman obtained, "in our notation,

F+(stets)+F (trtics) = (fir/f )(sin8~)/sin8y. (15)

The values of Ii's at s=mz2 are not physical for the
E&3 decay. The E;.3 decay energy spectrum has a maxi-
mum around q'=0. Therefore, physically important
form factors are F+(0) and F (0). Since there is no
convincing way of making an extrapolation in the q„~0
aPProach, let us assume, as in Ref. 1, F+(mtrs)~F+(0)
and F (stttrs) —F (0). If we take, for examPle, F+(0)
~1.05 and assume 8~——8v, we obtain, from (15), F (0)
=0.23 and therefore )=+0.22. This must be compared
with our prediction —0.28( $(—0.026. Of course, the
value of $, +0.22, is not very trustworthy, since there
is no guarantee that the extrapolation F+(sttirs) F+(0)
and F (tttirs) F (0) is very good. However, since the
s dependence of the Ii~ and F form factors does not
seem to be very large, both experimentally and theo-
retically the above extrapolation should not be very
bad. Therefore, we think that the Callan-Treiman rela-

"This approach has also been attempted recently by Okubo
et al. from a di6'erent standpoint. S. Okubo, in Proceedings of the
1967 International Conference on Particles and Fields (Interscience
Publishers Inc. , New York, 1967), p. 469.

tion already indicates that the value of $ is small, i.e.,
I (I (1.We now wish to show that our prediction of a
small negative value of & is consistent with the Callen-
Trieman relation obtained at s=m~2. Let us compute
F+(trtzs)+F (stttrs) by using Eqs. (11)and (12'). Neglec-
ting the 0(e') term, we obtain

m1r 2

F+(rtttr )+F (ttttr )=—+ —1.30, (16)
m~* —m~

which is indeed very close to the Callan-Trieman rela-
tion (15). We particularly note that Eq. (16) is inde-
pendent of the parameter m„. Ke therefore claim that
our results include the soft-pion result given at s= m~2.
It will be interesting to check our prediction (especially
the sign of the parameter $) by more precise experi-
ments. It is certainly encouraging to observe that all the
polarization experiments of X» decay (which seem
cleaner than other types of E» decay experiments) give
negative values for the parameter $.'e

We wish to thank Professor J. Sucher for his stimu-
lating discussions in the early stage of this work. We
also thank Professor G. Snow for reading the manu-
script.

"At present, experiments do not seem to exclude the possibility
)&0. J. W. Cronin, in Proceedings of the 1967 Itttermatiortal Coa-
ference on Particles and Fields (Interscience Publishers Inc.,
New York, 1967), p. 1.
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We study radiative corrections to semileptonic decays. Special commutation relations between the weak
and electromagnetic currents reduce the question of Gniteness of i ~ f+e +I to that of the finiteness of
tfI J„wIi)/QZs' In a quark m. odel with interactions properly chosen, standard renormalization theory
is then used to prove that these quantities, hence the order-o, radiative corrections to any P decay, are
Gnite. We conclude that commutators are not enough and that some small amount of dynamics is needed
to remove divergent radiative corrections.

'T has recently been shown that, with the assumption
- - of certain equal-time commutation relations between
the electromagnetic and weak hadronic currents, the
order-n radiative corrections to pion p decay are finite. 's
The algebra required differs from the standard current
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algebra only in the space-space part, where one needs

&(»)IX™(*),&;(0))=&(~)L8„js (0)-se;,'~. (0)).
Such relations can actually be realized in several field-
theory models involving fundamental integrally charged
triplets rather than quarks, but which seem capable
of reproducing all the known features of strong inter-
actions. What remains to be shown is that this same
scheme is sufFicient to treat the order-n corrections to
atty p decay —for example, that the corrections to gz
are finite. In this article we address the question and
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The higher terms in this expansion may or may not be
determined in terms of other more complicated equal-
time commutators. The commutation relations we have
adopted then guarantee that if we define

(c)

e
V

e
V

then both T„„and t„„have the same leading asymptotic
behavior. Therefore, if T„„=t„„+T„„,the remainder
term has the asymptotic behavior

FIG. 1.The process i ~f+e +v up to order 0,'.

show that within the framework of renormalized
perturbation theory, with a proper choice of the fun-
damental triplet model, the general radiative correction
is in fact finite.

