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very satisfactory results including the interesting mass
formula Eq. (20) are obtained independent of the choice
of the cutoff. However, it is not clear, and still remains
to be investigated, whether we could obtain self-
consistent and cutoff-independent results even if we
included in our scheme higher resonances corresponding
to a higher cuto6 of X and more channels in the higher-
order approximation.

Note added in proof Aft.er completing the manuscript
I found that M. Ademollo, H. R. Rubinstein, G.

Veneziano, and M. A. Virasoro [Phys. Rev. Letters 19,
1402 (1967)] considered a similar problem and derived
bootstrap conditions based on GSCR. Their approach,
however, is not one of a systematic bootstrap.
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The E~3 decay form factors are studied by using a current algebra. Compared with the previous approach,
the following points are new. We use the pion partially conserved axial-vector current (PCAC) hypothesis
instead of kaon PCAC. We use a smaller off-mass-shell extrapolation —g„'=m '-+ 0 instead of the usual
soft-pion extrapolation q„~0. We apply a dispersion technique to a direct calculation of the form factors
Ii+(s) and Ii (s), and utilize the current algebra to 6x the absolute scale as well as the energy dependence
with an approximation for vector currents proposed before. For the F+(s), the E -meson contribution
gives a result consistent with the Ademollo-Gatto theorem at s=0. For the F (s), both the E* and the
I=$, 0+ meson, f(:, contribute. Our expression for the Ii (s) depends only on the mass of the z meson (not
on its width) and satis6es explicitly the requirement that Ii (s) —+ 0 in the SU(3) limit. The parameter (
is given by &=P (0)/F+(0) = —0.026—(0.061 GeV')/mP. Therefore, we predict a small negative value
for g. Our method gives information on Ii+(s) and F (s) for all the physical values of s, including the most
important region around s=0, whereas the soft-pion approach gives information only at the rather un-
physical point s=mz'. However, at this very point, our results on P+(mz')+F (mz') agrees with that of
the soft-pion approach independently of the parameter m, . Therefore, our results include the soft-pion result
at s=mz' and seem to give a consistent description of the E&3 decay form factors.

'HE form factors F+(s) and F (s) of the E &3 decays
contain many interesting clues to the problems of

SU(3) symmetry. Precise determination of the value of
F+(0), taking into account the form-factor effect, will

give us a first measurement of the second-sorder SU(3)
symmetry-breaking effect. In the SU(3) symmetry limit,
the F (s) vanishes, and its actual value, measured by
the parameter $ defined as $—=F (0)/F+(0), will there-
fore provide important information on 6rst-order SU(3)
breaking. Recent calculations of these form factors on
the basis of the algebra of currents together with the
hypothesis of partially conserved axial-vector currents
(PCAC) may be categorized as follows:

(a) Relate the [F+(ttttr')+F (ttttr')] to the E~s de-

cay by using a soft-pion-emission technique, q„~0,
where q„ is the pion four-momentum. '

(b) Determine the parameters of the I=-,', V=+1
possible scalar resonance a by studying resonance satu-

* Supported in part by the National Science Foundation under
Grant No. GP-6036.

' C. G. Callan and S. B. Treiman, Phys. Rev. Letters 16, 153

ration of axial charge commutators~a with the less
radical extrapolation, q'= (—m ') ~ 0.

(c) Apply dispersion techniques to a direct calcula-
tion of F+(t) and F (s), and utilize the charge-current
algebra to 6x the absolute scale as well as the energy
dependence. Although this approach is very interesting,
the results obtained4 do not seem very satisfactory.
First, the calculation involves soft-kaon emission as well

as soft-pion emission, by letting the mass of the kaon as
well as that of the pion go to zero. Secondly, the F (s)
thus obtained, which includes the contribution of the
~ meson, does not explicitly vanish if we take an SU(3)
limit in its expression.