The problem divides into two disjoint pieces. First,
we use the commutation relations of J' and J~ to
show that the general radiative correction to f +f-
+e +r is 6nite if (f I J„~li&/QZ2' is 6nite, where Z2'
is the electronic wave-function renormalization. Then
we use arguments which are independent of the algebra
and depend only on the underlying Geld theory of the
strong interactions to show that &f I

J„w li&/QZ2' is in
fact finite (always to order n only).

In Fig. 1 we have indicated the four independent
contributions to the process i~ f+e +v, neglecting
diagrams of order 0.2 and higher. The sum of diagrams
1(a)—1(c) is just

where (fl J„~
I ~& includes order-n radiative corrections

and hence is cutoff-dependent. Diagram 1(d) may be
expressed analytically as

g2 dk
iV&

—u,q~—— q"(1—q,)~„T„„(k),
(2m)4 k' f—k—m.

T„„(k)= dx e'" (f I
T(J„'~ '(x)J,w(0)) I i&,

(2)

Tpy(k) — ' — dx 8
I apl ~ao

' J. D, Bjorken, Phys. Rev. 148, 1467 (1966).

where l is the electron momentum. Since T„„—+ k ' for
large k, this integral is logarithmically divergent, but
the divergent part is determined by the leading asymp-
totic behavior of T„„.

Bjorken' has pointed out that the asymptotic be-
havior of a function like T„, is partially determined by
the equal-time commutation relations of the currents
involved. From the Low equation for T„„one can easily
see that

T„„-0
Ik li+ j

It is then possible to use arguments from dispersion
theory to guarantee that T„„decreases faster than k '
in all directions in k space, 4 in which case its contribu-
tion to M~ is finite. The divergent part of M~ is then
determined by t„„,and we easily find

—ie2 dk
Md"""""'—— (f I

J„wIi—&u.~~(1 y,)v, —
(2vr)4 k4

= —(Z~' —1)(fI
J„~lZ&u, y&(1—y~)~, .

Finally, when this is combined with Eq. (1), we 6nd
that to order 0., the weak decay amplitude is

(Z~') '"(f
I
J„~

I ~&u,yl'(1 y~)v„+—(6nite parts). (5)

Therefore, the condition for 6niteness is that(f I
J„~

I i&/
QZ2' be finite.

As we shall soon see, the finiteness of this last object
has not as much to do with the commutation relations
of J„~ with the electromagnetic current, as with
properties of its divergence. Our method will be to
prove theorems about matrix elements of J„~ in a
standard quark model with the interactions chosen in
a special way and then to generalize to a triplet model
in which the desired J„~,J„' algebra can be made
to hold. The starting point is the following Lagrangian:

Z=P(iy 8 m)P+AP&Q+g—B"fy„$
,'J',8~a""+kl 'J3,I1—",—(6)

where f= (fzpPz, gi) is the quark 6eld, 8„is a massive
neutral vector-meson field, and Ii„„~is the correspond-
ing field tensor. Notice that this vector field couples
to a conserved vector current so that the theory is
renormalizable, and that SU3 symmetry breaking is
introduced through the quark mass term only. In
spite of its special features (whose utility will soon

4 For a discussion of this point we refer the reader to Bjorken's
Varenna lectures of 1967. The sort of arguments developed there
justify the assertion in the text for reasonable, but unfortunately
not absolutely necessary, assumptions about the high-energy
behavior of the discontinuities of the amplitudes in question.
In order to see what follows from current algebra in the most
favorable case, we assume that Nature is kind and the arguments
of this reference go through for the general P-decay process.
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2e' dk—kp dh e' '*
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FIG. 2. K6'ect on the vertex of adding a mass term
to the Lagrangian.

Lagrangian hg&P. The new perturbation series for the
current matrix elements is obtained from the old by
inserting the source in all ways and to all orders. The
new perturbation series is graphically represented in
Fig. 2„where a wavy line stands for the source h.
Clearly, only the diagram with no external source is
primitively divergent. The possibly divergent inser-
tions in any diagram correspond to mass and coupling-
constant renormalizations, renormalization of 6, and
the vertex with no external sources itself. Imagine that
the ns, g, e, and 6 renormalizations have been performed.
Then only the vertex remains. But if the whole series
is multiplied by (Zs') 'I', the vertex insertion in each
diagram becomes Gnite. Then the whole series is Gnite
term. by term since the diagrams with external sources
are primitively convergent. This disposes of the single-
quark vector vertex functions in the theory with both
e/0 and explicit SV3 symmetry breaking.

A rather similar trick allows us to draw the same
conclusion for the axial current. Consider first 3„+
=f&pypsgst/V2. Under the transformation f+ —«flap,

fst~yypst, pi, ~pi, the current V„'=pay„ttst/v2
goes into A„+ and nothing happens to the Lagrangian
except that the bare mass of the X quark changes sign.
Therefore the renormalization constant of the axial
current is the same as the renormalization constant of
the vector current calculated from the Lagrangian of
Eq. (6) modified by the addition of an extra mass term.
The argument of the last paragraph, however, tells
us that the addition of such an interaction changes
renormalization constants only by a Gnite factor, so
that dividing the single-quark axial vertex function by
(Zs') Ils renders it finite as well. The same trick evi-

dently works for A „~+,and we Gnally conclude that any
single-quark vertex function of the complete weak
current, when divided by QZs', is finite.

To complete the proof, we must show that {f~
J„~

~ s)/
QZs' is Quite, where

~
i) and

~ f) are ordinary hadronic
states. %e exploit the fact that the mesons and baryons

6 At this point we see the utility of a vector field. If we take a
scalar field, coupling through gB {g«pprp+pSIQSI+p&p~), the
transformation @~—+ yak~ causes pfspg —+ /gal(p,—P~$~, $)$),~f)$)„and 82= —2gBfgg~. This, however, is
a far from trivial change in N, and our theorem may not go
through,

are bound states of multiple quark-antiquark systems
so that the hadronic matrix elements of J„~appear as
residues of pole terms in oG-mass-shell multiple quark-
antiquark vertices of J„~. Then the general hadron
vertex of J„~ is finite when divided by QZs' if the
same is true of the general quark vertex. v But the general
quark vertex is primitively convergent and contains
as possible divergent insertions the standard mass and
coupling-constant renormalizations and one insertion
of the single quark vertex of J„~.This latter is rendered
finite by dlvlding olit Qzs and 'tlic otlicl's aic Illadc
Qnite by performing the usual redeGnitions of physical
masses and coupling constants. Therefore (f j J„~ s)/
QZ&' is finite for arbitrary hadron states

~ s) and f),
which was to be shown.

%e must now see if these arguments go through in a
model capable of realizing the commutators of J„~
and J„' used in the Grst part of the paper. Let us
foHow Ref. j., ln which the cUll.ent ls constIucted out
of three fundamental triplets of integrally charged
particles, called 5, U, and 8. The K and X members of
each triplet are one unit of charge lower than the 5'
member, while the 6' and X members are one unit of
hypercharge higher than the X member —i.e., the charge
structure is the same as quarks, but shifted. Further-
more, the time-time and time-space commutators of
the weak current are the same as in the quark model.
Therefore, the arguments which led to Eq. (8) go
through as before, provided that we are dealing
with current vertices within the same triplet —not
(U J„~ 8), for example. The matrix elements like
(U J„w j3) can be made to vanish by choosing the
strong interaction to be a vector Geld coupled to a
conserved current which causes no transitions between
diferent triplets. The weak current conserves 5, U,
and 8 triplets separately, so that the whole theory
must do likewise. Then the only fundamental current
vertices which occur are between members of the same
triplet and the arguments used earlier in the paper show
that divergences are tamed by dividing out QZs'.
Finally, if strong interactions occur through interme-
diate vector particles and SU3 breaking is introduced by
mass differences only, the arguments of all of the paper
after Eq. (8) go through without any trouble. Therefore,
we have proven that with proper choice of the strong
interaction, the model for the weak current which
guarantees the finiteness to order a of pion P decay
radiative corrections guarantees the same for arbitrary
semileptonic processes.

I would like to thank Professor S. R. Coleman for a
valuable convel sation RIll suggestion.

7 Here we assume that no new infinities creep in when bound
states appear. Ke of course cannot prove this.