(1966); M. Suzuki, ibid. 16, 212 (1966); V. S. Mathur, S. Okubo,
and L. K. Pandit, ibid. 16, 371 (1966).

~V. S. Mathur, S. Okubo, and L. K. Pandit, Phys. Rev.
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L. K. Pandit, Phys. Rev. '143, 1216 (1966); K. Kawarabayashi,
W. D. McGlinn, and W, W. Wada, Phys. Rev. Letters 15, 897
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(1967).
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The main purpose of this paper is to report a fresh
attempt to evaluate the K~3 decay form factors from
approach (c) which is free from the two difficulties
mentioned above. 4 We also discuss the relation of our
results to approach (a).

Our approach consists in the use of appropriate
charge —charge-density and charge-charge commutators
recently studied by the present authors. ' ' By this pro-
cedure, we obtain enough information to evaluate cou-
pling constants, which can be fed into the usual dispersion
integrals of the X&3 decay form factors. Therefore, we
6rst discuss consequences of the use of charge —charge-
density and charge-charge commutators.

(A) The combined use of the charge commutatorsr
typified by [Vz,A ]~Ax and the PCAC hypothesis
has been shown to be useful in discussing the coupling-
constant relations in the broken SU(3) symmetry. We
have proposed'' an approximation that at zero mo-
mentum transfer the renormalization due to the sym-
metry breaking of the matrix elements of the vector
cgrrent V„z(x) is small and practically negligible. Ex-
cept for this approximation (at zero-momentum trans-
fer) we use observed values for other quantities, which
naturally include the main effects of SU(3) symmetry
breaking. We have, for example, obtained' a relation
between the E*Ex and paw couplings which are de6ned
with one of the pions off the mass shell (m —+ 0):

Gz" +x-= (m '+mz'/2m ')Gso~+~-.

U F(p —+sr+ad-)~120 MeV, this relation agrees very
well with experiment. Extending the same approxima-
tion to the charge-current commutators typified by
[Vz, Vo (x)]=Vsz(x), we also obtained'

Gx'= (m '+mx'/2m ')G (2)

where G, &x &
are defined as (2qs)'"(0) V„&o&

' '
~
p(&*))

=Gp (Q*)~„p&~*~. Incidentally, this sum rule is essentially
identical to the erst sum rule given by the spectral-
function approach. ' However, we emphasize that since
we always deal with charge-current commutators in our
approach, the situation with respect to the Schwinger

' S. Matsuda and S. Qneda, Phys. Rev. 158, 1594 (1967). More
accurately, the approximation assumes that the matrix elements
(B

~
V» (A) of V» take on the SU(3) values at the infinite momen-

tum limit of the particles appearing in the states A and B.Namely,
we assume that the V~ behaves like an SU(3) generator in this
limit. This prescription might correspond to the so-called asympto-
tic SU(3) symmetry. However, this does not give a very strict
restriction on the form factors of (B

~
V„»(x)

~
A). For example, for

the X» decay form factors de6ned in Eq. (10), our approximation
implies only F+(0)~1, but no restrictions are imposed on F (0),
nor on F+(s) or F (s), at s/0. Therefore, we are still entitled to
compute F+(s) and F (s) under our approximation.

S. Matsuda and S. Oneda, Phys. Rev. 165, 1749 (1968}.
'Vector and axial-vector currents are denoted by V„w+(x),

V„++(x), ~, and A„w+(x). A„~+(x}, ~, respectively, normalized
so that in a quark model we would have, e.g. , V„~+(x}=ipse„
X (@+i~)kg, ~, +(x)= if'„(X4+iX5)~~g, etc. The space integral of,
say, Vo (x,0) is denoted as V +.

T. Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters 18,
761 (1967}; S. L. Glashow, H. J. Schnitzer, and S. Weinberg,
ibid. 19, 137 (1967).

terms is much better than in the spectral-function ap-
proach, which deals directly with products of currents.

We note that, in the approximation mentioned above,
the contribution of the ~ meson is assumed to be unim-
portant. Ke have further extended' the approach to the
charge-current commutator involving the axial charge,
for example, [A., Vo (x)]=As (x). If weconsidermatrix
elements of these types of charge —charge-density com-
mutators between the vacuum state and a state with
momentum

~ tl~ = eo, then the only single-particle (or
resonance) intermediate states which can contribute are
either the spin-0 or the spin-l states, so that one can
expect a quick stauration (as in the case of spectral-
function sum rules). Indeed, if we assume that the pion
electromagnetic form factor satis6es an unsubtracted
dispersion relation, we obtain' the Gell-Mann —Zacharia-
sen relation' using pion PCAC,

GpGpo + -=mp', (3)

with a small extrapolation: G, is defined with one of
the pions off the mass shell (m ~ 0).

If we now take the commutator [A +, Vsz'(x)]
= —As»+(x), consider the matrix element between the
vacuum and the E (q) state with

~ q ~

= ~, and assume
that the E&3 decay form factors F+ and Ii satisfy un-
subtracted dispersion relations, we then obtain an anal-
ogous relation to Eq. (3) using pion PCAC, namely,

fzl F„G.oz'~
G»Gx K w mz"

) m„—m~2— 2
(4)

f and fz are the form factors of the sr~ p+v and
X~p+v decays, respectively. F„ is defined. by (2qs)"'
X(0~V„x~»(q))=F„q„. The coupling constants Gz x
and G„.~ are dered with a pion o6 the mass shell

(m -+ 0). We have to retain the» contribution in Eq.
(4), since if the» meson exists, there is no a priori reason
that the ~ contribution should be much smaller than the
E*one. This is contrary to the cases of Eqs. (1) and (2),
where we deal with the operator V~.

If, for the time being, we neglect the ~-meson con-
tribution in (4), then we obtain from (4)

Gx&z Ox .'= (fx/f. )mz'-=1. 2gmx"'

On the other hand, by combining (1)—(3), we obtain

Gz&x"x-~+= (m '+mz'/2m ')'m '~mx' (6)

The last equation of Eq. (6) is a numerical one that
holds within 1%. Therefore, Eqs. (5) and (6) are not
compatible. We can avoid this diKculty if we keep the
contribution of the» meson in Eq. (4), which is probably
the simplest and most natural way to explain the dif-
ference. If we take this point of view, we replace Kq.

9 M. Gell-Mann and F. Zachariasen, Phys. Rev. 124. 953 (1961).
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(5) by Eq. (4) and from Eqs. (4) and (6) we obtain

~KGK X

Sg'K m+ ~ 7

not realized in Ref. 10. For the F (s), we obtain

(mrs' —m '
F (s) =

I F+(s)
mx'

and
F~(s) =Gz&rr" rr ./(mrr "s-s)—

$mrrs ms—~.~.oz'—
F (s) = —

i F~(s)+
mx'

(8)

(9)

where F+(s) and F (s) are defined as

& '(V')
I
I"."

I
&+(V))= (4Wo') "' '~~L~+(r)(V+V').

+F-(r)(C—C').], (1o)
with

s= —(q—q')'.

By substituting Eqs. (6) and (7) into Eqs. (8) and (9),
respectively, we obtain

We note that

m~'
1.03 . (11)

m~*' —s

(m, /mrr»)'(m '+mrr"/2m ')'= 1+0(s')

Equations (6) and (7) constitute the essential part of
the following discussion of the E» decay form factors.
Before going further, we emphasize two points. First,
in deriving (6) and (7) we did not use any specific
models except for the use of current algebra. Secondly,
since B„V„x=0in the SU(3) limit, F„must approach
zero in this limit. This is explicitly borne out in Eq. (7).
(fir f a-—n—d m, =m&' in the symmetry limit. ) This
limit consistency should be contrasted with previous
results. 4 "

(B) We are now in a position to discuss the Eis decays
with the usual model that the form factors are domi-
nated by the E* meson and the ~ meson. We have al-
ready assumed in deriving Eq. (4) that these form
factors satisfy unsubtracted dispersion relations. Fol-
lowing the standard method, we then obtain4

mrr' —m ' fir m. '—mrc'
F+(s)+ —1

m~*' fPS K
—S

(12')

We can write Eq. (12) in the form (12') without affecting
much the numerical results if we neglect the above
0(e') term. In terms of the mass of s meson, we obtain
an expression for F (0) from Eq. (12),

F (0)= —0.027—0.062 GeV'/m. '. (13)

Note that our results for F or ( depend only on the
mass of s (not on its decay width), which represents the
effect of the s-wave Em. interaction. We also note that
Eq. (12) for F (s) becomes independent of the parameter
mK at the point s=m~'.

If we use the value of the vector Cabibbo angle,
0&——0.21, which resolves the discrepancy between the
coupling constants of the p decay and the vector P
decay, and if we use I'(E+~ e++v+rr') =3.88&&10s

sec ' given by Rosenfeld et al. ," then we obtain, as-
suming that F+(s) has a dependence on s given by (11),
F+(0)~1.05." We have started with the assumption
of small renormalization of the vector current at zero
momentum transfer, and we indeed obtain F~(0) 1.03.
As mentioned before, Eq. (11) explicitly satisfies the
the Ademollo-Gatto theorem. Therefore, our approxi-
mation has an internal consistency, and is also consis-
tent with the present E,s decay rate within, say, S%%uo.

The mass of the ~ meson must be greater than that of
the Emeson. In the ra'nge mrc(m„( ~, Eq. (14) limits

$ to the range —0.28($(—0.026. Note that we can
get only negative values for the value of P from our ap-
proach. If we take, for example, m ~72S MeV, then
we obtain $= —0.16. We remark that if we calculate
the form factor of the rr.s decay f+(0), by assuming that
the p meson dominates the dispersion integral, we obtain
using Eq. (3), f~(0) =1.0, which is indeed the desired
result.

Therefore, we predict for the parameter $

$=F (0)/F+(0) = —0.026—0.061 GeV'/m„'. (14)

where 0(e') is a quantity of second order in the sym-
metry-breaking interaction. [Indeed, 0(c') is small:
0(e')~0.03.] Thus Eq. (11) explicitly satsifies the
Ademollo-Gatto theorem, F+(0)=1+0(c'). This was

' Our results also disagree with the result of L. K. Pandit, Phys.
Rev. Letters 19, 263 (1967). They obtained GpGp & 2''
)&G~' 0~+ from the superconvergence assumption.

"A. H. Rosenfeld, A. Barbaro Galtieri, W. J. Podolsky, L. R.
Price, M. Roos, P. Soding, W. J. Wills, and C. G. Wohl, Rev.
Mod. Phys. 39, 1 (1967}."If we use P(E+~ e++v+s')=(3.61+0.20)X10' sec ', as
compiled by G. H. Trilling, in Proceedings of the Argonne Inter-
national Conference on Weak Interactions [Argonne National
Laboratory, Report No. ANL-7130, p. 115, (unpublished)g, we
obtain F+(0)—1.02 with the neglect of electromagnetic corrections.
S. Oneda and J. Sucher, Phys. Rev. Letters 15, 927 (1965); 15,
1049(E) (1965).
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(C) Finally, we would like to make a short comment
on the soft-pion-emission approach. The extrapolation
q„—+0 is certainly more hazardous than the one" we
are using, —q'=m ' —+ 0. By using the soft-pion tech-
nique, Callan and Treiman obtained, "in our notation,

F+(stets)+F (trtics) = (fir/f )(sin8~)/sin8y. (15)

The values of Ii's at s=mz2 are not physical for the
E&3 decay. The E;.3 decay energy spectrum has a maxi-
mum around q'=0. Therefore, physically important
form factors are F+(0) and F (0). Since there is no
convincing way of making an extrapolation in the q„~0
aPProach, let us assume, as in Ref. 1, F+(mtrs)~F+(0)
and F (stttrs) —F (0). If we take, for examPle, F+(0)
~1.05 and assume 8~——8v, we obtain, from (15), F (0)
=0.23 and therefore )=+0.22. This must be compared
with our prediction —0.28( $(—0.026. Of course, the
value of $, +0.22, is not very trustworthy, since there
is no guarantee that the extrapolation F+(sttirs) F+(0)
and F (tttirs) F (0) is very good. However, since the
s dependence of the Ii~ and F form factors does not
seem to be very large, both experimentally and theo-
retically the above extrapolation should not be very
bad. Therefore, we think that the Callan-Treiman rela-

"This approach has also been attempted recently by Okubo
et al. from a di6'erent standpoint. S. Okubo, in Proceedings of the
1967 International Conference on Particles and Fields (Interscience
Publishers Inc. , New York, 1967), p. 469.

tion already indicates that the value of $ is small, i.e.,
I (I (1.We now wish to show that our prediction of a
small negative value of & is consistent with the Callen-
Trieman relation obtained at s=m~2. Let us compute
F+(trtzs)+F (stttrs) by using Eqs. (11)and (12'). Neglec-
ting the 0(e') term, we obtain

m1r 2

F+(rtttr )+F (ttttr )=—+ —1.30, (16)
m~* —m~

which is indeed very close to the Callan-Trieman rela-
tion (15). We particularly note that Eq. (16) is inde-
pendent of the parameter m„. Ke therefore claim that
our results include the soft-pion result given at s= m~2.
It will be interesting to check our prediction (especially
the sign of the parameter $) by more precise experi-
ments. It is certainly encouraging to observe that all the
polarization experiments of X» decay (which seem
cleaner than other types of E» decay experiments) give
negative values for the parameter $.'e

We wish to thank Professor J. Sucher for his stimu-
lating discussions in the early stage of this work. We
also thank Professor G. Snow for reading the manu-
script.

"At present, experiments do not seem to exclude the possibility
)&0. J. W. Cronin, in Proceedings of the 1967 Itttermatiortal Coa-
ference on Particles and Fields (Interscience Publishers Inc.,
New York, 1967), p. 1.
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We study radiative corrections to semileptonic decays. Special commutation relations between the weak
and electromagnetic currents reduce the question of Gniteness of i ~ f+e +I to that of the finiteness of
tfI J„wIi)/QZs' In a quark m. odel with interactions properly chosen, standard renormalization theory
is then used to prove that these quantities, hence the order-o, radiative corrections to any P decay, are
Gnite. We conclude that commutators are not enough and that some small amount of dynamics is needed
to remove divergent radiative corrections.

'T has recently been shown that, with the assumption
- - of certain equal-time commutation relations between
the electromagnetic and weak hadronic currents, the
order-n radiative corrections to pion p decay are finite. 's
The algebra required differs from the standard current

*Research supported in part by the U. S. OKce of Naval
Research, Contract No. Nonr-1866(55).

f' Alfred P. Sloan Foundation Fellow.'
¹ Cabibbo, L. Maiani, and G. Preparata, Phys. Letters 258,

132 (1967).
'K. Johnson, F. Low, and H. Suura, Phys. Rev. Letters 18,

1224 (1967).

algebra only in the space-space part, where one needs

&(»)IX™(*),&;(0))=&(~)L8„js (0)-se;,'~. (0)).
Such relations can actually be realized in several field-
theory models involving fundamental integrally charged
triplets rather than quarks, but which seem capable
of reproducing all the known features of strong inter-
actions. What remains to be shown is that this same
scheme is sufFicient to treat the order-n corrections to
atty p decay —for example, that the corrections to gz
are finite. In this article we address the question and


